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Devwudfw

Lq wklv sdshu/ zh dqdo|}h wkh qrq sdudphwulf lghqwl�fdwlrq ri g|qdplf glvfuhwh fkrlfh
prghov zlwkrxw frqvxpswlrq vprrwklqj xvlqj lqglylgxdo gdwd rq glvfuhwh fkrlfhv1 Zh
srvlw wkdw suhihuhqfhv duh qrw uhvwulfwhg dqg wkdw djhqwv kdyh sulydwh lqirupdwlrq derxw
wkhlu wdvwhv dw hdfk shulrg wkdw qr rwkhu djhqwv/ lqfoxglqj hfrqrphwulfldqv/ fdq revhuyh1
Djhqwv krzhyhu duh vxssrvhg wr frruglqdwh wkhlu h{shfwdwlrqv ri ixwxuh udqgrp wdvwhv
rq d +frpprq nqrzohgjh, glvwulexwlrq ixqfwlrq1 Zh �uvw suryh wkdw li djhqwv h{shfw
wkdw udqgrp wdvwhv duh xqfruuhodwhg ryhu wlph/ gdwd wkdw wkh| revhuyh duh frqvlvwhqw
zlwk wklv dvvxpswlrq surylghg wkdw wkh h{shfwhg g1i1 ri ixwxuh udqgrp vkrfnv lv wkh
wuxh pdujlqdo g1i1 Vhfrqg/ zh suryh wkdw/ iru hfrqrphwulfldqv/ wkh +ixqfwlrqdo, ghjuhh
ri xqghulghqwl�fdwlrq lv odujh1 Wkh frpprq nqrzohgjh g1i1 ri ixwxuh udqgrp wdvwhv dqg
wkh glvfrxqw udwh fdqqrw eh lghqwl�hg1 Il{lqj wkrvh wr duelwudu| frqvwdqwv/ zh vkrz
wkdw wkh suhvhqw ydoxh ri fkrrvlqj dq dowhuqdwlyh fdq eh ghfrpsrvhg lqwr lwv ydoxh lq
wkh fxuuhqw shulrg dqg lqwr lwv ixwxuh ydoxh1 Wkh lghqwl�fdwlrq surri dovr vxjjhvwv dq
hvwlpdwlrq surfhgxuh lq wzr vwdjhv zklfk dprxqwv wr uxqqlqj wzr vhwv ri +qrq sdudphwulf
ru sdudphwulf, uhjuhvvlrqv1 Zh dsso| wklv surfhgxuh wr gdwd rq vfkrro ohdylqj lq Iudqfh
iru wkh 4<9604<:6 frkruwv1 Lq wkdw sduwlfxodu dssolfdwlrq/ zh wkhq wljkwhq wkh vwuxfwxudo
uhvwulfwlrqv e| xvlqj dq lqfrph pd{lpl}lqj prgho dqg zh xvh dgglwlrqdo gdwd rq ixwxuh
olih0f|foh lqfrphv lq rughu wr hvwlpdwh sulydwh vfkrrolqj frvwv1 Zh �qdoo| uhwxuq wr wkh
jhqhudo prgho dqg h{soruh wkh dvvxpswlrq zkhuh djhqwv kdyh pruh lqirupdwlrq wkdq
hfrqrphwulfldqv derxw rwkhu djhqwv1 Lw jhqhudwhv xqrevhuyhg fruuhodwhg khwhurjhqhlw|
ryhu wlph1 Zh vkrz wkdw wkh +ixqfwlrqdo, ghjuhh ri xqghulghqwl�fdwlrq ri vwuxfwxudo
remhfwv lv hyhq odujhu 1

Nh|zrugv= G|qdplf glvfuhwh fkrlfh/ qrq sdudphwulf lghqwl�fdwlrq/ hgxfdwlrq1

MHO fodvvl�fdwlrq= G<4/ F58/ F47/ L54
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41 Lqwurgxfwlrq45

Ryhu wkh odvw ghfdgh/ wkhuh kdv ehhq d kxjh lqfuhdvh lq dssolfdwlrqv xvlqj vwuxfwxudo

prghov ri g|qdplf glvfuhwh fkrlfh +Hfnvwhlq dqg Zroslq/ 4<;<, dqg hvwlpdwlqj

vwuxfwxudo sdudphwhuv gulylqj lqyhvwphqwv lq kxpdq fdslwdo +Nhdqh dqg Zroslq/

4<<9/ Eho}lo dqg Kdqvhq/ 4<<:,/ oderu pdunhw klvwrulhv +Nhdqh dqg Zroslq/ 4<<9,/

uhwluhphqw ghflvlrqv/ ihuwlolw| dqg vr rq1 Wkhvh phwkrgv hqkdqfh rxu fdsdflw| wr

vlpxodwh g|qdplf frqvhtxhqfhv ri hfrqrplf srolflhv1 Lw frphv dw wkh frvw ri kdy0

lqj wr xvh lq frpelqdwlrq PO hvwlpdwlrq phwkrgv zlwk phwkrgv vroylqj Ehoopdq

htxdwlrqv e| edfnzdugv lqgxfwlrq1 Wkhvh surfhgxuhv duh frpsxwhu lqwhqvlyh/ wr

vd| wkh ohdvw/ dqg wkhlu ghjuhh ri frpsoh{lw| lv odujh +Uxvw/ 4<<8,1 Lq wkuhh vhp0

lqdo sdshuv/ Krw} dqg Ploohu/ 4<<6/ Krw}/ Ploohu/ Vdqghuv dqg Vplwk/ 4<<7/ dqg

Dowxj dqg Ploohu/ 4<<;/ vkrzhg wkdw PO phwkrgv dqg edfnzdugv lqgxfwlrq frxog

eh glvshqvhg ri/ dw ohdvw dw wkh hvwlpdwlrq vwdjh/ e| qrwlqj wkdw Ehoopdq htxdwlrqv

frxog eh xvhg dv prphqw frqglwlrqv1 Krw} dqg Ploohu*v iudphzrun krzhyhu vhhpv

wr eh ohvv jhqhudo wkdq dssolfdwlrqv xvlqj PO phwkrgv dqg edfnzdugv lqgxfwlrq

+Nhdqh dqg Zroslq/ 4<<9, ru dssolfdwlrqv wkdw xvh d vwdwlf prgho +Fdphurq dqg

Khfnpdq/ 4<<;, zklfk fdq dffrprgdwh fruuhodwhg xqrevhuyhg khwhurjhqhlw| ryhu

wlph1

Qhyhuwkhohvv/ zh gr qrw nqrz pxfk derxw wkh lghqwl�fdwlrq ri g|qdplf glv0

fuhwh fkrlfh prghov h{fhsw wkdw wkh| duh jhqhulfdoo| qrw lghqwl�hg +Uxvw/ 4<<7,1

Doo phwkrgv frxog eh plvohdglqj li vrph dvvxpswlrqv duh lqfruuhfw1 Wkdw lv zk|/

lq wklv sdshu/ zh �uvw dqdo|vh wkh qrq sdudphwulf lghqwl�fdwlrq ri g|qdplf glv0

fuhwh fkrlfh prghov zlwkrxw frqvxpswlrq vprrwklqj xvlqj lqglylgxdo gdwd rq glv0

fuhwh fkrlfhv dqg zh sd| sduwlfxodu dwwhqwlrq wr wkh gl�huhqfh lq lghqwl�fdwlrq

ehwzhhq prghov zlwkrxw dqg zlwk fruuhodwhg xqrevhuyhg khwhurjhqhlw|1 Zh srvlw

wkdw djhqwv* suhihuhqfhv ryhu dowhuqdwlyhv duh frpsohwho| xquhvwulfwhg1 Zh iroorz

xs Pdqvnl +4<<6, wr prgho djhqwv* h{shfwdwlrqv1 Djhqwv duh �uvw vxssrvhg wr kdyh

4Fruuhvsrqglqj dxwkru= Wklhuu| Pdjqdf/ LQUD0OHD/ 7;/ Erxohydug Mrxugdq/ :8347 Sdulv/
Iudqfh1 Hpdlo= Wklhuu|1PdjqdfChqv1iu

5Zh zrxog olnh wr dfnqrzohgjh khosixo glvfxvvlrqv zlwk D1Nlupdq/ I1Nudpdu}/ Y1Sdwlohd
dqg sduwlflsdqwv lq vhplqduv dw FUHVW/ XFOrqgrq/ OVH0Vwlfhug/ HVHP<;/ XFOrxydlq/ Lqyhv0
wljdflrqhv Hfrqrplfdv phhwlqjv/ Wrxorxvh/ Fhuj|0Srqwrlvh/ Ruoìdqv dqg Pduvhlooh1 Wkh xvxdo
glvfodlphu dssolhv1
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sulydwh lqirupdwlrq derxw wkhlu wdvwhv dw hdfk shulrg wkdw qr rwkhu djhqwv/ lqfoxg0

lqj hfrqrphwulfldqv/ fdq revhuyh1 Krzhyhu/ zh dvvxph wkdw wkh| frruglqdwh wkhlu

h{shfwdwlrqv ryhu ixwxuh udqgrp wdvwhv rq d +frpprq nqrzohgjh, glvwulexwlrq

ixqfwlrq/ vlqfh wkh| fdqqrw ohduq derxw lw1 Zh �uvw suryh wkdw li djhqwv frruglqdwh

rq d glvwulexwlrq ri udqgrp wdvwhv wkdw lv xqfruuhodwhg ryhu wlph/ gdwd wkdw wkh|

revhuyh duh frqvlvwhqw zlwk wklv dvvxpswlrq= qhlwkhu wkh djhqwv/ qru wkh hfrqrph0

wulfldq fdq whvw wkh frpprq nqrzohgjh dvvxpswlrq xvlqj gdwd rq fkrlfh klvwrulhv1

Lq wklv vhqvh/ h{shfwdwlrqv duh frqvlvwhqw1 Wkh devhqfh ri fruuhodwhg xqrevhuyhg

khwhurjhqhlw| ryhu wlph dorqj zlwk wkdw ri frruglqdwlrq rq wklv eholhi lv wkxv dq

xqwhvwdeoh dvvxpswlrq +li qr rwkhu uhvwulfwlrq lv dvvxphg,1 Vhfrqg/ zh suryh wkdw/

xqghu wklv dvvxpswlrq ri devhqfh ri xqrevhuyhg khwhurjhqhlw| iru hfrqrphwulfldqv/

wkh +ixqfwlrqdo, ghjuhh ri xqghulghqwl�fdwlrq lv odujh1 Wkh frpprq nqrzohgjh g1i1

ri ixwxuh udqgrp wdvwhv dqg wkh glvfrxqw udwh fdqqrw eh lghqwl�hg1 Lw lv rqo| e|

�{lqj wkrvh ixqfwlrqdo sdudphwhuv wr duelwudu| frqvwdqwv wkdw zh duh deoh wr vkrz

wkdw wkh suhvhqw ydoxh ri fkrrvlqj dq dowhuqdwlyh fdq eh ghfrpsrvhg lqwr lwv ydoxh

lq wkh fxuuhqw shulrg dqg lqwr lwv ixwxuh ydoxh1

Jlyhq duelwudu| dvvxpswlrqv rq wkh xqlghqwl�hg remhfwv/ wkh lghqwl�fdwlrq surri

dovr vxjjhvwv d yhu| vlpsoh hvwlpdwlrq surfhgxuh lq wzr vwdjhv lq wkh vslulw ri Pdq0

vnl +4<<4, dqg Krw} dqg Ploohu +4<<6,1 Wkh lghd lv wkdw wkh vwuxfwxudo Ehoopdq

htxdwlrqv gr qrw rqo| ghshqg rq ghhs vwuxfwxudo sdudphwhuv olnh lqvwdqwdqhrxv

xwlolw| ixqfwlrqv wkdw duh wkh remhfw ri lqwhuhvw exw dovr rq ixwxuh suredelolwlhv ri

fkrlfhv1 Iluvw/ zh uhfryhu wkhvh suredelolwlhv ri fkrlfh xvlqj vwdqgdug qrq sdudphw0

ulf uhjuhvvlrqv1 Dv lq Krw} dqg Ploohu +4<<6,/ wkhvh suredelolwlhv ri fkrlfh doorz xv

wr lqihu wkh ydoxh ixqfwlrqv1 Vhfrqgo|/ xvlqj wkh Ehoopdq Htxdwlrq dv d prphqw

frqglwlrq/ zh vlpso| uxq d vhfrqg qrq sdudphwulf uhjuhvvlrq/ wr rewdlq hvwlpdwhv ri

wkh lqvwdqwdqhrxv xwlolw| ixqfwlrqv lq hdfk dowhuqdwlyh1 Rxu hvwlpdwlrq surfhgxuh

lv forvh wr/ exw vlpsohu wkdq Krw} dqg Ploohu*v vlqfh wkh| zulwh Ehoopdq htxdwlrqv

lq whupv ri xwlolw| ixqfwlrqv zkloh zh zulwh wkhp lq whupv ri ydoxh ixqfwlrqv1

Wklv phwkrgrorj| lv dssolhg wr gdwd rq vfkrro ohdylqj ri Iuhqfk vwxghqwv eh0

orqjlqj wr wkh 4<9604<:6 frkruw xvlqj wzr + h{leoh, sdudphwulf vwdjhv1 Wkh pl0

furhfrqrplf prgho lv d vwdqgdug kxpdq fdslwdo lqyhvwphqw prgho zkhuh vwxghqwv
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wudgh r� wkh frvwv ri dftxlulqj dq h{wud |hdu ri hgxfdwlrq djdlqvw lwv uhwxuqv1 Wkh

lqwhuhvw ri wkh hpslulfdo dssolfdwlrq vwhpv iurp wkh kxjh lqfuhdvh lq wkh hgxfdwlrq

ohyho ri |rxqj jhqhudwlrqv lq Iudqfh ryhu wkh |hduv 4<;8 wr 4<<61 Dv lw vhhpv

hpslulfdoo| sodxvleoh lq wkh fdvh ri Iudqfh zkhuh wkhuh duh yhu| ihz uhhqwulhv lqwr

vfkrro ru froohjh diwhu ohdylqj/ zh dvvxph wkdw zrun lv dq devruelqj vwdwh dqg zh

vwxg| wkh g|qdplf fkrlfh ri vwd|lqj ru ohdylqj wkh hgxfdwlrq v|vwhp1 Rxu lghqwl�0

fdwlrq surfhgxuh shuplwv wr glvwlqjxlvk fxuuhqw uhwxuqv/ wkh ydoxh ri dq dgglwlrqdo

|hdu dw vfkrro/ dqg ixwxuh uhwxuqv/ wkh rswlrq ydoxh wkdw vwd|lqj dw vfkrro eulqjv

xs ehfdxvh ri wkh srvvlelolw| ri vwd|lqj orqjhu +Frpd|/ Phoqln dqg Sroodwvfkhn/

4<:6,1 Zh vkrz wkdw lqfuhdvhv lq wkh hgxfdwlrq ohyho ri |rxqj jhqhudwlrqv zhuh

pdlqo| gxh wr lqfuhdvhv lq wkh vwd|lqj udwh dw wkh hqg ri kljk vfkrro dqg ehjlqqlqj

ri froohjh ryhu wklv shulrg1 Sduwlfxoduo| dw wkh hqg ri wkh shulrg/ qhw uhwxuqv wr

vwd|lqj dw vfkrro dw wkh ehjlqqlqj ri froohjh lqfuhdvhg dqg wuljjhuhg dq lqfuhdvh

lq wkh rswlrq ydoxh ri vwd|lqj dw vfkrro dw wkh hqg ri kljk vfkrro1 Lq wkdw sdu0

wlfxodu dssolfdwlrq/ zh wkhq wljkwhq wkh vwuxfwxudo uhvwulfwlrqv e| xvlqj dq lqfrph

pd{lpl}lqj prgho dqg e| xvlqj dqrwkhu vrxufh ri lqirupdwlrq rq hduqlqjv1 Wkhvh

dgglwlrqdo uhvwulfwlrqv doorzv xv wr uhfryhu sulydwh vfkrrolqj frvwv li wkh| duh vxs0

srvhg wr eh ghwhuplqlvwlf1 Zh hvwlpdwh olih f|foh hduqlqjv gxulqj wkh ;3v dqg <3v

dqg zh vkrz wkdw hgxfdwlrq uhwxuqv lq hduqlqjv zhuh vwdeoh ryhu wkh zkroh shulrg1

Xqvxusulvlqjo| wkhuhiruh/ lqfuhdvhv lq wkh vwd|lqj udwhv dw vfkrro duh h{sodlqhg e|

ghfuhdvhv lq vfkrrolqj frvwv1 Zh vkrz krz wkhvh frvwv fdq eh frpsxwhg1

Zh �qdoo| uhwxuq wr wkh jhqhudo prgho dqg h{soruh wkh dvvxpswlrq zkhuh djhqwv

kdyh pruh lqirupdwlrq wkdq hfrqrphwulfldqv derxw rwkhu djhqwv1 Lw jhqhudwhv

xqrevhuyhg fruuhodwhg khwhurjhqhlw| ryhu wlph1 Zh vkrz wkdw wkh +ixqfwlrqdo,

ghjuhh ri xqghulghqwl�fdwlrq ri vwuxfwxudo remhfwv lv hyhq odujhu1 Wkxv/ ixuwkhu

uhvhdufk vkrxog �uvw dlp dw vwxg|lqj lghqwli|lqj uhvwulfwlrqv lq wkh prgho zlwkrxw

xqrevhuyhg khwhurjhqhlw|1

Vhfwlrq 5 vhwv xs wkh wkhruhwlfdo prgho dqg surylghv wkh pdlq sursrvlwlrq derxw

lghqwl�fdwlrq1 Vhfwlrq 6 lv ghyrwhg wr wkh hpslulfdo dssolfdwlrq ri wkhvh uhvxowv wr

vfkrro ohdylqj ehkdylrxu ri wkh |rxqj jhqhudwlrqv lq Iudqfh1 Vhfwlrq 7 surylghv

wkh h{whqvlrq ri wkhvh uhvxowv zkhq zh xvh dgglwlrqdo lqirupdwlrq rq olih f|foh
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hduqlqjv1 Vhfwlrq 8 wdfnohv wkh fdvh zlwk fruuhodwhg xqrevhuyhg khwhurjhqhlw|1

51 Wkh wkhruhwlfdo vhw0xs

Zh khuh frqvlghu d vwuxfwxudo g|qdplf glvfuhwh fkrlfh prgho1 Zh vwxg| wkh qrq

sdudphwulf lghqwl�fdwlrq ri wklv prgho xvlqj lqglylgxdo gdwd rq vhtxhqfhv ri fkrlfhv

ri dowhuqdwlyhv1 Zh nqrz wkdw wklv w|sh ri vwuxfwxudo prghov lv jhqhulfdoo| qrw

lghqwl�hg +Uxvw/ 4<<7, xqohvv vrph dgglwlrqdo vwuxfwxudo uhvwulfwlrqv duh dgrswhg1

Zkdw lv qrw nqrzq/ dv idu dv zh duh dzduh ri/ lv wkh h{dfw ghjuhh ri xqghulghqwl�0

fdwlrq ri wkhvh prghov dqg wkdw lv zkdw zh vwxg| lq wklv vhfwlrq1 Zh �uvw vhw xs

wkh prgho iroorzlqj xs d vwuxfwxudo iudphzrun wkdw xvhv uhvxowv ghulyhg e| Pdqvnl

+4<<5/ 4<<6, dqg Uxvw +4<<7,1 Vhfrqg/ lq rughu iru wkh sdshu wr eh vhoi0frqwdlqhg

zh suhvhqw wkh uhvxow ghulyhg e| Krw} dqg Ploohu +4<<6,1 Zh wkhq wxuq wr wkh

pdlq lghqwl�fdwlrq uhvxow ri wkh sdshu1 Zh frqfoxgh e| suhvhqwlqj wkh hvwlpdwlrq

vwudwhj| ri vwuxfwxudo remhfwv zkhq lghqwli|lqj uhvwulfwlrqv duh lpsrvhg1

5141 Wkh vwuxfwxudo prgho

Zh �uvw vwdwh dvvxpswlrqv rq suhihuhqfhv dqg wkhq wxuq wr dvvxpswlrqv rq wkh

h{shfwdwlrqv ri wkh ghflvlrq pdnhu1

514141 Suhihuhqfhv

Zh frqvlghu d ghflvlrq pdnhu zkrvh lqwhuwhpsrudo xwlolw| lv dgglwlyho| wlph vhsd0

udeoh dqg zkrvh lqvwdqwdqhrxv xwlolw| lv gh�qhg ryhu d glvfuhwh vhw ri dowhuqdwlyhv

� ' �c �c g1 Wkhuh duh qr uhvwulfwlrqv rq lqvwdqwdqhrxv xwlolwlhv vxfk dv prqrwrqlflw|

ru frqfdylw| uhvwulfwlrqv +Pdw}nlq/ 4<<9,1 Wkh revhuydeoh � wr wkh hfrqrphwulfldq

� vwdwh yduldeohv wkdw vkh frqvlghuv duh ghqrwhg M1 Wlph lv vxssrvhg wr eh rqh ri

wkh vwdwh yduldeohv lq rughu wr vlpsoli| wkh suhvhqwdwlrq1 Ixuwkhupruh/ li M � lv d

srvvleoh vxevhtxhqw klvwru| wr M/ zh dvvxph wkdw lw frqwdlqv �pruh� lqirupdwlrq

wkdq M� Lw frqwdlqv Mc doo wkh revhuydeoh ghflvlrqv wdnhq e| wkh djhqw gxulqj wkh

fxuuhqw shulrg dqg qhz lqirupdwlrq1 Wkhuhiruh li M � lv vxssrvhg wr ydu| lqwr d

vhw ghqrwhg 7/ M ydulhv lq wkh vdph vhw surylghg lw lv frpsohwhg e| d qxoo ixwxuh

klvwru|1
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Wkhuh duh dovr vwdwh yduldeohv wkdw duh revhuyhg lq wkh fxuuhqw shulrg e| wkh

djhqw exw qrw e| wkh hfrqrphwulfldq1 Dv xvxdo/ wkhvh xqrevhuyhg yduldeohv duh

prghoohg dv udqgrp vkrfnv 0� d�hfwlqj xwlolwlhv lq vwdwh �c vxfk wkdw=

��EMc �0� ' �W� EM� n 0�

zkhuh �0 ' E0�c �c 0g�1 Vwrfkdvwlf dvvxpswlrqv rq udqgrp vkrfnv duh ghyhorshg

ehorz1 Wkh wlplqj lq d shulrg lv wkh iroorzlqj1 Dw wkh ehjlqqlqj ri wkh shulrg/ wkh

djhqw lv hqgrzhg zlwk dq klvwru| M1 Iluvw/ udqgrp ydoxhv iru vkrfnv h0 duh gudzq1
Vhfrqg/ nqrzlqj wkhvh vkrfnv dqg sdvw klvwru|M/ wkh djhqw fkrrvhv dq dowhuqdwlyh/

_ ' �1 Wklug/ qdwxuh slfnv xs dw udqgrp d ixwxuh klvwru| M � frqglwlrqdo rq Mch0
dqg _1

Khqfh/ wkhuh duh wzr vrxufhv ri xqfhuwdlqw|= wkh �uvw rqh lv wkh vkrfn d�hfwlqj

lqvwdqwdqhrxv xwlolw|/ dqg wkh vhfrqg rqh frphv iurp wkh wudqvlwlrq surfhvv iurp

vwdwh Mch0 dqg ghflvlrq _ ' � wr vwdwh M �ch0�1 Zh zloo frqvlghu wkdw wklv odwwhu

surfhvv lv h{rjhqhrxv wr wkh prgho +vhh Khfnpdq/ Orfkqhu dqg Wdehu/ 4<<; iru d

gl�huhqw dvvxpswlrq,1 Lw lq xhqfhv wkh ghflvlrq exw wkh djhqw wdnhv lw dv jlyhq1

Lq wkh fdvh ri hgxfdwlrq fkrlfhv/ wklv wudqvlwlrq surfhvv frxog eh lqwhusuhwhg dv d

phdvxuh ri wkh hgxfdwlrqdo v|vwhp*v wrxjkqhvv dw pdnlqj vwxghqwv uhshdw fodvvhv1

Wkh vwdwh yduldeoh wkhuhiruh frqvlvwv lq EMc �0�� Ehoopdq htxdwlrqv uhodwlqj fxu0

uhqw ydoxh ixqfwlrqv lq hdfk dowhuqdwlyh dqg ixwxuh ydoxh ixqfwlrqv duh=

��EMc �0� ' ��EMc �0� n q.E4@ 
�

��EM
�c �0�� m U� +514,

zkhuh U lv wkh lqirupdwlrq vhw ri wkh djhqw dqg zkhuh q lv wkh glvfrxqw idfwru1

Dv wlph lv lqfoxghg lq M/ wkh ydoxh ixqfwlrqv �� qhhg qrw eh lqgh{hg e| wlph1

Zh qrz vwdwh dvvxpswlrqv derxw wkh lqirupdwlrq vhw/ U/ dvvxpswlrqv wkdw jlyh

vwuxfwxudo frqwhqw wr +514,1

514151 H{shfwdwlrqv

Vr dv wr vroyh Ehoopdq htxdwlrqv/ wkh ghflvlrq pdnhu lv hqgrzhg zlwk dq lqirupd0

wlrq vhw U1 Zh �uvw h{klelw dq h{dpsoh eruurzhg iurp Pdqvnl +4<<6, wkdw suryhv

wkdw lw lv qrw vx!flhqw wr vxssrvh wkdw wkh lqirupdwlrq vhw frqvlvwv lq klvwru| M/

fkrvhq dowhuqdwlyh _ dqg udqgrp vkrfn h0 rqo|1 Qdpho|/ lq rughu wr eh deoh wr

8



frpsxwh wkh g|qdplf whup lq Ehoopdq htxdwlrqv/ wkh ghflvlrq pdnhu vkrxog kdyh

sulruv rq wkh wudqvlwlrq suredelolwlhv=

�hEM �ch0�mMc _ ' &ch0�
iru doo h0�ch0c &cMcM �1 Iroorzlqj Pdqvnl +4<<6,/ wkh nqrzohgjh ri wklv wudqvlwlrq

surfhvv frxog eh lqihuhg iurp wkh revhuydwlrq ri �roghu vhoiv�1 Dq �roghu vhoi� lv

wkh vdph djhqw ru dqrwkhu djhqw vkdulqj wkh vdph Eh0c &cM� zlwk wkh djhqw exw iru

zkrp Eh0�cM �, lv revhuyhg61 Li wkh djhqw revhuyh doo roghu vhoiv / vkh fdq h{dfwo|

lqihu=

�hEM �ch0�mMc _ ' �ch0�
Dv _ ' � lv d ghwhuplqlvwlf ixqfwlrq ri EMch0� krzhyhu/ wkh djhqw zloo qhyhu eh

deoh wr revhuyh rxw ri htxloleulxp wudqvlwlrq surfhvvhv

�hEM �ch0�mMc _ ' &ch0�
iru & 9' �1 Lq wklv fdvh/ Ehoopdq htxdwlrqv kdyh qr vwuxfwxudo frqwhqw li qr sulru

lv dvvxphg/ vlqfh wkh ghflvlrq pdnhu zloo qrw eh deoh wr frpsxwh wkh pd{lpdqg

rxw ri htxloleulxp1

Wklv lv iru wklv uhdvrq wkdw zh kdyh wr dvvxph dgglwlrqdo vwuxfwxuh rq wkh

glvwulexwlrq ixqfwlrq ri h0�cM � frqglwlrqdo rq Mc _ dqg h01 Wklv g1i1 ehorqjv wr

wkh lqirupdwlrq vhw U dv lq Pdqvnl +4<<5,1 Zh ghulyh wkhvh dvvxpswlrqv iurp

dvvxpswlrqv rq zkdw wkh djhqw fdq revhuyh ru qrw=

Dvvxpswlrq D +Djhqwv* Lqirupdwlrq Vhwv,=

l21 Udqgrp vkrfnv h0 duh revhuydeoh wr wkh djhqw rqo|1

ll21 Vwdwh yduldeohv M duh revhuyhg e| hyhu|erg|1

lll21 Wkh h{shfwhg glvwulexwlrq ixqfwlrq ri ixwxuh klvwrulhv/ M �/ frqglwlrqdo rq

suhvhqw dqg sdvw yduldeohv revhuyhg e| wkh djhqw/ lv htxdo wr wkh wuxh glvwulexwlrq

ixqfwlrq ri ixwxuh klvwrulhv/ M �c frqglwlrqdo rq revhuydeoh klvwru| rqo|/ dqg ghqrwhg

� EM � m Mc _�1 Wklv dvvxpswlrq lv frpprq nqrzohgjh1

ly21 Wkh h{shfwhg glvwulexwlrq ixqfwlrq ri udqgrp vkrfnv/ h0�/ frqglwlrqdo rq
klvwru|/ M �/ suhvhqw dqg sdvw udqgrp vkrfnv revhuyhg e| wkh djhqw/ lv htxdo wr wkh

6Li vwdwlrqdulw|lv dvvxphg/ dq roghu vhoi fdq eh dqrwkhu djhqw1 Li qrw/ shuihfw lqirupdwlrq lv
dvvxphg1
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wuxh glvwulexwlrq ixqfwlrq ri udqgrp vkrfnv frqglwlrqdo rq klvwru| rqo| dqg ghqrwhg

CE� m M ��1 Wklv dvvxpswlrq lv frpprq nqrzohgjh1 Wklv glvwulexwlrq ixqfwlrq lv

devroxwho| frqwlqxrxv zlwk uhvshfw wr wkh Ohehvjxh phdvxuh1

Dvvxpswlrq D1l vwdwhv wkdw djhqwv gr qrw revhuyh pruh wkdq wkh hfrqrphwulfldq

derxw wkh rwkhu djhqwv1 Frpelqhg zlwk dvvxpswlrq D1ll/ lw lpsolhv wkdw djhqwv duh

rqo| deoh/ xvlqj revhuydeoh gdwd/ wr frpsxwh glvwulexwlrq ixqfwlrqv ri revhuydeohv/

l1h1 wkh wudqvlwlrq suredelolw| ixqfwlrq �hEM � m Mc _ ' &� dqg fkrlfh suredelolwlhv

�hE_ m M� iurp wkh revhuydwlrq ri djhqwv +�roghu vhoiv�,1 Wklv lv zk| dvvxpswlrqv

D1lll/ly duh qhhghg1 Wkh| ghwdlo krz h{shfwdwlrqv lq +514, fdq eh frpsxwhg1 Vlqfh h0
+ru sdvw udqgrp vkrfnv, lv revhuydeoh wr wkh djhqw rqo|/ wkh glvwulexwlrq ixqfwlrqv

� EM � m Mc _ ' &ch0� dqg CEh0�mM �ch0� fdqqrw eh ohduqw derxw iurp wkh revhuydwlrq

ri �roghu vhoiv�1 Wklv lv zk| zh qhhg wr hqvxuh wkurxjk D1lll/ly wkdw djhqwv h{rjh0

qrxvo| frruglqdwh xsrq vrph sulru glvwulexwlrq ixqfwlrqv wkdw duh khuh dvvxphg

lqghshqghqw ri sdvw udqgrp vkrfnv1 Zh vkdoo vkrz lq wkh vhtxho wkdw D1lll/ly1 duh

xqwhvwdeoh uhvwulfwlrqv1 Ilqdoo|/ devroxwh frqwlqxlw| lq D1ly lv qrw qhfhvvdu| exw

pdnhv wkh sureohp vprrwkhu1

D qrwh derxw vwdwlrqdulw| lv lq rughu1 Li vwdwlrqdulw| lv dvvxphg/ wkh revhuydwlrq

ri zkdw wkh hoghuv glg lv vx!flhqw1 Li qrw/ zh lpsolflwho| dvvxph wkdw qr ohduqlqj

surfhvv rffxuv +vhh Exfklqvn| dqg Ohvolh/ 4<<: iru d gl�huhqw dvvxpswlrq, dqg

wkdw h{shfwdwlrqv duh shuihfw1 Wkhuhiruh/ qrq vwdwlrqdu| pdfur vkrfnv frxog eh

lqfoxghg lq wklv iudphzrun surylghg wkdw wkhlu h�hfwv dqg glvwulexwlrq ixqfwlrq duh

lghqwlfdo dfurvv djhqwv dqg frpprq nqrzohgjh1

Wkhvh dvvxpswlrqv khos gh�qlqj wkh lqirupdwlrq vhw ri wkh djhqw1 Lw frqvlvwv

lq dq| revhuydeohv lq wkh sdvw dqg suhvhqw/ klvwru| M dqg sdvw udqgrp vkrfnv/

lq wkh glvwulexwlrq ixqfwlrqv ri ixwxuh revhuydeoh wudmhfwrulhv �hEM � m Mc _ ' &�

dqg vkrfnv �hE�0� m M �� dqg lq wkh idfw wkdw rwkhu djhqwv udwlrqdoo| ehkdyh dv

lqwhuwhpsrudo rswlpl}huv dffruglqj wr +514,1 Sulydwh lqirupdwlrq derxw fxuuhqw

dqg sdvw rzq vkrfnv �0 lv krzhyhu ri qr ydoxh zkhq ixwxuh glvfrxqwhg ehqh�wv duh

wr eh frpsxwhg dv wkh rqo| lqirupdwlrq derxw wkh ixwxuh lv jlyhq e| wkh nqrzohgjh

ri �hEM � m Mc _ ' &� dqg �hE�0� m M �� ehfdxvh ri dvvxpswlrqv D1lll dqg D1 ly1

Wkdqnv wr wkh olqhdulw| ri wkh h{shfwdwlrq rshudwru/ g|qdplf whupv lq Ehoopdq

:



htxdwlrqv duh rewdlqhg e| lqwhjudwlqj rxw udqgrp h�hfwv �0 ri �roghu vhoiv� wkdw duh

xqrevhuyhg1 Wkhlu glvwulexwlrq lv frpprq nqrzohgjh dqg g|qdplf whupv fdq eh

zulwwhq dv=

.E4@ 
�

��EM
�c �0�� m U� '.

�0
E.E4@ 

�
��EM

�c �0�� m _ ' �cMc �0� m _ ' �c M�

Ehoopdq htxdwlrqv duh wkhuhiruh zulwwhq dv=

��EMc �0� ' �W� EM� n �0n q.E4@ 
�

��EM
�c �0�� m _ ' �cM� +515,

Doo remhfwv rq wkh uljkw kdqg vlgh duh nqrzq wr wkh djhqw dw wlph | dqg vkh

fdq wkhuhiruh frpsxwh ��E��1 Zh vkdoo dovr dvvxph iurp qrz rq/ zlwk qr orvv ri

jhqhudolw|/ wkdw �W� EM� ' .E��EMch0�mM�1 Wkxv/ zh qrupdol}h CE� m M� vxfk wkdw 0�

lv phdq lqghshqgdqw ri M=

.E0� m M� ' f

Lq frqfoxvlrq/ wklv iudphzrun ohdgv wkh djhqw wr ehkdyh dv li h0 dqg Eh0�cM �,

duh lqghshqghqw frqglwlrqdo rq M dqg _ +Pdqvnl/ 4<<6/ dvvxpswlrqv 4 dqg 5/

s459,1 Wklv lv riwhq vwdwhg dv dq dvvxpswlrq/ fdoohg Frqglwlrqdo Lqghshqghqfh lq

Uxvw +4<<7, ru Djxluuhjdeluld +4<<:,1 Uhpdun wkdw wklv dvvxpswlrq lv khuh wkh

frqvhtxhqfh ri Dvvxpswlrq D vwdwlqj wkdw wkh djhqwv* frruglqdwh rq wklv eholhi

dorqj zlwk wkh idfw wkdw udqgrp vkrfnv rq suhihuhqfhv duh revhuydeoh wr wkh djhqw

rqo|1 Zh vkdoo vkrz lq wkh qh{w vhfwlrq wkdw wklv dvvxpswlrq D lv xqwhvwdeoh dqg

lghqwli|lqj1 Zh gr qrw fodlp wkdw lw lv wkh rqo| srvvleoh lghqwli|lqj dvvxpswlrq1 Zh

h{soruh lq vhfwlrq 8 wkh fdvh zkhuh djhqwv h{shfw wkdw udqgrp vkrfnv duh fruuhodwhg

ryhu wlph ehfdxvh doo djhqw froohfwlyho| eholhyh vr dqg duh deoh wr revhuyh doo sulydwh

ydoxhv ri d shupdqhqw frpsrqhqw ri khwhurjhqhlw| ri wkh rwkhu djhqwv wkdw lv

xqrevhuyhg e| wkh hfrqrphwulfldq1 Djhqwv wkhuhiruh frqglwlrq wkhlu h{shfwdwlrqv

rq wkhlu rzq sulydwh ydoxh1 Vxfk d prgho h{klelwv g|qdplf vhohfwlrq dv lq Fdphurq

dqg Khfnpdq +4<<;,1

;



5151 Gh�qlwlrq ri lghqwl�fdwlrq

Zh fdq qrz wxuq wr wkh lghqwl�fdwlrq sureohp wkdw hfrqrphwulfldqv +dqg pd|eh

djhqwv, idfh1 Ydoxh ixqfwlrqv +515, fdq eh ghfrpsrvhg dv fxuuhqw xwlolwlhv duh=

��EMc �0� ' �W� EM� n 0�

zkhuh=

�W� EM� ' �W� EM� n q.E4@ 
�

E�W� EM
�� n 0��� m _ ' �c M� +516,

wkdw/ lq wkh vhtxho/ zh vkdoo lpsurshuo| fdoo Ehoopdq htxdwlrqv1 Wkh vwuxfwxudo

prgho frqvlvwv lq htxdwlrq +516,1 Wkh xqnqrzq remhfwv wkdw zh zdqw wr lghqwli|

frqvlvw lq wkh xwlolw| ixqfwlrqv ��EM�/ wkh glvfrxqw udwh q/ wkh frqglwlrqdo glvwul0

exwlrq ri xqrevhuydeohv CE�0 m M� dqg wkh odz ri uhylvlrq ri wkh vwdwh yduldeohv/

�hEM � m Mc _��

Zh vkdoo qrz gh�qh wkh wudqvodwlrq ehwzhhq wkh uhgxfhg irup dqg wkh vwuxfwxudo

irup1 Wkh uhgxfhg irup suredelolwlhv ri fkrlfh R�EM� duh=

R�EM� ' �hE_ ' � m M�

dqg wkh vwuxfwxudo irup fkrlfh suredelolwlhv duh =

;�( R�EM� ' �hE@h} 4@ 
�

E��EMc �0�� ' � m M�� +517,

Wr lghqwli| wkhvh vwuxfwxudo remhfwv/ wkh gdwd lv dvvxphg wr surylgh xv zlwk

wkh uhgxfhg irup suredelolw| glvwulexwlrq ri revhuydeohv M dqg _ dw ? vxevhtxhqw

shulrgv1 Iru vlpsolflw|/ zh frqfhqwudwh rq wzr shulrgv wkrxjk wkh dujxphqw lv

jhqhudo1 Gdwd duh vxppdul}hg e|7=

�hEMc _cM �c _�� ' �hE_� m M �� �hEM � m _cM� �hE_ m M� �hEM� +518,

Lw lv txlwh reylrxv wkdw wkh vwuxfwxudo remhfw �hEM � m _cM� lv gluhfwo| lghqwl�hg

dqg wkdw nqrzlqj lqlwldo frqglwlrqv �hEM� grhv qrw eulqj/ lq jhqhudo/ dq| lqirupd0

wlrq derxw wkh vwuxfwxudo prgho1 Vwuxfwxudo uhvwulfwlrqv rqo| ehdu rq �hE_ m M� �

7E| gh�qlwlrq ri wkh vwdwh yduldeohv/ K 3 �frqwdlqv� K dqg g dqg wkhuhiruh=

Su+g3 m K 3> K> g, @ Su+g3 m K3,

<



h{suhvvlrq zklfk dovr vwdqgv iru �hE_� m M �� liM 5 71 Wkh txhvwlrq ri lghqwl�fdwlrq

wkdw zh h{soruh lq wklv sdshu fdq wkhq eh skudvhg dv iroorzv=

Gh�qlwlrq 5141 Ohw wkh sdudphwhu K ' i��EM�c �c �gEM�c qc CE�0 m M�(M 5 7j1
Gh�qh wkh vhw ri vwuxfwxudo uhvwulfwlrqv V dv=

V ' iK( <��EM�c �c �gEM�(M 5 7 yhuli|lqj +516,j

K lv lghqwl�hg lq � � V li=

;EKc K�� 5 �2 vxfk wkdw ;M 5 7( �hE_ m M( K� ' �hE_ m M( K��

, K ' K�

Lq rughu wr vwxg| lghqwl�fdwlrq/ lw lv wkhuhiruh vx!flhqw wr xvh uhgxfhg irupv

�hE_ m M� iru dq| srvvleoh klvwru| M dv vxppdulhv ri wkh gdwd1

Ilqdoo|/ zh fdq uhwxuq wr wkh srlqw wkdw/ xqghu dvvxpswlrq D/ wkh frqglwlrqdo

lqghshqghqfh dvvxpswlrq lv xqwhvwdeoh1 Xqghu dvvxpswlrq D l/D ll/ wkh djhqw lv

lq d srvlwlrq zkhuh vkh fdq rqo| revhuyh wkh g1i1 +518,1 Wkhuh lv qr zd| iru khu wr

uhmhfw dvvxpswlrqv D1lll/ D1ly wkdw �0 dqg �0� duh lqghshqghqw frqglwlrqdo rq M � dqg

wkdw M � lv lqghshqghqw ri �0 frqglwlrqdo rq EMc _�1

5161 Pdsslqj fkrlfh suredelolwlhv rqwr ydoxhv ri dowhuqdwlyhv

Zh �uvw vwxg| htxdwlrq +517, lq rughu wr uhfryhu wkh ydoxh ixqfwlrqv ri wkh dowhu0

qdwlyhv iurp wkhlu fkrlfh suredelolwlhv1 Zh khuh iroorz Krw} dqg Ploohu +4<<6, dqg

vwdwh wkhlu uhvxow1 Gh�qh �REM� ' ER�EM�c �c RgEM�� dqg ��WEM� ' E�W�EM�c �c �WgEM��1

Wkhq/ htxdwlrq +517, fdq eh zulwwhq=

�R ' �RE��W�

Lw lv zhoo nqrzq wkdw wkh ohyho ri wkh ydoxh ixqfwlrqv fdqqrw eh lghqwl�hg1 Ohw g

eh wkh uhihuhqfh dowhuqdwlyh1 Ghqrwh=

;� 	 g(��EM� ' �W� EM�� �WgEM�

dqg=

��EM� ' E��EM�c �c �g3�EM��
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Vlploduo|/ uhqrupdol}h g1i1 CE� m M� ri E0�c �c 0g� wr eh wkh g1i1 ri E0��0g c �c 0g3��
0g, zklfk lv d voljkw exw xqfrqvhtxhqwldo dexvh ri qrwdwlrq1 Gh�qh wkh pdsslqj

' G Ug3� �( $ � vxfk wkdw wkh �wk frruglqdwh ri '=

'�E%cC� ' �h
C
E;�( 0� n %� � 0� n %�� ' .C�E;�( 0� n %� � 0� n %��

zkhuh ( lv wkh vhw ri glvwulexwlrq ixqfwlrqv rq U
g3�zklfk duh devroxwho| frqwlqx0

rxv zlwk uhvshfw wr wkh Ohehvjxh phdvxuh +dvvxpswlrq D1ly,/ dqg � lv wkh vlpsoh{

vhw lq -g +l1h1 dq| hohphqw R 5 � lv vxfk wkdw R� � fc
S

R� ' ���

Wkhq wkh vhw ri vwuxfwxudo uhvwulfwlrqv uhodwhv ydoxhv dqg fkrlfh suredelolwlhv

wkurxjk wkh uhodwlrqvkls =

�REM� ' 'E ��EM�c CE� m M��

zkhuh CE� m M� lv wkh glvwulexwlrq ri E0� � 0g c �c 0g3� � 0g, frqglwlrqdo rq M1

Wkh iroorzlqj uhvxow lv gxh wrKrw} dqg Ploohu +4<<6,=

Sursrvlwlrq 5151 ' lv lqyhuwleoh zlwk uhvshfw wr lwv �uvw dujxphqw/ l1h1 wkhuh

h{lvwv rqh dqg rqo| rqh pdsslqj ^ iurp � �( wr -g3� vxfk wkdw=

% ' ^E'E%cC�c C�

Surri1 Vhh Krw} dqg Ploohu/ 4<<61

Lw lpsolhv wkdw=

��EM� ' ^E�REM�c CE� m M��

ru hohphqw e| hohphqw=

;� 5 i�c �c g � �j( ���EM� ' ^�E�REM�c CE� m M��

Wkh lqihuhqfh sureohp ri wkh djhqw lv wkhuhiruh frkhuhqw1 Vkh nqrzv �REM�

dqg ��EM� dqg wkhuhiruh fdq lqihu wkh glvwulexwlrq ixqfwlrq CE� m M� zklfk lv

wkh frpprq nqrzohgjh g1i1 ri udqgrp vkrfnv gh�qhg lq D1lll1 H{shfwdwlrqv duh

frqvlvwhqw zlwk wkh gdwd� Uhpdun krzhyhu wkdw dq| g1i1 CE� m M� lv frpsdwleoh

zlwk wklv iudphzrun1 Lw vx!fhv wr vd| wkdw wklv g1i1 lv frpprq nqrzohgjh81
8Dv wkhuh duh qr uhvwulfwlrqv rq ydoxh ixqfwlrqv yl+K,> ixqfwlrqv �s+K, duh frpsdwleoh e|

frqvwuxfwlrq zlwk d vwdwlf udqgrp fkrlfh prgho +vhh Nrqlqj dqg Ulgghu/ 4<<:/ iru whvwv ri frp0
sdwlelolw| lq rwkhu fdvhv,1
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Wkh hfrqrphwulfldq krzhyhu grhv qrw nqrz ��EM� ru CE� m M�1 Uhgxfhg0irup

fkrlfh suredelolwlhv �REM� fdq eh lqihuuhg iurp wkh gdwd1 Exw wkhuh lv qr jhqhudo zd|

ri lghqwli|lqj ���EM� zlwkrxw dgglwlrqdo uhvwulfwlrqv +vhh Pdqvnl/ 4<;;/ ru Fdphurq

dqg Khfnpdq/ 4<<;/ iru wkh elqdu| fdvh ru Pdw}nlq/ 4<<6/ iru wkh sro|fkrwrprxv

fdvh,1 Lw lv wkh vdph txhvwlrq wkdq lq wkh vwdwlf fkrlfh prgho1 Dv d pdwwhu ri

idfw/ dq| uhsuhvhqwdwlrq ri wkh ydoxhv ri dowhuqdwlyhv ���EM� fruuhvsrqglqj wr d

glvwulexwlrq ixqfwlrq CE� m M� lv frpsdwleoh zlwk wkh gdwd1 Lw fruuhvsrqgv wr d

pruh ixqgdphqwdo vwuxfwxudo txhvwlrq1 Wkh ghflvlrq pdnhu lv vxssrvhg wr nqrz

d sulrul wkh glvwulexwlrq ixqfwlrq ri xqrevhuyhg ixwxuh vkrfnv exw dq| zloo gr1 Lw

lv qrw lqihuuhg iurp wkh gdwd dqg zh/ dv hfrqrphwulfldqv/ duh lq wkh vdph dnzdug

srvlwlrq1 Dw wklv vwdjh/ zh vkdoo wkhuhiruh vxssrvh wkdw zh nqrz wkh glvwulexwlrq

ixqfwlrq ri udqgrp vkrfnv wkdw lv frpprq nqrzohgjh dprqj djhqwv1 Zh vkdoo

zulwh=

���EM� ' ^�E�REM�c CE� m M�� � ^�E�REM��

Ohw xv qrz wxuq wr vwuxfwxudo lqirupdwlrq surylghg e| Ehoopdq htxdwlrqv1

5171 Pdsslqj ydoxhv ri dowhuqdwlyhv rqwr xwlolw| ixqfwlrqv

G|qdplf whupv lq Ehoopdq htxdwlrqv fdq eh zulwwhq dv==

.E4@ ��EM
�c �0�� m _ ' �c M� ' .E.E4@ ��EM

�c �0�� m M �� m _ ' �cM�

dqg=

.E4@ ��EM
�c �0�� m M �� ' .E�gEM

�c �0�� m M ��

n.E4@ E��EM
�c �0��� �gEM

�c �0��� m M ��

Zh zulwh=

.E4@ E��EM
�c �0��� �gEM

�c �0��� m M �� ' -E ��EM ���

zkhuh ixqfwlrq - lpsolflwo| ghshqgv rq wkh duelwudu| glvwulexwlrq ixqfwlrq ri wkh

udqgrp vkrfnv CE� m M �� dqg fdq eh zulwwhq dv=

-E%� ' .C4@ E%� n 0� � 0g�
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zkhuh % 5 -g3�1

Vxevwudfwlqj �WgEM� iurp +516,/ Ehoopdq htxdwlrqv fdq wkhq eh zulwwhq iru

� 	 g dv=

��EM� ' �W� EM� n q.E-E ��EM ��� m Mc _ ' ��

nq.E�gEM
�c �0� m Mc _ ' ��� �WgEM�

dqg iru wkh uhihuhqfh dowhuqdwlyh g=

f ' �WgEM� n q.E-E ��EM ��� m Mc _ ' g�

nq.E�gEM
�c �0�� m Mc _ ' g�� �WgEM�

Dv .E�gEM
�c �0�� m Mc _ ' �� ' .E�WgEM

�� n 0�g m Mc _ ' ��/ wkh v|vwhp ri htxdwlrqv

fdq eh zulwwhq xvlqj wkh uhvxowv ghulyhg lq wkh suhylrxv vhfwlrq 516/ ��EM� '

^�E�REM��c dvG

^�E�REM�� ' �W� EM� n q.E-E^E�REM ��� m Mc _ ' ��

nq.E�WgEM
�� m Mc _ ' ��� �WgEM� +519,

dqg=

f ' �WgEM� n q.E-E^E�REM ���� m Mc _ ' g�

nq.E�WgEM
��� m Mc _ ' g�� �WgEM� +51:,

5181 Lghqwl�fdwlrq lq wkh jhqhudo fdvh

Zh vxp xs wkh jhqhudo uhvxow lq wkh wzr0shulrgv fdvh1 Lw fdq wkhq eh dssolhg wr

orqjhu vhtxhqfhv/ frqvlghulqj sdluv ri shulrgv9=

Sursrvlwlrq 5161 Frqvlghu dq duelwudu| ydoxh iru q 5ofc �dc dq duelwudu| frqgl0

wlrqdo glvwulexwlrq ixqfwlrq CE� m M� 5 ( dqg dq duelwudu| ixqfwlrq �WgEM�� Wkhq/

;�c �W� EM� lv mxvw lghqwl�hg lq wkh vhw 7� ri vwdwh yduldeohv dw wkh �uvw shulrg1

9Zh gr qrw dvvxph vwdwlrqdu| suhihuhqfhv
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Surri1 Qrwh �uvw wkdw �REM� lv nqrzq iru dq| M 5 7� dqg �REM �� lv nqrzq iru dq|

M � 5 72/ li wkh odwwhu vhw frpsulvhv vwdwh yduldeohv dw wkh vhfrqg shulrg1 Fkrrvlqj

dq duelwudu| idplo| ri frqglwlrqdo glvwulexwlrq ixqfwlrqv CE� m M� 5 ( lpsolhv wkdw

ixqfwlrqv ^ dqg - duh nqrzq1 Khqfh/ e| frqvlghulqj dq duelwudu| ydoxh iru q/ wkh

txdqwlwlhv=

}�EM� ' ^�E�REM��� q.E-E^E�REM ��� m Mc _ ' ��

dqg=

}gEM� ' �q.E-E^E�REM ��� m Mc _ ' g�

duh lghqwl�hg ehfdxvh wkh odz ri prwlrq=

� EM � m Mc _�

lv nqrzq zklfk shuplwv wr frpsxwh wkh h{shfwdwlrq whupv1

Ehoopdq htxdwlrqv +519, dqg +51:, |lhog=

;�( }�EM� ' �W� EM� n q.E�WgEM
�� m Mc _ ' ��� �WgEM�

Frqvlghu dq duelwudu| ixqfwlrq �WgEM�� Wkhq/ li=

;�( s�EM� ' q.E�WgEM
�� m Mc _ ' ��� �WgEM�

wkh Ehoopdq htxdwlrqv |lhog=

;�( �W� EM� ' }�EM�� s�EM�

Wkxv �W� EM� duh lghqwl�hg1 Dv wkh surri lv frqvwuxfwlyh dqg dv doo vwuxfwxudo uh0

vwulfwlrqv kdyh ehhq xvhg/ �W� EM� lv mxvw lghqwl�hg

Wklv sursrvlwlrq vkrzv wkdw zlwkrxw vwurqj uhvwulfwlrqv/ wkh xwlolwlhv ri dowhu0

qdwlyhv duh idu iurp lghqwl�hg1 Wkh ghjuhh ri xqghulghqwl�fdwlrq lv odujh vlqfh lw

frqvlvwv lq q/ C dqg ixqfwlrq �WgEM�1 Vrph lpsolfdwlrqv ri sursrvlwlrq 516 duh

zhoo nqrzq lq wkh olwhudwxuh1 Lq sduwlfxodu/ wkdw wkh glvfrxqw udwh lv qrw lghqwl�hg

lv suryhg e| Pdqvnl +4<<6/ s45<, zkhuh lw lv vkrzq wkdw dq| vwuxfwxudo g|qdplf

prgho +l1h1 q 9' f, fdq eh zulwwhq dv d vwdwlf prgho +l1h1 q ' f,1
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Uhvwulfwlrqv kdyh ehhq xvhg lq wkh olwhudwxuh dqg frxog eh lpsrvhg1 Exw/ pdq|

ri wkhp gr qrw khos wr lghqwli| wkh prgho1 Iru lqvwdqfh/ li g lv dq devruelqj vwdwh

+Krw} dqg Ploohu/ 4<<6/ dqg ehorz,/ wkhq

�WgEM� ' �WgEM� n q.E�WgEM
�� m Mc _ ' g�

zklfk lpsolhv wkdw }gEM� ' f1 Dv }gEM� ' .E-E^E�REM ��� m Mc _ ' g�/ }gEM� lv

d ydoxh wkdw lv lghqwl�deoh iurp wkh gdwd1 Wkxv/ wklv uhvwulfwlrq kdv qr lghqwli|lqj

srzhu/ exw lv lqghhg whvwdeoh iurp wkh gdwd

Dqrwkhu h{dpsoh ri uhvwulfwlrqv wkdw duh frpprqo| xvhg lv wr lpsrvh d whuplqdo

gdwh( wr wkh g|qdplf prgho/ gdwh diwhu zklfk wkh ydoxh ixqfwlrq lv qrw dowhuqdwlyh

ghshqghqw dqg htxdo wr T EM(� +Nhdqh dqgZroslq/ 4<<;/ Eho}lo dqg Kdqvhq/ 4<<:,�

Lw dprxqwv wr vhw=

;� 	 g( ;M(c R�EM(� ' fc RgEM(� ' �c �WgEM(� ' T EM(�

R�EM(�c ;� 5 i����gj fdq eh uhfryhuhg iurp wkh gdwd krzhyhu1 Wkxv/ wkh �uvw wzr

uhvwulfwlrqv duh uhgxqgdqw zlwk uhvshfw wr wkh lqirupdwlrq eurxjkw e| wkh gdwd1

Wkh| duh whvwdeoh/ qrw lghqwli|lqj uhvwlfwlrqv1 Wkh odvw rqh lv qrw lghqwli|lqj hlwkhu

h{fhsw li T EM(� lv nqrzq1

Lw fdq eh qrwhg wkdw wkh lghqwl�fdwlrq ri wkh ydoxh ixqfwlrq ri wkh uhihuhqfh

dowhuqdwlyh lv �ohvv� lpsruwdqw wkdq wkh lghqwl�fdwlrq ri q dqg CE� m M� ehfdxvh

vrph vwuxfwxudo remhfwv fdq vwloo eh lghqwl�hg zlwk qr dvvxpswlrqv rq �WgEM�1

Uhsodfh lq +519, wkh ydoxh �WgEM� iurp +51:,1 Wkhq=

^�E�REM��� q.E-E^E�REM ��� m Mc _ ' �� ' �W� EM�� �WgEM�

nqE.E�WgEM
�� m Mc _ ' ��� .E�WgEM

�� m Mc _ ' g��

Wkh OKV fdq eh lghqwl�hg li q dqg CE� m M� duh nqrzq1 Wkh UKV phdvxuhv

wkh gl�huhqfh ehwzhhq dyhudjh ydoxhv ri wzr vhtxhqfhv ri fkrlfhv= �uvw/ fkrrvh �

qrz/ g wrpruurz/ dqg ehkdyh rswlpdoo| diwhuzdugv> Vhfrqg/ fkrrvh g qrz dqg

wrpruurz dqg ehkdyh rswlpdoo| diwhuzdugv1 Lw lv wkhuhiruh d qrupdol}dwlrq ri wkh

�pdujlqdo� ydoxh ri ghflvlrq � lq wkh fxuuhqw shulrg1 Lw zloo suryh wr eh hvshfldoo|

xvhixo lq wkh fdvh zkhuh wkh uhihuhqfh vwdwh lv devruelqj +vhh ehorz,1
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Frqfoxglqj/ sursrvlwlrq 516 suhfoxghv wkh lghqwl�fdwlrq ri pdq| vwuxfwxudo re0

mhfwv1 Zh vkdoo surfhhg krzhyhu e| �{lqj q dqgCE� m M� dqg lq vrph fdvhv/ �WgEM�/

dqg e| wu|lqj rq dq hpslulfdo h{dpsoh wr vwxg| wkh vhqvlwlylw| ri hvwlpdwlrq uhvxowv1

Zh vkdoo wkhuhiruh qhhg dq hvwlpdwlrq phwkrg wkdw zh qrz suhvhqw1

5191 Hvwlpdwlrq vwudwhj|

Wkh hvwlpdwlrq vwudwhj| iroorzv wkh vdph olqh wkdq wkh surri ri lghqwl�fdwlrq1 Lq wkh

�uvw vwdjh/ wkh hvwlpdwlrq phwkrg surfhhgv dv lq Krw} dqgPloohu +4<<6,1 Lw frqvlvwv

lq hvwlpdwlqj fkrlfh suredelolwlhv �REM� e| qrq sdudphwulf ru sdudphwulf phwkrgv1

Ghqrwh 	R?EM� vxfk dq hvwlpdwh1 Iurp wkhvh hvwlpdwhv/ hvwlpdwhv ri ydoxh ixqfwlrqv

fdq eh frpsxwhg1 Wkh vhfrqg vwdjh frqvlvwv lq xvlqj Ehoopdq htxdwlrqv wr uhfryhu

xwlolw| ixqfwlrqv iurp ydoxh ixqfwlrqv1 Lw lv forvhu wr zkdw Dowxj dqg Ploohu +4<<;,

gr dqg lv vlpsohu wkdq Krw} dqg Ploohu +4<<6,1 Zh wkhuhiruh frqfhqwudwh rq wkh

vhfrqg vwdjh1

Dv �WgEM� lv qrw lghqwl�hg zlwkrxw dgglwlrqdo gdwd ru dgglwlrqdo uhvwulfwlrqv/

zh fdq qrupdol}h lw zlwkrxw orvv ri jhqhudolw| wr=

;M( �WgEM� ' f

Lq wklv fdvh/ wkh hvwlpdwlqj htxdwlrqv duh jlyhq lq wkh surri ri Sursrvlwlrq 516=

;� 	 g( ��EM� ' ^�E�REM��� q.E-E^E�REM ��� m Mc _ ' ��

�gEM� ' �q.E-E^E�REM ��� m Mc _ ' g�

Fkrrvh qrz duelwudu| ydoxhv iru q dqg C1 Li �REM� zhuh nqrzq/ zh frxog frpsxwh

wkh ydoxhv lq wkh gdwd ri t� ' ^�EREM�� � q-E^EREM ��� dqg tg ' �q-E^EREM ���

iru doo revhuydwlrqv1 Hvwlpdwlqj htxdwlrqv duh=

.Et� m Mc _ ' �� ' ��EM�

dqg wkhuhiruh=

;�( t� ' ��EM� n #�

zkhuh .E#� m Mc _ ' �� ' f� Zh fdq wkhuhiruh hvwlpdwh qrq sdudphwulfdoo| ��EM�

xvlqj wkh vxevdpsoh ri lqglylgxdov kdylqj fkrvhq _ ' �1 Wkhuh duh qr vwuxfwxudo uh0

vwulfwlrqv dfurvv dowhuqdwlyhv1 Wkh hvwlpdwlqj htxdwlrqv fdq eh xvhg lqghshqghqwo|

dqg wkh hvwlpdwlrq phwkrg lv h!flhqw1
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Lq idfw xwlolw| ohyhov t fdqqrw eh frpsxwhg iurp wkh gdwd vlqfh �REM� lv xq0

nqrzq1 Zkdw fdq eh frpsxwhg iurp wkh gdwd lv wkh txdqwlw|=

	t�? ' ^�E	R?EM��� q-E^E	R?EM
���

Wkh hpslulfdo prgho fdq wkhuhiruh eh uhzulwwhq dv=

	t�? ' ��EM� n # n 	�?

zkhuh 	�? ' t � 	t?1 Uhvxowv frqfhuqlqj wzr vwhs hvwlpdwhv zlwk d qrq sdudphwulf

�uvw vwhs frxog wkhuhiruh eh dssolhg +Qhzh| dqg PfIdgghq/ 4<<7,1 Lq wklv fdvh

krzhyhu/ qrwh wkdw wkh gl�huhqw htxdwlrqv duh qrw lqghshqghqw1 Lw lv fohdu wkdw

xvlqj sdudphwulf ru vhplsdudphwulf phwkrgv iroorzv wkh vdph olqh ri dujxphqw1

61 Wkh hpslulfdo dssolfdwlrq

Zh dsso| wkhvh uhvxowv wr gdwd rq vfkrro ohdylqj lq Iudqfh ryhu wkh shulrg 4<:<0

4<<6 iru |rxqj shrsoh djhg 53 wr 63 lq 4<<61 Wklv hpslulfdo dssolfdwlrq lv ri vshfldo

lqwhuhvw ehfdxvh wkh ohyho ri hgxfdwlrq ri |rxqj jhqhudwlrqv lq Iudqfh txlfno| juhz

ryhu wklv ghfdgh1 Ohvv wkdq 63( ri d |rxqj jhqhudwlrq lq 4<;8 zdv ohdylqj vfkrro

dw wkh hqg ri kljk vfkrro zlwk d �edffdodxuìdw�1 Wklv glsorpd lv wkh irfdo srlqw lq

wkh Iuhqfk hgxfdwlrq v|vwhp wkdw lv qrupdoo| sdvvhg dw 4; |hduv ri djh1 Lq 4<<9/

pruh wkdq 93( ri d |rxqj jhqhudwlrq kdg uhdfkhg wklv ohyho +Hplq dqg Idoorxug/

4<<9/ Hvwudgh dqg Plqql/ 4<<9,1

Rq wkh vxsso| vlgh/ wkh pdlq hqjlqh iru wklv jurzwk zdv gulyhq e| wkh vwurqj

hpskdvlv jlyhq wr hgxfdwlrq srolflhv dw wkh hqg ri wkh ;3v1 Lw zdv dqqrxqfhg lq

4<;8 wkdw wkh remhfwlyh zdv wr ohdg ;3( ri d jhqhudwlrq wr edffdodxuìdw lq |hdu

53331 Rwkhu hgxfdwlrq srolflhv/ sduwlfxoduo| uhodwlyh wr yrfdwlrqdo hgxfdwlrq/ kdyh

ehhq hqdfwhg odwhu lq wkdw shulrg1 Iljxuh 4 uhsruwv wkdw wkh vkduh ri hgxfdwlrq

h{shqglwxuhv lq JGS lqfuhdvhg yhu| txlfno| iurp 4<;< rqzdugv1 Lq devroxwh whupv/

wklv lqfuhdvh ehjdq hduolhu dv dq hfrqrplf errp vwduwhg lq 4<;:1 Dv hvwlpdwhg e|

wkh plqlvwu| ri Hgxfdwlrq/ dyhudjh |hduo| vshqglqj shu vwxghqw vwhdglo| lqfuhdvhg

iurp 4<;: rqzdugv +�jxuh 5, hvshfldoo| iru kljk vfkrro yrfdwlrqdo surjudpv wkdw

zhuh hqdfwhg gxulqj wklv shulrg +�Edffdodxuìdw surihvvlrqqho�,1 Dv hgxfdwlrq lq
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Iudqfh lv doprvw frpsohwho| vxevlgl}hg e| wkh vwdwh/ wxlwlrqv ihhv duh yhu| orz e|

lqwhuqdwlrqdo vwdqgdugv hyhq lq sulydwh vfkrrov1 Wkh lpsuhvvlyh vxffhvv ri wklv

vxsso| srolf| dw ohdvw lq whupv ri qxpehuv fdq jr wkurxjk wkuhh fkdqqhov wkdw duh

vxssrvhgo| xqghu wkh frqwuro ri wkh hgxfdwlrq dxwkrulwlhv1 Wkh �uvw fkdqqho lv

wkurxjk d ghfuhdvh lq gluhfw frvwv exw ryhu wkh shulrg/ sulydwh frvwv zhuh vpdoo dqg

vwd|hg wkh vdph1 Wkh| fdq dfw dovr rq lqgluhfw frvwv e| exloglqj qhz vfkrrov wkdw

duh forvhu wr zkhuh wkh vwxghqwv olyh iru lqvwdqfh1 Wkh wklug fkdqqho lv wr eh ohvv

vhohfwlyh dqg ohw vwxghqwv zkr zrxog qrw kdyh ehhq doorzhg ehiruh/ wr jr wr xsshu

ohyhov ri vfkrrolqj1

Exw rq wkh ghpdqg vlgh/ wklv lqfuhdvh dovr ghshqgv rq wkh hyroxwlrq ri h{shfwhg

uhwxuqv wr hgxfdwlrq ryhu wkh shulrg1 Dw �uvw jodqfh/ lw grhv qrw vhhp wr eh wkh

fdvh vlqfh zdjh lqhtxdolw| uhpdlqhg idluo| vwdeoh ryhu wkh sdvw wzr ghfdghv +Ed|hw

dqg Fdvhv/ 4<<9/ Zdvphu/ 4<<;,1 Lw pljkw vhhp pruh uhdvrqdeoh wr dwwulexwh

fkdqjhv lq wkh udwhv ri uhwxuq wr wkh fkdqjlqj udwh ri xqhpsor|phqw iru |rxqj

shrsoh wkdw zdv odujh +durxqg 58(, dqg lqfuhdvlqj ryhu wkh shulrg1 Qrwh wkdw wkh

xqhpsor|phqw udwh vkduso| ghfuhdvhv zlwk wkh ohyho ri hgxfdwlrq dqg wkdw sduwo|

h{sodlqv zk| wkh udwh ri |rxwk xqhpsor|phqw lv vr odujh dv wkh prvw hgxfdwhg duh

qrw |hw dfwlyh lq wkh oderxu pdunhw dw wkrvh djhv +Hoedxp dqg Pdufkdqg/ 4<<6,1

Wkh dujxphqw wkdw dq lqfuhdvlqj udwh ri xqhpsor|phqw kdv d qhjdwlyh h�hfw rq

wkh udwhv ri uhwxuq lv qrw dv fohdu dv lw pljkw vhhp krzhyhu1 Lq wkh jhqhudo fdvh/

lqfuhdvhv lq xqhpsor|phqw kdyh dpeljxrxv h�hfwv rq wkh udwhv ri uhwxuq vlqfh wkh|

d�hfw erwk wkh ohyho dqg wkh vorsh ri h{shfwhg lqfrphv dv d ixqfwlrq ri hgxfdwlrq

+Nrggh/ 4<;;/ Plfnohzuljkw/ Shduvrq dqg Vplwk/ 4<;<,1

Zkdw zh gr lq wkh iroorzlqj wzr vhfwlrqv lv wr wu| wr glvhqwdqjoh wkhvh ydulrxv

h�hfwv rq frvwv/ vhohfwlrq dqg uhwxuqv/ dv zhoo dv wr lqyhvwljdwh wkh ghwhuplqdqwv ri

hgxfdwlrq vxsso| dqg ghpdqg vhsdudwho|/ lq rughu wr h{sodlq zkdw pljkw eh wkh

pdlq uhdvrqv ri wklv lqfuhdvh lq hgxfdwlrq ohyhov ryhu wklv shulrg1

6141 Dq lqirupdo orrn dw wkh gdwd dqg d eulhi ghvfulswlrq ri wkh Iuhqfk
hgxfdwlrqdo v|vwhp

Wkh gdwdvhw zh xvh lv gudzq iurp d 4<<6 Iuhqfk vxuyh| rq hgxfdwlrq dqg oderxu

pdunhw klvwrulhv +ITS/ LQVHH,1 Wkh vxuyh| ghvljq lv edvhg rq gzhoolqjv1 Hyhu|
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phpehu ri wkh krxvhkrog olylqj lq hdfk gzhoolqj lv lqwhuylhzhg1 Lqirupdwlrq derxw

sdvw vfkrrolqj klvwru| lv frpsuhkhqvlyho| grfxphqwhg iurp wkh yhu| �uvw |hdu dw

vfkrro1 Zh irfxv rxu vwxg| rq |rxqj phq eruq ehwzhhq 4<96 dqg 4<:6 vlqfh d

�uvw dwwhpsw uhyhdohg wkdw phq dqg zrphq kdg yhu| gl�huhqw ehkdylrxu1 Wklv

ohdyhv xv zlwk d udz vdpsoh ri durxqg 5333 lqglylgxdov djhg ehwzhhq 53 dqg 63

lq 4<<61 Dv lqirupdwlrq lv uhwurvshfwlyh/ wkhuh lv qr sureohp ri dwwulwlrq1 Wkhuh

lv d voljkw sureohp ri vhohfwlrq wkrxjk1 Djh fodvvhv duh qrw txlwh xqlirupo| glv0

wulexwhg/ ghfuhdvlqj iurp 45( ri wkh vdpsoh iru 53 |hduv rog/ wr 9( iru 58 |hduv

rog dqg lqfuhdvlqj diwhuzdugv xs wr 43( iru 63 |hduv rog1 Lw lv gxh wr wkh vxuyh|

ghvljq edvhg rq gzhoolqjv zklfk h{foxgh vrph |rxqj shrsoh ohdylqj lq froohfwlyh

gzhoolqjv +lqfoxglqj erduglqj urrpv, ru grlqj wkhlu plolwdu| vhuylfh1 Zh qhjohfw

wklv skhqrphqrq wkdw grhv qrw vhhp wr kdyh dq lpsdfw rq wkh hyroxwlrq ri wkh

sursruwlrq ri vwxghqwv vwd|lqj dw vfkrro +vhh ehorz, dqg dvvxph wkdw vhohfwlrq lv

h{rjhqhrxv wr hgxfdwlrqdo fkrlfhv:1 Ilqdoo|/ vrph hgxfdwlrqdo klvwrulhv duh +uljkw,

fhqvruhg vlqfh 55( ri wkh srsxodwlrq duh vwloo dw vfkrro ru froohjh lq 4<<61 Lw kdv

vrph lpsdfw rq wkh ghvfulswlyh vwdwlvwlfv wkdw zh suhvhqw exw qrqh rq wkh prgho

dv lw lv zulwwhq dv d g|qdplf glvfuhwh fkrlfh prgho lq glvfuhwh wlph1

Lq Iudqfh/ sxslov pxvw jr wr vfkrro ehwzhhq wkh djhv ri 9 dqg 491 Wkh fkrlfh

ri ohdylqj vfkrro lv rqo| jlyhq dw djh 491 Qhyhuwkhohvv/ fkdudfwhulvwlfv ri wkh hg0

xfdwlrq klvwru| ehiruh djh 49 fdq ghwhuplqh wkh ixwxuh wudmhfwru|1 Zh ehjlq e|

ghvfulelqj zkdw lv wkh hgxfdwlrqdo v|vwhp ehiruh djh 49 lq rughu wr mxvwli| wkh

zd| zh frqvwuxfw rxu vdpsoh1 Ehiruh ohyho 47/ sxslov duh vxssrvhg wr h{shulhqfh

txlwh krprjhqhrxv hgxfdwlrq surjudpv1 Jhqhudo hgxfdwlrq lv wkh vwdqgdug iurp

ohyho 9 wr 47;1 Rqo| 515( ri rxu vdpsoh zhqw wkurxjk fodvvhv ri vshfldolvhg hgxfd0

wlrq iru fkloguhq zlwk kdqglfdsv ru rwkhu vhulrxv gl!fxowlhv1 Dw ohyho 47/ gl�huhqw

urxwhv rshq xs1 Vrph sxslov fdq frqwlqxh lq jhqhudo hgxfdwlrq/ vrph fdq vzlwfk

wr vkruw0wudfn yrfdwlrqdo hgxfdwlrq dqg rwkhuv fdq jr lqwr dssuhqwlfhvkls zlwk

vrph vfkrrolqj xqwlo wkh| duh 491 Diwhu ohyho 49/ vfkrrolqj ehfrphv pruh ydulhg1

:D srvvleoh zd| ri fruuhfwlqj hqgrjhqhrxv vhohfwlrq zrxog frqvlvw lq xvlqj d zhljkwhg surfh0
gxuh +Frvohww/ 4<<7,/ zkhuh zhljkwv zrxog frph iurp wkh Fhqvxv ri wkh Srsxodwlrq lq 4<<31 Wklv
srlqw lv ohiw iru ixuwkhu uhvhdufk1

;Iru lqwhuqdwlrqdo frpsdudelolw|/ zh duh odehoolqj fodvvhv e| wkh djh ri wkh sxslov zkr dwwhqg
wkhvh fodvvhv dqg glg qrw uhshdw d fodvv1
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Gxulqj wkh shulrg ehwzhhq 49 dqg 4;/ zklfk fruuhvsrqgv wr wkh odvw wkuhh |hduv

ri kljk vfkrro/ hgxfdwlrq surjudpv duh vsolw doprvw htxdoo| lqwr jhqhudo hgxfdwlrq

dqg orqj0wudfn yrfdwlrqdo hgxfdwlrq surjudpv 1 Glsorpdv dw 4; +�Edffdodxuìdw�,

fdq eh hlwkhu jhqhudo ru yrfdwlrqdo1 Rwkhu er|v �qlvk wkhlu vkruw0wudfn yrfdwlrqdo

ghjuhh ehwzhhq 49 dqg 4;1 Rxu �qdo vdpsoh h{foxghv sxslov zkr kdg ehhq wkurxjk

vshfldolvhg hgxfdwlrq/ wkurxjk dssuhqwlfhvkls dqg zh vhohfwhg rxw lqglylgxdov zkr

kdg qrw uhdfkhg dw 49 |hduv wkh ohyho wkdw 45 |hduv rog sxslov qrupdoo| dwwhqg1

Doprvw doo sxslov zkr uhsruw ehlqj lq hlwkhu ri wkhvh vwdwhv ehiruh 49 ohdyh vfkrro

dw 491 Wkhvh +txdvl, luuhyhuvleoh hyhqwv ehiruh 49 |hduv ri djh uhqghu rxu prgho

luuhohydqw1 Lq rxu vdpsoh/ zh dovr fruuhfwhg/ zkhq srvvleoh/ iru plvuhsruwv lq ydul0

deohv dqg gursshg revhuydwlrqv rwkhuzlvh1 Wklv ohdyhv xv zlwk 484< lqglylgxdov lq

rxu zrunlqj vdpsoh1

H{lw udwhv iurp hgxfdwlrq duh uhsruwhg lq wdeoh 41 Wkh| duh uhsruwhg iru wkh

frpsohwh vdpsoh dqg wzr vxevdpsohv1 Wkh �uvw rqh frpsulvhv er|v zkr uhdfkhg

ohyhov ohvv wkdq 48 dw 49 |hduv ri djh dqg wkhuhiruh uhshdwhg d fodvv dw ohdvw rqfh1

Wkh rwkhu jurxs jdwkhuv vwxghqwv zkr glg qrw uhshdw d fodvv1 Wkh h{lw udwh lv orz �

iurp 6 wr :( � dw ohyhov 47 wr 49 � lqfuhdvhv wr 48 ru 58( dw ohyhov 4: dqg 4; +hqg ri

kljk vfkrro,/ gursv wr :( dw wkh ehjlqqlqj ri froohjh1 Diwhu ohyho 53/ wkh h{lw udwh

lqfuhdvhv wr pruh wkdq 53(1 Doo revhuydwlrqv uhodwhg wr hgxfdwlrq ohyhov kljkhu

wkdq 56 zhuh glvfdughg ehfdxvh ri wkh vpdoo vl}h ri wkhvh srsxodwlrqv1 Frpsdulqj

h{lw udwhv lq wkh wzr vxevdpsohv surylghv hylghqfh rq wkh orqj0uxq h�hfw ri kdylqj

uhshdwhg d fodvv ehiruh vl{whhq |hduv ri djh1 H{lw udwhv duh dozd|v odujhu iru wkrvh

zkr uhshdwhg fodvvhv1 Wkh qxpehu ri fodvv uhshwlwlrqv lv wkhuhiruh dq lpsruwdqw

h{sodqdwru| yduldeoh wr lqfoxgh lq wkh dqdo|vlv1

Dyhudjh suredelolwlhv ri vwd|lqj lq vfkrro e| frkruwv dqg hgxfdwlrq ohyhov duh uh0

sruwhg lq �jxuh 6 +zlwk frq�ghqfh edqgv,1 Dw ohyhov 47 wr 49/ vwd|lqj suredelolwlhv

duh vr forvh wr rqh iru doo frkruwv wkdw qr gl�huhqfhv fdq eh irxqg dfurvv frkruwv1

Wklv lv qrw wuxh dw ohyhov 4: dqg 4; zkhuh lqfuhdvhv lq wkh vwd|lqj suredelolwlhv

ryhu wlph duh vwdwlvwlfdoo| vljql�fdqw1 Dw ohyho 4:/ wklv suredelolw| lqfuhdvhv iurp

98( lq wkh 4<96 frkruw wr ;3( lq wkh 4<:6 frkruw zkloh dw ohyho 4;/ lw lqfuhdvhv

iurp ;3( wr <3(1 Gl�huhqfhv dfurvv frkruwv duh ohvv dfxwh dw kljkhu ohyhov +h{fhsw
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53, pdlqo| ehfdxvh vdpsoh vl}hv ehfrph wrr vpdoo1 Lq frqfoxvlrq/ wkh lqfuhdvh lq

wkh hgxfdwlrq ohyho ri wkh |rxqj jhqhudwlrqv lq wkh ;3v fdq eh pdlqo| dwwulexwhg

wr zkdw kdsshqhg dw hgxfdwlrq ohyhov 4: dqg 4;1

Wr frpsohwh wkh ghvfulswlrq ri wkh gdwd/ zh dovr judskhg wkh suredelolw| ri

vxffhvvixoo| frpsohwlqj dq hgxfdwlrq ohyho +�jxuh ;,1 Wkhvh vxffhvv suredelolwlhv

dv d ixqfwlrq ri frkruwv duh idluo| vwdeoh dw ohyhov 48 dqg 49/ duh X0vkdshg dw ohyhov

4: dqg h{klelwv d vljql�fdqw xszdug wuhqg dw ohyhov kljkhu wkdq 4;1 Wkhvh uhvxowv

vkrz wkdw li dq|wklqj/ hgxfdwlrq dxwkrulwlhv ehfdph pruh od{ lq wkhlu vhohfwlrq

srolf| ryhu wkh shulrg1 Lw frq�upv rqh ri wkh srvvleoh dujxphqw wkdw zdv jlyhq

deryh wr h{sodlq wkh lqfuhdvh lq hgxfdwlrq ri wkh |rxqjhu jhqhudwlrqv1

6151 Hvwlpdwlqj fkrlfh suredelolwlhv

Zh duh lqwhuhvwhg lq prgholqj wkh vfkrro ohdylqj ehkdylrxu ri |rxqj shrsoh lq

wkh frkruwv 4<96 wr 4<:61 Lq wkh suhvhqw dqdo|vlv/ zh dvvxph wkdw zkhq ohdylqj

vfkrro/ zrun lv dq devruelqj dowhuqdwlyh1 Yhu| ihz lqglylgxdov uhwxuq wr wkh irupdo

vfkrrolqj v|vwhp diwhu kdylqj ohiw vfkrro1 Lq 4<<6/ vfkrrolqj whpsrudu| gurs rxwv

frqfhuqhg 5( ri wkh srsxodwlrq rqo| +vrxufh= Oderu Irufh Vxuyh|/ 4<<6,1 Wkh

rqo| fkrlfh wkhuhiruh lv wr vwd| lq wkh hgxfdwlrq v|vwhp ru wr ohdyh iruhyhu1 Zh

hvwlpdwh fkrlfh suredelolwlhv frqglwlrqdo rq fryduldwhv wkdw lv wkh �uvw vwdjh ri wkh

hvwlpdwlrq phwkrg ghyhorshg lq vhfwlrq 5191

Iru vlpsolflw| dqg dv rxu gdwd pdlqo| frpsulvh glvfuhwh yduldeohv/ zh suhihu wr

xvh  h{leoh sdudphwulf phwkrgv1 Zh zulwh=

REM� ' 8 Ef��

zkhuh 8 E�� lv d orjlvwlf glvwulexwlrq ixqfwlrq dqg zkhuh f duh h{sodqdwru| ydul0

deohv1 Dwwhpsv wr xvh surelw prghov lqvwhdg ri orjlw prghov jdyh yhu| vlplodu

uhvxowv wr wkh rqhv wkdw duh suhvhqwhg khuh1 Wklv lv wuxh wkdw wkh glvwulexwlrq ri

vkrfnv lv qr orqjhu duelwudu| dqg fdq eh uhfryhuhg iurp wkh gdwd li zh lpsrvh wkh

dgglwlrqdo uhvwulfwlrq wkdw lwv dujxphqw lv d olqhdu lqgh{ lq wkh fryduldwhv +Pdqvnl/

4<;;,1 Li wkh ixqfwlrqdo irup lv dv  h{leoh dv srvvleoh/ zh duh forvh wr qrq lghqwl�0

fdwlrq krzhyhu1 Wklv lv zk| zh eholhyh wkdw wkh orjlw dvvxpswlrq lv whqdeoh li wkh

vshfl�fdwlrq ri wkh lqgh{ lv vx!flhqwo| jhqhudo1 Diwhu kdylqj irxqg wkdw vfkrrolqj
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ohdylqj ghflvlrqv duh vljql�fdqwo| gl�huhqw dfurvv hgxfdwlrq ohyhov/ zh vsolwwhg wkh

vdpsoh lqwr vxevdpsohv dffruglqj wr hgxfdwlrq ohyhov1 Dv vdpsoh vl}hv iru hgxfd0

wlrq ohyhov 55 dqg 56 zhuh wrr vpdoo dqg vlqfh d vwdqgdug whvwlqj surfhgxuh jdyh

hylghqfh wkdw lw zdv qrw loolflw wr gr vr/ zh jurxshg wkhp zlwk hgxfdwlrq ohyho

54 dqg lqfoxghg gxpp| yduldeohv iru ohyhov 55 dqg 561 Zh wkhq hvwlpdwhg orjlw

prghov iru doo vxevdpsohv1 Wkh ghshqghqw yduldeoh lv wkh ghflvlrq wr vwd| dw vfkrro

dq dgglwlrqdo |hdu dw hdfk hgxfdwlrq ohyho1 Dv zh dvvxphg wkdw udqgrp vkrfnv

duh lqghshqghqw dfurvv shulrgv iru wkh vdph lqglylgxdo +dvvxpswlrq D,/ wkhuh lv

qr vhohfwlrq eldv1

Dv rxu sxusrvh lv wr kdyh d suhflvh ghvfulswlrq ri wkhvh uhgxfhg irup fkrlfh

suredelolwlhv/ zh uhwdlq doo h{sodqdwru| yduldeohv wkdw zhuh vljql�fdqw ru forvh wr

vljql�fdqfh iru dw ohdvw rqh hgxfdwlrq ohyho1 H{sodqdwru| yduldeohv frqvlvw lq lq0

glylgxdo dqg sduhqwdo fkdudfwhulvwlfv1 Ghvfulswlyh vwdwlvwlfv duh jlyhq lq wdeoh 51

Dprqj yduldeohv ghvfulelqj idplo| edfnjurxqg wkdw duh qrw wlph ydu|lqj/ zh kdyh

lqirupdwlrq rq= Idwkhu*v dqg prwkhu*v hgxfdwlrqdo dwwdlqphqw wkdw zh uhjurxshg

diwhu h{shulphqwdwlrq lq d yduldeoh ghvfulelqj wkh pd{lpdo hgxfdwlrqdo dwwdlqphqw

ri erwk sduhqwv> Wkh qxpehu ri eurwkhuv dqg vlvwhuv> Zkhwkhu wkh prwkhu kdg hyhu

ehhq zrunlqj> Sduhqwdo +orj, lqfrphv<1 Lqglylgxdo fkdudfwhulvwlfv/ wkdw duh qrw wlph

ydu|lqj/ duh wkh |hdu ri eluwk rqo|1 Dprqj wlph0ydu|lqj yduldeohv ghvfulelqj wkh

hgxfdwlrqdo klvwru|/ zh glvwlqjxlvkhg wzr gxpp| yduldeohv ghvfulelqj wkh qxpehu

ri fodvv uhshwlwlrqv +uhvshfwlyho|/ rqh dqg/ wzr ru pruh/ qrqh ehlqj wkh uhihuhqfh,1

Lqfoxglqj yduldeohv ghvfulelqj hgxfdwlrqdo klvwrulhv lv qrw lqqrfxrxv1 Dv d pdwwhu

ri idfw/ lw lpsolhv wkdw wkh qxpehu ri fodvv uhshwlwlrqv lv qrw fkrvhq e| wkh sxslo ru

vwxghqw klpvhoi2khuvhoi1 Wkhvh yduldeohv ehorqj wr wkh vwdwh yduldeohv zklfk wudq0

vlwlrq surfhvv lv frqwuroohg e| qdwxuh +vhh vhfwlrq 514, l1h1 whdfkhuv dqg hgxfdwlrq

dxwkrulwlhv1 Lw vhhpv wr eh d sodxvleoh dvvxpswlrq lq wkh fdvh ri uhshwlwlrqv143

<D zrug derxw sduhqwdo lqfrph lv lq rughu1 Dv qr lqirupdwlrq lv dydlodeoh lq wkh vdpsoh derxw
lqfrphv/ zh xvhg lqirupdwlrq jlyhq rq rffxsdwlrqv dw d yhu| glvdjuhjdwhg ohyho wkdw duh uhsruwhg
lq doo vxuyh|v ri LQVHH/ wr lpsxwh sduhqwdo lqfrphv hvwlpdwhg lq dqrwkhu vxuyh|/ wkh dqqxdo
Oderu Irufh Vxuyh|v1 Ghwdlov duh jlyhq lq dsshqgl{ D14

43Lw zrxog eh ohvv sodxvleoh iru hgxfdwlrq surjudpv glvwlqjxlvklqj iru lqvwdqfh ehwzhhq d jhqhudo
ru yrfdwlrqdo rulhqwdwlrq hyhq li whdfkhuv sod| d juhdw u÷oh lq rulhqwlqj sxslov lqwr surjudpv1
Wkdw lv zk| lq wklv yhuvlrq ri wkh sdshu zh suhihuhg qrw wr lqfoxgh wkrvh gxpp| yduldeohv1 Dq
lqwhuhvwlqj jhqhudol}dwlrq ri rxu dssolfdwlrq krzhyhu zrxog eh d prgho zkhuh qrw rqo| vfkrro
ohdylqj lv wkh remhfw ri fkrlfh exw dovr wkh w|sh ri hgxfdwlrq surjudpv1
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Hvwlpdwlrq uhvxowv duh jlyhq lq wdeoh 61 Hvwlpdwhv ri frkruw frh!flhqwv duh

qrw uhsruwhg lq wklv wdeoh dv d judsklfdo uhsuhvhqwdwlrq lv pxfk pruh sdodwdeoh

+�jxuh 7,1 Wkh prvw vljql�fdqw ghwhuplqdqw ri vwd|lqj suredelolwlhv lv dozd|v

wkh qxpehu ri fodvv uhshwlwlrqv dv zdv irxqg lq wkh ghvfulswlyh dqdo|vhv deryh1

Uhshdwlqj d fodvv rqfh/ wzlfh ru pruh vljql�fdqwo| ghfuhdvhv wkh suredelolw| ri

vwd|lqj dw doo ohyhov h{fhsw wkh kljkhvw +� 2��� Uhshdwlqj d fodvv wzlfh ru pruh

kdv d vwurqjhu h�hfw wkdq uhshdwlqj rqfh1 Sduhqwv* +orj, lqfrph kdv d srvlwlyh

h�hfw rq wkh suredelolw| ri vwd|lqj dw vfkrro exw lw lv qrw dozd|v vljql�fdqw1 Wkhuh

lv qr fohdu whqghqf| ri d ghfuhdvlqj h�hfw ri lqfrph dv uhsruwhg xvlqj X1V1gdwd

e| Pduh +4<;3, dqg fulwlfl}hg e| Fdphurq dqg Khfnpdq +4<<;, lq ylhz ri wkh

orjlw dvvxpswlrq1 Rq wkh rwkhu kdqg/ wkh h�hfwv ri sduhqwdo hgxfdwlrq duh rqo|

vljql�fdqw dw wkh orzhvw ohyhov ri hgxfdwlrq +4804:,1 Wkh| hyhq ehfrph qhjdwlyh dw

kljkhu ohyhov exw rqo| rqh frh!flhqw iru rqh hgxfdwlrq ohyho lv vljql�fdqw1 D qrq

zrunlqj prwkhu grhv kdyh d vljql�fdqw srvlwlyh lpsdfw rq vwd|lqj exw wkh h�hfw

lv qrw dozd|v vljql�fdqw1 Ilqdoo|/ wkh qxpehu ri vleolqjv lv rqo| vljql�fdqw dqg

qhjdwlyh iru rqh ohyho ri hgxfdwlrq +4;,1

Wkhvh uhvxowv duh joredoo| yhu| vlplodu wr uhvxowv lq Pduh +4<;3, dqg Fdphurq

dqg Khfnpdq +4<<;,1 Lqfrph h�hfwv ri hgxfdwlrq ghpdqgv duh srvlwlyh/ sduhqwdo

hgxfdwlrq kdylqj dq dgglwlrqdo srvlwlyh h�hfw srvvleo| gxh wr gluhfw wlph lqyhvw0

phqwv ri sduhqwv lq wkh hgxfdwlrq surfhvv1 Wkh qxpehu ri vleolqjv kdyh d qhjdwlyh

h�hfw li wkhuh lv vrph txdqwlw|0txdolw| wudgh0r�1 Uhwxuqlqj wr wdeoh 5 zklfk gh0

vfulehv dyhudjh ydoxhv ri fryduldwhv dw gl�huhqw hgxfdwlrq ohyhov/ zh vhh wkdw lw

frq�upv wkhvh uhvxowv1 Wkh qxpehu ri vleolqjv ghfuhdvhv zlwk lqfuhdvlqj hgxfdwlrq

ohyho zkloh sduhqwdo hgxfdwlrq dqg lqfrph lqfuhdvh1 Wklv wdeoh vxppdulvhv wkh

rqo| shupdqhqw lqglylgxdo h�hfwv dorqj hgxfdwlrqdo klvwrulhv1 Lq wkh fdvh zkhuh

udqgrp vkrfnv duh qrw lqghshqghqw � Dvvxpswlrq D lv qrw ydolg � wkhuh lv d g|0

qdplf vhohfwlrq eldv dv vkrzq e| Fdphurq dqg Khfnpdq/ 4<<;1 Zh zloo uhwxuq wr

wklv srlqw lq vhfwlrq 81

Lq �jxuh 7/ suhglfwhg fkrlfh suredelolwlhv ri vwd|lqj dw vfkrro duh sorwwhg iru

gl�huhqw frkruwv dqg hgxfdwlrq ohyhov1 Wr rewdlq qhw frkruw h�hfwv/ zh �{hg wkh

ydoxhv ri doo rwkhu h{sodqdwru| yduldeohv wr wkhlu dyhudjh ydoxhv lq wkh vxevdpsohv
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fruuhvsrqglqj wr hdfk hgxfdwlrq ohyho1 Frq�ghqfh lqwhuydov iru frkruw hvwlpdwhv duh

frpsxwhg xvlqj wkh yduldelolw| ri hvwlpdwhv dqg ri wkhvh dyhudjh ydoxhv1 Uhvxowv

duh vlplodu wr zkdw zh rewdlqhg lq wkh vlpsoh ghvfulswlrq ri �jxuh 61 Vwd|lqj

suredelolwlhv duh forvh wr 4 iru ohyhov 48 dqg 491 Dw ohyhov 4:/ 4; dqg 53/ suhglfwhg

suredelolwlhv uhsurgxfh wkh lqfuhdvlqj sdwwhuqv wkdw zh irxqg lq �jxuh 61 Wklv

vkrzv wkdw wkh prgho lv  h{leoh hqrxjk wr fdswxuh wkhvh hpslulfdo uhjxodulwlhv dqg

wkdw wkhuh duh qr reylrxv wuhqgv lq wkh fryduldwhv wkdw h{sodlq lqfuhdvhv lq wkh

hgxfdwlrq ohyhov ryhu wklv shulrg1

6161 Wkh xqghuo|lqj vwuxfwxudo prgho

Wkh lpsolflw vwuxfwxudo prgho wkdw zh xvh lv d kxpdq fdslwdo prgho zlwk qr frq0

vxpswlrq vprrwklqj1 Dv ohdylqj vfkrro lv dq devruelqj vwdwh/ wkh wzr Ehoopdq

htxdwlrqv fdq eh zulwwhq dv=

TrE7c |� ' +614,

LrEtr � SE7c |�� n q.4@ ETrE7
�c |n �� n 0r|n�c T�E7

�c |n �� n 0�|n� m 7c _ ' r�

T�E7c |� ' L�E�E7c |�c t�� n q.ET�E7c |n �� n 0�|n� m 7c _ ' ��

zkhuh 7 lv wkh ohyho ri vfkrrolqj/ | wlph/ tr dqg t� duh h{rjhqhrxv lqfrphv/ Tr

dqg T� duh wkh ydoxdwlrq ixqfwlrqv ri erwk vwdwhv1 SE7c |� lv wkh frvw ri vfkrrolqj

dqg �E7c |� lv wkh zdjh1 Fxuuhqw suhihuhqfhv iru vfkrrolqj duh ghvfulehg e| Lr/ iru

zrun e| L�1 _ ' r dqg _ ' � uhvshfwlyho| ghvfuleh wkh fkrlfhv ri vwd|lqj lq ru

ohdylqj vfkrro1 Iru vlpsolflw|/ zh glg qrw zulwh h{solflwho| wkh ghshqghqfh ri wkhvh

ixqfwlrqv rq rwkhu fryduldwhv/ ~1 Dovr udqgrp vkrfnv 0r|/ 0�| dw shulrg | duh qrw

dgghg rq hlwkhu vlghv ri wkhvh htxdwlrqv wr frqirup zlwk wkh wudqviruphg Ehoopdq

htxdwlrqv +516, lq vhfwlrq 5141

Dv vfkrro ohdylqj lv dq devruelqj vwdwh/ wkh iudphzrun lv voljkwo| gl�huhqw wkdq

lq vhfwlrq 5191 Wkh irupdo uhvxow ri lghqwl�fdwlrq vwloo krogv krzhyhu1 Wr pdnh lw

fohduhu/ zh khuh suhihu wr suryh lw djdlq gluhfwo|1 Ohw RE7c |� ghqrwh wkh suredelolw|

ri vwd|lqj lq vfkrro1 Ghqrwh ^E�� wkh ixqfwlrq wkdw pdsv fkrlfh suredelolwlhv rqwr

gl�huhqfhv ri ydoxh ixqfwlrqv dqg -E�� wkh ixqfwlrq wkdw pdsv gl�huhqfhv ri ydoxh

ixqfwlrqv rqwr g|qdplf uhqwv wr vwd|lqj lq vfkrro � ru wkh rswlrq ydoxh � dv lq
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vhfwlrqv 516 dqg 517=

^ERE7c |�� ' TrE7c |�� T�E7c |�

-E^ERE7 �c |n ��� ' .dE4@ ETrE7
�c |n �� n 0r|n� � T�E7

�c |n ��c f�� 0�|n� m 7 ��

Vxevwudfwlqj wkh wzr Ehoopdq htxdwlrqv lq +614, |lhogv wkh hvwlpdwlqj htxdwlrq=

(E7c |� ' ^ERE7c |��� q.-E^ERE7 �c |�� m 7c _ ' r� '

LrEtr � SE7c |��� L�E�E7c |�c t��

nqE.T�E7
�c |n �� m 7c _ ' r��.T�E7c |n �� m 7c _ ' �� +615,

Wkh whup (E7c |� lv lghqwl�hg surylghg wkdw wkh ixqfwlrq ^E�� dqg q duh duelwudulo|

�{hg dv lq sursrvlwlrq 5161 Wkh vhfrqg Ehoopdq htxdwlrq ghvfulelqj wkh dffxpx0

odwlrq ri xwlolwlhv zkhq zrunlqj grhv qrw eulqj dq| lqirupdwlrq rq wkh vwuxfwxudo

sdudphwhuv li L� lv xqnqrzq dqg qr dgglwlrqdo lqirupdwlrq lv xvhg +vhh vhfwlrq

7 ehorz,1 Htxdwlrq +615, whoov xv wkdw (E7c |� lv wkh vxp ri wkh fxuuhqw jdlq ri

vwd|lqj dw vfkrro soxv wkh glvfrxqwhg h{shfwhg ixwxuh jdlq ri vwd|lqj dw vfkrro/

rqh dqg rqo| rqh dgglwlrqdo |hdu1 (E7c |� lv wkhuhiruh wkh qhw h{shfwhg uhwxuqv ri

vwd|lqj dw vfkrro dw ohyho 7 dw wlph | dqg jrlqj rxw dw wlph | n �1 Lq frqwudvw/

^ERE7c |�� lv wkh qhw h{shfwhg uhwxuqv ri vwd|lqj dw vfkrro dw ohyho 7 dw wlph | lq0

foxglqj wkh rswlrq ydoxh r�huhg e| wkh srvvlelolw| ri vwd|lqj dw vfkrro pruh wkdq

rqh |hdu +Frpd|/ Phoqln dqg Sroodwvfkhn/ 4<:6,1 Wklv rswlrq ydoxh lv htxdo wr

q.-E^ERE7 �c |�� m 7c _ ' r�1

Hvwlpdwlqj (E7c |� iroorzv wkh vdph olqh wkdq lq vhfwlrq 5191 Frpsxwh iru dq|

lqglylgxdo vwd|lqj dw vfkrro dw ohyho 7 dw wlph |/ wkh txdqwlw|=

t ' ^ERE7c |��� q-E^ERE7 �c | n ���

Wkhq wkh vhfrqg vwdjh ri wkh hvwlpdwlrq frqvlvwv lq zulwlqj wkh prgho=

t ' (E7c |� n #

zkhuh e| wkh Ehoopdq htxdwlrq .E# m 7c |c _ ' r� ' f� Wkhuhiruh/ wklv htxdwlrq

fdq eh hvwlpdwhg xvlqj wkh vxevdpsoh ri wkrvh lqglylgxdov zkr vwd| dw vfkrro dq

dgglwlrqdo |hdu diwhu ohyho 7�
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Dv ehiruh t fdqqrw eh frpsxwhg iurp wkh gdwd vlqfh RE7c |� lv xqnqrzq1 Zkdw

fdq eh frpsxwhg iurp wkh gdwd lv wkh txdqwlw|=

	t? ' ^E	R?E7c |��� q-E^E	R?E7
�c |n ���

zkhuh 	R?E7c |� duh �uvw vwdjh hvwlpdwhv ri wkh suredelolw| ri vwd|lqj dw vfkrro1 Wkhvh

suredelolwlhv zhuh hvwlpdwhg lq wkh suhylrxv vhfwlrq +615,1 Wkh hpslulfdo prgho fdq

wkhuhiruh eh uhzulwwhq dv=

	t? ' (E7c |� n # n 	�?

zkhuh 	�? ' t � 	t?1 Wklv phdvxuhphqw huuru krzhyhu jrhv wr }hur zkhq wkh vdpsoh

vl}h lqfuhdvhv dqg wkh wzr0vwhs hvwlpdwh lv frqvlvwhqw1

Lq rughu wr eh pruh looxvwudwlyh/ dv fkrrvlqj wkh glvwulexwlrq ri udqgrp vkrfnv

CE�� lv duelwudu|/ zh fdq/ zlwkrxw orvv ri jhqhudolw|/ irfxv rq wkh fdvh zkhuh 0r�0�

lv orjlvwlfdoo| glvwulexwhg dqg lqghshqghqw ri 7 dqg | dv zdv xvhg lq wkh suhylrxv

vhfwlrq1 Wkxv=

RE%� '
�

� n i TE�%�

wkhuhiruh lwv lqyhuvh lv=

^ER� ' *? R� *?E�� R�

dqg vwudljkwiruzdug frpsxwdwlrqv |lhog=

-E^ER�� ' � *?E�� R�

Wkhq=

	t? ' *? 	R?E7c |�� *?E�� 	R?E7c |�� n q *?E�� 	R?E7
�c | n ���

Dv lq wkh orjlw fdvh/ 	R?E7c |� ' REf	�?,/ wkh hvwlpdwlqj htxdwlrq wdnhv wkh irup=

	t? ' f	�? � q *L}E� n i TEf �	�?�� ' ~B n 0

zkhq (E7c |� ' ~B1 ~ frpsulvhv yduldeohv f exw frxog dovr frpsulvh lqwhudfwlrqv

ri wkrvh yduldeohv dv wkh hvwlpdwlqj htxdwlrq lv qrq olqhdu1 Wklv vhfrqg vwdjh fdq eh

qrq ru vhpl sdudphwulf1 Zlwk glvfuhwh fryduldwhv/ lw dprxqwv wr vwdqgdug DQRYD

hvwlpdwlrq zkhuh vwdqgdug huuruv duh fruuhfwhg iru wkh hvwlpdwlrq dw wkh �uvw vwdjh1
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Dv wkh fryduldwhv xvhg lq rxu dqdo|vlv duh pdlqo| glvfuhwh/ zh fkrvh wr xvh vlpsoh

ROV whfkqltxhv1 Zh doorz iru khwhurvnhgdvwlflw| ri xqnqrzq irup1 Fruuhfwlrq

ri vwdqgdug huuruv dw wkh vhfrqg vwdjh lv ghulyhg lq dsshqgl{ E1 Wkh uhjuhvvlrq

hvwlpdwhv jlyh wkh ghwhuplqdqwv ri wkh qhw h{shfwhg uhwxuqv ri dq dgglwlrqdo |hdu

dw vfkrro1 Wkh vfdoh ri wklv yduldeoh � wkh prqhwdu| xqlw � lv qrw lghqwl�hg1 Rqo|

vljqv ri wkh frh!flhqwv fdq wkhuhiruh eh lqwhusuhwhg1 Zh fkrvh d ydoxh iru q zklfk

lv htxdo wr 31<81 Zh h{shulphqwhg zlwk rwkhu ydoxhv dqg wkh pdlq uhvxowv wkdw duh

suhvhqwhg ehorz duh urexvw wr prghudwh fkdqjhv lq wkh ydoxhv ri q +31;3 wr 31<<,1

Uhvxowv ghvfulelqj ghwhuplqdqwv ri h{shfwhg qhw uhwxuqv ri vwd|lqj dw vfkrro

duh jlyhq lq wdeoh 7 dqg wkh vhqvlwlylw| wr q ri wkhvh hvwlpdwhv duh jlyhq lq wdeoh

81 Zh lqfoxghg wkh vdph fryduldwhv wkdq lq wkh suhylrxv dqdo|vlv ri fkrlfh sure0

delolwlhv1 Wkh fruuhfwhg vwdqgdug huuruv duh dssur{lpdwho| wzlfh wkh xqfruuhfwhg

vwdqgdug huuruv1 Vwloo/ frh!flhqwv duh txlwh suhflvho| hvwlpdwhg1 Wkh qxpehu ri

fodvv uhshwlwlrqv kdyh jhqhudoo| d qhjdwlyh dqg vljql�fdqw h�hfw rq qhw uhwxuqv exw

wkh| duh d ihz h{fhswlrqv dw hgxfdwlrq ohyhov 4:/ 4;1 Sduhqwdo +orj, lqfrph kdv d

srvlwlyh h�hfw/ jhqhudoo| vljql�fdqw/ dw doo ohyhov h{fhsw ohyho 491 Sduhqw*v hgxfdwlrq

kdyh wkh h{shfwhg srvlwlyh vljq h{fhsw dw ohyhov 4; dqg 4< dqg wkh h�hfw ri d qrq

zrunlqj prwkhu ghshqgv yhu| pxfk rq wkh ohyho ri hgxfdwlrq ehlqj vljql�fdqw dqg

srvlwlyh dw ohyhov 48/ 4; dqg 53 exw vljql�fdqw dqg qhjdwlyh dw ohyhov 4: dqg 4<1

Wkh h�hfw ri wkh qxpehu ri vleolqjv lv srvlwlyh h{fhsw dw ohyho 4:1

Wkhvh uhvxowv frqfhuq wkh ydoxh ri mxvw rqh dgglwlrqdo |hdu dw vfkrro1 E| frp0

sdulqj wkhvh h�hfwv wr fkrlfh suredelolwlhv zklfk duh d phdvxuh ri wkh wrwdo ydoxh

ri vwd|lqj dw rqh hgxfdwlrq ohyho/ zh fdq ghulyh wkh fryduldwh h�hfwv rq wkh rswlrq

ydoxh ri frqwlqxlqj vfkrro/ wkdw lv wkh ydoxh ri ixuwkhu kljkhu hgxfdwlrq1 Htxdwlrq

+615, |lhogv=

q.-E^ERE7 �c |�� m 7c _ ' r� ' ^ERE7c |���(E7c |�

Zh khuh eulh | ghvfuleh fryduldwhv zklfk h�hfwv kdyh rssrvlwh vljqv rq RE7c |� dqg

(E7c |�1 Wklv rswlrq ydoxh lv vwurqjo| qhjdwlyho| d�hfwhg e| fodvv uhshwlwlrqv dw

ohyhov 4: dqg 4;1 Wklv lv suredeo| gxh wr wkh idfw wkdw wkh suredelolw| ri uhshdwlqj

d fodvv lv olnho| wr lqfuhdvh zlwk wkh qxpehu ri fodvv uhshwlwlrqv1 Wkh h�hfw ri

sduhqwdo hgxfdwlrq rq wkh rswlrq ydoxh lv xqdpeljxrxvo| srvlwlyh iru ohyhov kljkhu
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wkdq 4; zkloh wkh h�hfw ri sduhqwdo lqfrph lv dpeljxrxv1 Sduhqwv zlwk kljkhu

hgxfdwlrq fdq khos wkhlu fkloguhq zlwk wlph lqyhvwphqwv dqg2ru lqirupdwlrq wr jr

wkurxjk zruwkzkloh hgxfdwlrq surjudpv1 Rwkhu h�hfwv duh dpeljxrxv1

Wdeoh 8 uhsruwv wkh vdph hvwlpdwhv wkdq wdeoh 7 dw ohyho 4; frqwudvwlqj uhvxowv

iru gl�huhqw ydoxhv iru q udqjlqj iurp f�H wr f�bb1 Prvw frh!flhqwv gr qrw fkdqjh

exw wkhuh duh voljkw gl�huhqfhv iru sduhqwdo lqfrph dqg fodvv uhshwlwlrqv frh!flhqwv1

Fkdqjlqj wkh ydoxh ri q fkdqjhv wkh ghfrpsrvlwlrq ri wkh wrwdo ydoxh ri vwd|lqj dw

vfkrro lqwr wkh fxuuhqw ydoxh dqg wkh rswlrq ydoxh1 Wkh kljkhu q lv/ wkh odujhu wkh

rswlrq ydoxh lv dqg li q ' fc rqo| wkh iruphu h�hfw pdwwhuv1 Lw lv fohdu dovr wkdw

li rqh lv zloolqj wr dvvxph wkdw rqh ri wkh fryduldwhv kdv qr h�hfw rq wkh fxuuhqw

ydoxh ri vwd|lqj dq dgglwlrqdo |hdu dw vfkrro/ wklv surfhgxuh frxog jlyh d zd| wr

lghqwli| q1 Lw vhhpv grxewixo wkdw dq h{foxvlrq uhvwulfwlrq rq dq| ri rxu fryduldwhv

lv fuhgleoh lq rxu fdvh1

Hvwlpdwhv ri frkruw h�hfwv duh qrw uhsruwhg lq wdeoh 7 exw duh gluhfwo| sorwwhg

lq �jxuh 8 lq wkh vdph zd| wkdq lq wkh suhylrxv vhfwlrq1 Frq�ghqfh lqwhuydov duh

frpsxwhg xvlqj wkh yduldelolw| ri hvwlpdwhv dqg ri wkh dyhudjh ydoxhv ri h{sodqdwru|

yduldeohv dw hdfk hgxfdwlrq ohyho1 Zh vkdoo frqfhqwudwh rq wkh lqwhusuhwdwlrq ri wkh

hyroxwlrq ri qhw uhwxuqv ehwzhhq 4: dqg 53 dv lw zdv wkh prvw dssduhqw skhqrphqrq

h{sodlqlqj wkh ryhudoo lqfuhdvh lq hgxfdwlrq ohyhov +�jxuhv 6 dqg 8,1 Lw lv dovr fohdu

iurp �jxuh 8 wkdw gl�huhqfhv dfurvv frkruwv dw ohyhov 4:/ 4; dqg 53/ vkrz fohduhu

sdwwhuqv wkdq dw rwkhu hgxfdwlrq ohyhov1 Dw ohyho 4:/ qhw uhwxuqv lqfuhdvhg ryhu

wkh �uvw shulrg +frkruwv 9609<, dqg ghfuhdvhg ryhu wkh vhfrqg shulrg +h{fhsw :6,1

Dw ohyhov 4; dqg 53/ qhw uhwxuqv zhuh txlwh vwdeoh lq wkh �uvw shulrg dqg euxwdoo|

lqfuhdvhg ryhu wkh vhfrqg shulrg1 Dv ehiruh/ zh fdq ghfrpsrvh wlph sdwwhuqv lq

�jxuh 7 lqwr wlph sdwwhuqv ri qhw uhwxuqv +�jxuh 8, dqg ri wkh rswlrq ydoxhv ri

vwd|lqj1 Wkdw phdqv wkdw ryhu wkh �uvw shulrg +frkruwv 9609<,/ lqfuhdvhv lq wkh

ydoxh ri vwd|lqj dw vfkrro zhuh pdlqo| gxh wr lqfuhdvhv lq qhw uhwxuqv dw wklv ohyho1

Lq wkh vhfrqg shulrg/ wkdw lv wkh uhyhuvh1 Qhw uhwxuqv dw ohyho 4: ghfuhdvhg zkloh

wkh rswlrq ydoxh ri vwd|lqj lqfuhdvhg pdlqo| ehfdxvh ri wkh lqfuhdvlqj qhw uhwxuqv

wr hgxfdwlrq ohyho 4;1 Wkh rswlrq ydoxh ri vwd|lqj dw 4; fdq kdyh hyroyhg rqo|

li wkh wudqvlwlrq suredelolwlhv iurp rqh ohyho wr wkh qh{w vljql�fdqwo| fkdqjhg1 D
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txlfn orrn dw wkhvh suredelolwlhv lq wkh gdwd frq�up wklv sdwwhuq dw ohyhov 4< dqg 53

+�jxuh ;,1 Wklv ryhudoo lqwhusuhwdwlrq lv lqwhuhvwlqj ehfdxvh wkh vwuxfwxudo fkdqjh

rffxuuhg ehwzhhq frkruwv 4<9< dqg 4<:3 zklfk dw ohyhov 4: dqg 4;/ lv wudqvodwhg

lqwr d fkdqjh lq 4<;:/ wkh h{dfw gdwh ri wkh fkdqjh lq Iuhqfk hgxfdwlrqdo srolflhv1

Dv/ dw wklv gdwh/ dq hfrqrplf errp vwduwhg/ lw lv lqwhuhvwlqj wr vwxg| wkh hyroxwlrq

ri hgxfdwlrq uhwxuqv ryhu wklv shulrg1

71 Xvlqj rwkhu vrxufhv ri lqirupdwlrq

Wkh suhylrxv dqdo|vlv shuplwv wr ghfrpsrvh wkh ydoxh ri vwd|lqj lqwr d fxuuhqw

frpsrqhqw dqg d g|qdplf frpsrqhqw1 Lw vwd|v krzhyhu dw d txlwh ghvfulswlyh

ohyho1 Li zh zdqw wr dvvhvv wkh g|qdplf h�hfwv ri hgxfdwlrq srolflhv/ zh zrxog olnh

wr lghqwli| rwkhu vwuxfwxudo remhfwv dqg lq sduwlfxodu d prqh| phwulf ri xwlolw|1

Zh fdq wdfnoh wklv sureohp e| xvlqj d pruh wljkwhqhg vwuxfwxudo prgho ri kxpdq

fdslwdo lqyhvwphqwv zklfk lv wkh vwdqgdug prgho ri lqfrph pd{lpl}dwlrq ryhu wkh

olih f|foh +iru lqvwdqfh Nhdqh dqg Zroslq/ 4<<9/ ru Eho}lo dqg Kdqvhq/ 4<<:,1

Lq wklv fdvh/ zh dovr kdyh wr xvh rwkhu vrxufhv ri lqirupdwlrq derxw wkh ydoxh ri

zrunlqj1 Lq wkh lqfrph pd{lpl}lqj prgho/ lw lv vxssrvhg wr eh jlyhq e| d phdvxuh

ri olih0f|foh lqfrphv1 Wkdw lv zkdw zh gr lq wklv vhfwlrq/ gh�qlqj wkh lghqwli|lqj

uhvwulfwlrqv lq wkh �uvw sduw/ h{sodlqlqj wkh frqvwuxfwlrq ri olih0f|foh lqfrphv lq

wkh vhfrqg sduw dqg �qdoo| jlylqj hvwlpdwhv ri wkh frvwv ri vfkrrolqj lq wkh odvw

vxevhfwlrq1 Zh vkrz wkdw rqh dgglwlrqdo sdudphwhu fdqqrw eh lghqwl�hg dqg wkdw

rewdlqlqj uhdvrqdeoh hvwlpdwhv ri udz frvwv ri vfkrrolqj klqjhv rq wkh ydoxh ri wkdw

sdudphwhu1

7141 Wkh lqfrph pd{lpl}dwlrq prgho

Dvvxph iurp qrz rq wkdw fxuuhqw xwlolwlhv fdq eh zulwwhq dv=

LrEtr � SE7c |� ' �SE7c |�

L�E�E7c |�c t�� ' �E7c |�

Lq wklv fdvh/ wkh Ehoopdq htxdwlrq uhodwhg wr zrun fdq eh zulwwhq dv=

T�E7c |� ' �E7c |� n q.ET�E7c | n �� m 7c _ ' ��
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khqfh/ dvvxplqj d whuplqdo ru uhwluhphqw gdwh/ A =

T�E7c |� ' .E
A3|[
�'f

q��E7c |n � ��

dqg wkh ydoxh ixqfwlrq ri wkh uhihuhqfh dowhuqdwlyh lv qrz lghqwl�hg1

Wkh lqfrph surfhvv dovr jlyhv dgglwlrqdo lghqwli|lqj srzhu lq whupv ri wkh

vkrfnv d�hfwlqj fxuuhqw xwlolwlhv1 Wkh vkrfn d�hfwlqj xwlolwlhv dw zrun 0� fdq eh

lghqwl�hg iurp wkh glvwulexwlrq ri zdjhv ri wkrvh zkr zrun dv/ lq rxu fdvh/ wkh|

duh qrq vhohfwhg udqgrp vdpsohv ri wkh zkroh srsxodwlrq=

0� ' �E7c |�� .�E7c |�

Revhuylqj wklv surfhvv kdyh krzhyhu qr lghqwli|lqj srzhu zlwk uhvshfw wr wkh

udqgrp vkrfn 0r1 Dq dgglwlrqdo lghqwli|lqj uhvwulfwlrq lv qhfhvvdu| lq rughu wr eh

deoh wr h{suhvv doo wkh remhfwv ri lqwhuhvw lq htxdwlrq +614, lq wkh vdph phdvxuhphqw

xqlw1 Wr �{ lghdv/ frqvlghu �uvw wkh dvvxpswlrq=

0r ' f +714,

zklfk phdqv wkdw vfkrrolqj frvwv duh ghwhuplqlvwlf ixqfwlrqv ri fryduldwhv rqo|1

Uhfdoo wkdw wkh glvwulexwlrq ixqfwlrq ri gl�huhqfhv ri udqgrp vkrfnv 0r� 0� zklfk

zdv odehohgCE�� lq wkh suhylrxv dqdo|vlv zdv qrw lghqwl�hg1 Uhvwulfwlrq +714, zrxog

doorz wr xvh wkh iroorzlqj phwkrg1 Hvwlpdwh qrq sdudphwulfdoo| wkh glvwulexwlrq

ixqfwlrq CE�� ri �0� xvlqj wkh lqirupdwlrq rq zdjhv1 Wkhq frpsxwh hvwlpdwhv ri

ixqfwlrqv ^E�� dqg -E�� dqg uhhvwlpdwh wkh prgho ri wkh suhylrxv vhfwlrq1

Wklv odwwhu surfhgxuh khdylo| ghshqgv rq wkh uhvwulfwlrq +714,1 D zhdnhu uh0

vwulfwlrq lpsolhg e| +714, lv wr dvvxph wkdw=

T E0r � 0�� ' T 0� +715,

Lq wklv fdvh/ wkh rqo| dgglwlrqdo remhfw wkdw lv lghqwl�hg lv wkh vwdqgdug ghyl0

dwlrq ri wkh glvwulexwlrq ixqfwlrq CE� vd| jE7c |�1 Wklv vfdoh idfwru zklfk lv qrw

lghqwl�hg xvlqj gdwd rq vfkrro ohdylqj ehkdylrxu rqo| lv lghqwl�hg xvlqj +715,1 Wklv

vfdoh idfwru lv dovr wkh prqhwdu| xqlw wkdw shuplwv wr hydoxdwh uhwxuqv hvwlpdwhg

lq wkh suhylrxv vhfwlrq lq wkh vdph xqlw wkdq zdjhv1 Xqghu wkhvh frqglwlrqv/ +615,

|lhogv=

jE7c |�(E7c |� ' �SE7c |�� �E7c |�
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nqd.T�E7
�c | n �� m 7c _ ' ��� .T�E7c | n �� m 7c _ ' ��o

zkhuh (E7c |� duh qhw uhwxuqv wr hgxfdwlrq dv hvwlpdwhg lq wkh suhylrxv vhfwlrq1

Wklv htxdwlrq lv wkh vlpsoh wudqvodwlrq ri wkh dffrxqwlqj htxdwlrq wkdw qhw uhwxuqv

hydoxdwhg lq wkh vdph prqhwdu| xqlw wkdq wkh zdjh/ +j(,/ duh htxdo wr udz uhwxuqv

plqxv frvwv1 Wkhuhiruh wkh hvwlpdwlqj htxdwlrq iru vfkrrolqj frvwv ehfrphv=

SE7c |� ' �jE7c |�(E7c |�� �E7c |�

nqd.T�E7
�c | n �� m 7c _ ' ��� .T�E7c | n �� m 7c _ ' ��o +716,

SE7c |� lv d prqh| phwulf ri wkh vxemhfwlyh lqvwdqwdqhrxv frvw ri vwd|lqj dw vfkrro

dqg lv lghqwl�hg xqghu wkh uhvwulfwlrqv +715,/ dqg liCE�� dqg q duh fkrvhq duelwudulo|1

7151 Olih f|foh lqfrphv dqg vfkrrolqj frvwv

Wkh vxuyh| wkdw zh xvhg wr vwxg| hgxfdwlrqdo klvwrulhv lv qrw zhoo vxlwhg wr hvwl0

pdwlqj hduqlqjv htxdwlrqv lq wkh 4<;3v ru 4<<3v vlqfh rqo| lqirupdwlrq lq 4<::/

4<;8 dqg 4<<6 duh dydlodeoh +Jrx{ dqg Pdxulq/ 4<<8,1 Kljk iuhtxhqf| fkdqjhv

frxog eh orvw1 Wklv lv zk| zh wxuq wr rwkhu pruh frpsohwh vxuyh|v rq hduqlqjv/

wkh Oderxu Irufh Vxuyh|v zklfk jlyh lqirupdwlrq ryhu wkh zkroh shulrg1 Iru qrq

sduwlflsdqwv dqg xqhpsor|hg shuvrqv/ zh lpsxwhg d ydoxh 3 iru hduqlqjv lq rughu

wr frqirup zlwk wkh lqfrph pd{lpl}lqj prgho/ qhjohfwlqj krzhyhu dq| xqhpsor|0

phqw ehqh�wv/ plqlpxp lqfrph ru wudqvihuv iurp rwkhu phpehuv ri wkh idplo|1 Zh

dovr wulhg wr fruuhfw iru qrq uhvsrqvhv +vhh dsshqgl{ D15,1 Zh hvwlpdwhg hduqlqjv

htxdwlrq |hdu e| |hdu ryhu wkh shulrg 4<;5 wr 4<<9=

�E7c |� ' ~q| n v|

zkhuh ~ frqvlvwv lq wkh ohyho ri vfkrrolqj/ gxpp| yduldeohv iru djh xqghu 58 dqg

d vtxduhg sro|qrpldo iru odujhu djhv dqg gxpp| yduldeohv iru vkruw dqg orqj yr0

fdwlrqdo hgxfdwlrqv1 Uhwxuqv wr gl�huhqw hgxfdwlrq ohyhov duh jlyhq lq �jxuh 91 Lw

fohduo| dsshduv wkdw dsduw ehwzhhq 4<;< dqg 4<<3/ wkhvh uhwxuqv duh idluo| frqvwdqw

ryhu wkh shulrg1 Wkh euhdn lq wkh vhulhv lq 4<<3 lv/ lq rxu rslqlrq/ hqwluho| dwwulexw0

deoh wr d fkdqjh lq wkh zd| hduqlqjv duh uhsruwhg lq wkh vxuyh|v +vhh dsshqgl{ D15,1
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Zh wkhuhiruh frqvlghu lw dv d vsxulrxv h�hfw1 Wkdw hgxfdwlrq uhwxuqv duh frqvwdqw

lv qrw d frpsohwh vxusulvh lq wkh fdvh ri Iudqfh +Jrx{ dqg Pdxulq/ 4<<7,1 Wklv

lv wuxh wkdw Zdvphu +4<<:, �qg wkdw hgxfdwlrq uhwxuqv lq zdjhv ihoo gxulqj wklv

shulrg exw kh grhv qrw wdnh lqwr dffrxqw qrq sduwlflsdwlrq dqg xqhpsor|phqw

dv zh gr1 Dv wkh hpsor|phqw suredelolw| lqfuhdvhv zlwk hgxfdwlrq/ rxu uhvxowv

lqglfdwh wkdw wklv odwwhu h�hfw frpshqvdwhg wkh glplqlvklqj hgxfdwlrq uhwxuqv lq

hduqlqjv ryhu wkh shulrg1 Ehfdxvh ri wklv frqvwdqf| dqg wkh lqfrqvlvwhqf| lq wkh

4<<3 fkdqjh lq wkh vxuyh| ghvljq/ zh suhihuuhg wr lpsrvh wkdw hgxfdwlrq uhwxuqv

duh frqvwdqw ryhu wkh shulrg e| hvwlpdwlqj dq hduqlqjv htxdwlrq xvlqj wkh pdlq

vxuyh| ITS lq 4<<61 Zh wkhuhiruh lpsolflwo| dvvxph wkdw fkdqjhv lq vxssolhv ri

gl�huhqw ohyhov ri hgxfdwlrq gxulqj wkh shulrg glg qrw d�hfw vnloov uhodwlyh sulfhv1 Lw

pd| eh ehfdxvh ghpdqgv iru gl�huhqw vnloov duh udwkhu lqhodvwlf/ wkdw frpshqvdwlqj

vkliwv lq ghpdqgv dqg vxssolhv rffxuuhg lq wkdw shulrg ru wkdw gdwd lv sodjxhg zlwk

phdvxuhphqw huuruv1 Lw zrxog uhqghu gl!fxow wkh vlpxodwlrq ri hfrqrplf srolflhv

vxfk dv lqfuhdvlqj wxlwlrq frvwv lq d jhqhudo htxloleulxp dv shuiruphg e| Khfnpdq/

Orfkqhu dqg Wdehu/ +4<<;,1 Wkh hvwlpdwlrq ri wkh hduqlqjv ixqfwlrq dqg ri wkh

ixqfwlrq ri vwdqgdug huuru ri hduqlqjv +jE7c |�, ghulyhg xvlqj +715, lv h{sodlqhg lq

dsshqgl{ D15 dqg hvwlpdwhv duh uhsruwhg wkhuh1

Li uhwxuqv gr qrw fkdqjh/ fkdqjhv lq wkh ydoxh ri vfkrrolqj fdq eh rqo| dwwulexwhg

wr fkdqjhv lq vfkrrolqj frvwv/ hvwlpdwlrq ri zklfk zh qrz wxuq1 Wkh hvwlpdwlrq

ri +716, surfhhgv dv ehiruh1 Zh soxj lq +716, �uvw vwdjh hvwlpdwhv ri wkh hduqlqjv

htxdwlrq/ wkh hduqlqjv yduldqfh dqg wkh fkrlfh suredelolwlhv1 Iljxuh : sorwv wkh

uhvxowlqj hvwlpdwhv ri vfkrrolqj frvwv djdlqvw frkruwv e| hgxfdwlrq ohyho1 Hvwlpdwhv

duh jlyhq lq 4<;4 Iuhqfk Iudqfv shu prqwk1 Frvwv duh srvlwlyh iru ohyhov 48/ 4:

dqg 4; exw duh qhjdwlyh dw ohyhov 49 dqg 4<1 Wkh| vhhp lqfuhgleo| kljk dqg wkhvh

hvwlpdwhv fohduo| ghshqg rq dvvxpswlrq +714, wkdw pd| qrw eh dgdswhg wr wklv

h{dpsoh1 Ixuwkhupruh/ h{fhsw dw ohyhov 4: zkhuh zh �qg wkh X0vkdsh wkdw zdv

douhdg| dssduhqw lq �jxuh 9/ qr hyroxwlrq lv uhdoo| vljql�fdqw ryhu wkh shulrg1

Lw srlqwv rxw wkh fuxfldo lpsruwdqfh ri wkh lghqwli|lqj dvvxpswlrq +715, derxw

wkh yduldqfh ri wkh suhihuhqfh udqgrp huuru zkhq dw vfkrro wr shuirup vwuxfwxudo

hvwlpdwlrq ri g|qdplf glvfuhwh fkrlfh prghov1 Wkhuh vhhpv wr eh qrwklqj lq wkh
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gdwd wkdw doorzv xv wr suhflvho| lghqwli| vxemhfwlyh frvwv ri vfkrrolqj

81 Lghqwl�fdwlrq zlwk fruuhodwhg xqrevhuyhg khwhurjhqhlw|

Zh qrz eulh | uhwxuq wr wkh txhvwlrq ri lqwurgxflqj fruuhodwhg xqrevhuyhg khw0

hurjhqhlw| vxfk dv xqrevhuyhg shupdqhqw wdvwhv ru delolwlhv lq wklv nlqg ri prgho1

Lw zloo qrw eh d vxusulvh wkdw wkh xqghulghqwl�fdwlrq uhvxow fduulhv ryhu wr wklv fdvh

exw lw lv lqwhuhvwlqj wr ghyhors dw ohdvw wkh �uvw vwhsv ri wkh surri1 Dv dujxhg

lq vhfwlrq 5/ dvvxpswlrq D lv dq xqwhvwdeoh lghqwli|lqj dvvxpswlrq1 Zh wkhuhiruh

kdyh wr pryh dzd| iurp dvvxpswlrq D e| dvvxplqj/ iru lqvwdqfh/ wkdw wkhuh h{lvwv

d rqh0glphqvlrqdo vwdwh yduldeoh w zklfk lv revhuyhg e| wkh djhqwv exw qrw e| wkh

hfrqrphwulfldq1 Wkh xwlolw| ixqfwlrq lv qrz zulwwhq dv=

��EMc �0� ' �W� EMc w� n 0�

dqg dvvxpswlrq D lv uhsodfhg e|=

Dvvxpswlrq E +Djhqw*v Lqirupdwlrq Vhwv zlwk Khwhurjhqhlw|,=

l21 Udqgrp vkrfnv h0 duh revhuydeoh wr wkh djhqw rqo|1

ll21 Vwdwh yduldeohv +Mc w, duh revhuyhg e| dq|rqh exw w lv xqrevhuyhg e| wkh

hfrqrphwulfldq1

lll21 Wkh h{shfwhg glvwulexwlrq ixqfwlrq ri ixwxuh klvwrulhv/ M �/ frqglwlrqdo rq

suhvhqw dqg sdvw yduldeohv revhuyhg e| wkh djhqw/ lv htxdo wr wkh wuxh glvwulexwlrq

ixqfwlrq ri ixwxuh klvwrulhv/ M �c frqglwlrqdo rq klvwru| rqo|/ dqg ghqrwhg � EM � m
Mc _c w�1 Wklv dvvxpswlrq lv frpprq nqrzohgjh1

ly21 Wkh h{shfwhg glvwulexwlrq ixqfwlrq ri udqgrp vkrfnv/ h0�/ frqglwlrqdo rq
klvwru|/ M �c w/ suhvhqw dqg sdvw udqgrp vkrfnv revhuyhg e| wkh djhqw/ lv htxdo wr

wkh wuxh glvwulexwlrq ixqfwlrq ri udqgrp vkrfnv frqglwlrqdo rq klvwru| rqo| dqg

ghqrwhg CE� m M �c w�1 Wklv dvvxpswlrq lv frpprq nqrzohgjh1 Wklv glvwulexwlrq

ixqfwlrq lv devroxwho| frqwlqxrxv zlwk uhvshfw wr wkh Ohehvjxh phdvxuh1

Wkhuhiruh/ wkh rqo| irupdo gl�huhqfh zlwk dvvxpswlrq D/ lv wr shuplw wr wkh

djhqw wr frqglwlrq khu h{shfwdwlrqv rq w= lq rwkhu zrugv/ zh duh qrz lq d zruog

zkhuh wkhuh duh dv pdq| Ehoopdq htxdwlrqv dv xqrevhuyhg w|shv1 Lw lv vwudljkwiru0

zdug wr vkrz wkdw/ iru wkh djhqw/ wklv dvvxpswlrq lv frqvlvwhqw zlwk wkh gdwd e|
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uhshdwlqj wkh dujxphqw xvhg lq vhfwlrq 5 iru dq| ydoxh ri w1 Lw lv dovr vwudljkiru0

zdug wkdw wklv iudphzrun dovr ohdgv wr wkh xqfrqvhtxhqwldo dvvxpswlrq wkdw �0 dqg

�0� duh lqghshqghqw frqglwlrqdo rq EMc w�1 Lw lv wkhuhiruh dovr xqwhvwdeoh1 Lq wklv

fdvh/ htxdwlrq +516, fdq eh uhzulwwhq dv=

�W� EMc w� ' �W� EMc w� n q.E4@ 
�

E�W� EM
�c w� n 0��� m _ ' �c Mc w� +814,

Wkh gl�huhqfh iurp wkh suhylrxv fdvh dulvhv iurp wkh suhvhqfh ri g|qdplf vh0

ohfwlrq eldvhv +Fdphurq dqg Khfnpdq/ 4<<;/ Wdehu/ 4<<9,1 Krzhyhu lw lv vwudljkw0

iruzdug/ ehfdxvh ri wkh frqyh{lw| ri wkh pd{0rshudwru dprqj rwkhu wklqjv/ wkdw

htxdwlrq +814, lv qrw olqhdu lq w hyhq li �W� EMc w� lv olqhdu lq w1 Wkh dgglwlylw| lq w

srvwxodwhg e| Fdphurq dqg Khfnpdq fdqqrw eh xvhg khuh1

Wr pdnh wklqjv suhflvh/ zh zloo/ iurp qrz rq/ uhvwulfw wkh prgho dqg vkrz wkdw

wkh ghjuhh ri xqghulghqwl�fdwlrq lv pruh dfxwh wkdq ehiruh1 Vxssrvh wkdw wkhuh

duh rqo| wzr dowhuqdwlyhv/ rqh ri zklfk lv devruelqj/ wr frqirup zlwk wkh prgho

ri kxpdq fdslwdo ghyhorshg deryh1 Dovr/ fruuhodwhg xqrevhuyhg khwhurjhqhlw| lv

vxssrvhg wr hqwhu wkh xwlolw| ixqfwlrq ri wkh �uvw vwdwh rqo|1 Lqvwdqwdqhrxv xwlolwlhv

duh wkhuhiruh vxssrvhg wr eh jlyhq e|=

��EMc �0� ' �W�EMc w� n 0�

�2EMc �0� ' �W2EM� n 02

Pruhryhu/ vxssrvh wkdw w fdq rqo| wdnh wzr ydoxhv f dqg �c dqg wkdw wkh lqlwldo

glvwulexwlrq oEw m Mf� ' oEw� lv lqghshqghqw ri Mf1 Ilqdoo|/ iru vlpsolflw|/ vxs0

srvh wkdw wkh glvwulexwlrq ixqfwlrqv ri ixwxuh udqgrp vkrfnv dqg ri wkh wudqvlwlrq

surfhvv duh lqghshqghqw ri w=

CE� m Mc w� ' CE� m M�

�hEM � m Mc _c w� ' �hEM � m Mc _� +815,

Hyhq xqghu wkhvh vwulqjhqw dvvxpswlrqv/ wkhuh duh vwloo g|qdplf vhohfwlrq eldvhv

vlqfh wdvwhv duh fruuhodwhg ryhu wlph= lqghhg/ nqrzohgjh ri w jlyhv dffhvv wr lq0

irupdwlrq derxw ixwxuh ydoxhv wkdw wkh hfrqrphwulfldq grhv qrw kdyh1 Ehoopdq
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htxdwlrqv duh zulwwhq dv=

�W�EMc w� ' �W�EMc w�nq.E-E�W�EM
�c w���W2EM

�c w�� m _ ' �c M�nq.E�W2EM
�c w� m _ ' �c M�

+816,

�W2EMc w� ' �W2EM� n q.E�W2EM
�c w� m _ ' 2c M� +817,

zkhuh ixqfwlrq-E�� lv gh�qhg dv lq vhfwlrq 5 dqg ghshqgv rq wkh g1i1 CE0��02 m M�1

Dv wkh ydoxh ixqfwlrq ri wkh vhfrqg vwdwh lv qrw lghqwl�hg zh fdq qrupdol}h wkh

sureohp e| vhwwlqj �W2EM
�c w� ' f/ dqg dv lq sursrvlwlrq 516/ e| vhwwlqj CE� m M�

dqg q wr duelwudu| ydoxhv1 Ghqrwlqj ^E�� wkh lqyhuvh ri CE� m M�/ wkh rqo| vwuxfwxudo

htxdwlrq lv +816, dqg fdq eh zulwwhq dv=

^EREMc w�� ' �W�EMc w� n q.E-E^EREM �c w� m _ ' �c M� +818,

zkhuh REMc w� ' � E_ ' � m Mc w�1 Wkh rqo| remhfw ri lqwhuhvw wr lghqwli| lv �W�EMc w�

exw wkh uhvxow ri sursrvlwlrq 516 fdqqrw eh dssolhg vlqfh REM �c w� lv xqnqrzq1 Zkdw

wkh gdwd jlyh xv lv/ dsduw iurp wkh wudqvlwlrq surfhvv �hEM � m Mc _ ' �� zklfk grhv

qrw ghshqg rq w e| dvvxpswlrq +815,/ lv wkh fkrlfh suredelolw| rEM� ' RE_ ' � m M�

zklfk lv wkh pl{wxuh=

rEM� ' REMc �� �hEw ' � m M� n REMc f� �hEw ' f m M� +819,

Lw lv dovr vwudljkiruzdug wr vkrz wkdw dvvxpswlrq +815, lpsolhv wkdw li M � lv d

vxevhtxhqw klvwru| ri EMc _ ' ��=

�hEw ' � m M �� '
�hEw ' �cM � m Mc _ ' ��

�hEM � m Mc _ ' ��
' �hEw ' � m Mc _ ' ��

vlqfh M �Bw m Mc _1 Wkhuhiruh=

�hEw ' � m M �� ' REMc w�
�hEw ' � m M�

rEM�

zklfk lv wkh vrxufh ri g|qdplf vhohfwlrq eldvhv +Fdphurq dqg Khfnpdq/ 4<<;,1

Frqvlghu qrz gdwhv f dqg �1 Vwuxfwxudo uhvwulfwlrqv duh jlyhq e| +818, dqg +819,=
;AA?
AA=

w ' fc � ^EREMfc w�� ' �W�EMfc w� n q.E-E^EREM�c w� m _ ' �c Mf�
rEMf� ' REMfc ��oE�� n REMfc f�oEf�

rEM�� ' REM�c ��
REMfc ��oE��

rEMf�
n REM�c f�

REMfc f�oEf�

rEMf�

+81:,

Zh fdq qrz vwdwh wkh +xqghu, lghqwl�fdwlrq uhvxow=
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Sursrvlwlrq 8141 Ohw REM�c �� dqg REMfc �� eh wzr duelwudu| ixqfwlrqv wdnlqj

wkhlu ydoxhv ehwzhhq f dqg � vxfk wkdw wkhuh h{lvwv kf : f vxfk wkdw=

4�?E
rEMf�

REMfc ��
c
�� rEMf�

�� REMfc ��
� � kf +81;,

rEMf�

REMfc ��
4�?E

rEM��

REM�c ��
c
�� rEM��

�� REM�c ��
� � kf +81<,

Frqvlghu dq duelwudu| ydoxh f 	 oE�� � kf1 Wkhq �W�EMfc w� lv mxvw lghqwl�hg1

Surri1 Frqvlghu wkh vhfrqg htxdwlrq lq +81:,1 Dv oEf� ' � � oE��/ +81;, dqg

f 	 oE�� � kf lw lpsolhv wkdw f � REMfc f� � �1 Frqvlghu wkh wklug htxdwlrq lq

+81:,1 Wkhq +81<, dqg f 	 oE�� � kf lpsolhv wkdw f � REM�c f� � �1 Wkhuhiruh

wkh vhfrqg dqg wklug htxdwlrqv |lhog d frqvlvwhqw ydoxh iru REMfc f� dqg REM�c f�1

Uhsodfh qrz doo wkhvh txdqwlwlhv lq wkh �uvw htxdwlrq ri +81:, iru w ' fc �1�

Wklv uhvxow phdqv wkdw wkh ehkdylrxu ri rqh ri wkh jurxsv fdq eh frqvlghuhg

dv doprvw duelwudu| surylghg wkdw frqglwlrqv +81;, dqg +81<, duh vdwlv�hg1 Wklv lv

idu iurp vxusulvlqj dv wkh prgho zlwkrxw fruuhodwhg xqrevhuyhg khwhurjhqhlw| lv

qrw lghqwl�hg1 Lw lv wuxh wkdw vrph dgglwlrqdo uhvwulfwlrqv frxog eh lpsrvhg rq

wklv sureohp1 Wklv lv zk| zh whqg wr wklqn krzhyhu wkdw lw zloo eh pruh iuxlwixo

lq ixwxuh zrun wr orrn iru lghqwli|qj uhvwulfwlrqv lq wkh fdvh zlwk qr xqrevhuyhg

fruuhodwhg lqglylgxdo h�hfwv ehiruh prylqj wr wkh fdvh zkhuh wkhuh duh lqglylgxdo

h�hfwv1

91 Frqfoxvlrqv

Zh vkrzhg wkdw lq d vwuxfwxudo g|qdplf glvfuhwh fkrlfh prgho zkhuh wkhuh duh

qr uhvwulfwlrqv rq xwlolw| ixqfwlrqv ri wkh dowhuqdwlyhv/ dq dvvxpswlrq rq djhqwv*

lqirupdwlrq vhwv wkdw lpsolhv wkdw udqgrp vkrfnv duh lqghshqghqw ryhu wlph lv qrw

whvwdeoh1 Xqghu wklv dvvxpswlrq/ zh dovr vkrzhg wkdw wkh glvfrxqw idfwru/ wkh glv0

wulexwlrq ixqfwlrq ri xqrevhuydeohv/ wkh ydoxh ixqfwlrq ri wkh uhihuhqfh dowhuqdwlyh

dqg xwlolw| ixqfwlrqv fdqqrw eh lghqwl�hg1 Wklv lv ehfdxvh li wkh glvfrxqw idfwru/

wkh glvwulexwlrq ixqfwlrq ri xqrevhuydeohv/ wkh ydoxh ixqfwlrq ri wkh uhihuhqfh do0

whuqdwlyh duh duelwudu|/ xwlolw| ixqfwlrqv fdq eh mxvw lghqwl�hg1 Wkhvh uhvxowv duh

rewdlqhg xqghu yhu| zhdn dvvxpswlrqv dqg frxog eh vhhq dv d ehqfkpdun fdvh1
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Wkhuh lv krzhyhu vrph krsh wkdw uhvwulfwlrqv rq xwlolw| ixqfwlrqv olnh h{foxvlrq

uhvwulfwlrqv frxog eulqj dgglwlrqdo lqirupdwlrq rq wkh vwuxfwxuh dqg zh vhh wkdw

txhvwlrq dv d surplvlqj dyhqxh iru uhvhdufk1 Dgrswlqj d prgho zkhuh wkhuh lv

dq dgglwlrqdo frqwlqxrxv yduldeoh ri lqwhuhvw olnh frqvxpswlrq ru h�ruw zklfk lv

vprrwkhg ryhu wkh olih0f|foh frxog dovr uhvxow lq ehwwhu lghqwl�fdwlrq exw wkhuh lv

vrph grxew dv h{hpsol�hg lq Eoxqghoo/ Pdjqdf dqg Phjklu +4<<:,1

Li xqlghqwl�hg remhfwv duh �{hg d sulrul/ wkh lghqwl�fdwlrq surri surylghv d

frqyhqlhqw dqg vlpsoh zd| ri hvwlpdwlqj xwlolw| lqglfhv xvlqj prphqw frqglwlrqv1

Lw dovr surylghv/ lq wkh fdvh ri d prgho zkhuh d vwdwh lv devruelqj/ d frqyhqlhqw gh0

frpsrvlwlrq ri wkh g|qdplf ydoxh ri dq dowhuqdwlyh lqwr d vkruw0whup ydoxh dqg dq

rswlrq ydoxh1 Wklv surshuw| lv hdvlo| h{whqghg wr wkh jhqhudo fdvh1 Zh dovr ghprq0

vwudwhg rq wkh hpslulfdo h{dpsoh rq vfkrro ohdylqj lq Iudqfh wkdw wklv iudphzrun

surylghv lqirupdwlrq rq wkh g|qdplfv ri vfkrro0ohdylqj ehkdylrxu +frqglwlrqdo rq

wkh eholhi wkdw dvvxpswlrqv derxw xqlghqwl�hg remhfwv lv irxqghg,1 Li dgglwlrqdo

lqirupdwlrq rq wkh ydoxh ri wkh uhihuhqfh dowhuqdwlyh lv xvhg dv lw vhhpv qdwxudo lq

dq prgho zlwk dq devruelqj vwdwh/ zh dovr vkrzhg wkdw wkhuh lv dq dgglwlrqdo lghq0

wli|lqj dvvxpswlrq wkdw lv xqwhvwdeoh1 Wkh hvwlpdwlrq ri sulydwh frvwv ri vfkrrolqj

lv wkhuhiruh yhu| iudjloh1
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wkh Hvwlpdwlrq ri G|qdplf Prghov�/ Uhylhz ri Hfrqrplf Vwxglhv/ 93=7<:085<1

Krw}/ Y1/M1/ U1D1/ Ploohu/ V1/ Vdqghuv dqg M1/ Vplwk/ 4<<7/ �D Vlp0
xodwlrq Hvwlpdwru iru G|qdplf Prghov ri Glvfuhwh Fkrlfh�/ Uhylhz ri Hfrqrplf
Vwxglhv/ 94=59805;<1
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Nhdqh/ P1 dqg N1/Zroslq/ 4<<9d/ �Wkh Fduhhu Ghflvlrqv ri \rxqj Phq�/
Mrxuqdo ri Srolwlfdo Hfrqrp|/ 438=7:608551

Nhdqh/ P1 dqg N1/Zroslq/ 4<<9e/ �Holplqdwlqj Udfh Gl�huhqfhv lq Vfkrro
Dwwdlqphqw dqg Oderu Pdunhw Vxffhvv�/ ZS= X1 ri Plqqhvrwd1

Nrggh/ G1D1/ 4<;;/ �Xqhpsor|phqw H{shfwdwlrqv dqg Kxpdq Fdslwdo Iru0
pdwlrq/ Hxurshdq Hfrqrplf Uhylhz/ 65=4978049931

Nrqlqj/ U1 dqg J1/Ulgghu/ 4<<:/ �Wkh lghqwl�fdwlrq ri glvfuhwh fkrlfh
prghov�/ zrunlqj sdshu/ Yulmh Xqlyhuvlwhlw Dpvwhugdp1

Pdqvnl/ F1I1/ 4<;;/ �Lghqwl�fdwlrq ri Elqdu| Uhvsrqvh Prghov�/ Mrxuqdo ri
wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ ;6=:5<0:6;1

Pdqvnl/ F1I1/ 4<<4/ �Qrq Sdudphwulf Hvwlpdwlrq ri H{shfwdwlrqv lq wkh
Dqdo|vlv ri Glvfuhwh Fkrlfh xqghu Xqfhuwdlqw|�/ lq Eduqhww/ Srzhoo dqg Wdxfkhq/
hgv Qrq Sdudphwulf dqg Vhpl Sdudphwulf Phwkrgv lq Hfrqrphwulfv dqg Vwdwlvwlfv/
Fdpeulgjh Xqlyhuvlw| Suhvv= Qhz \run/ 58<05:81

Pdqvnl/ F1I1/ 4<<5/ �Dgrohvfhqw Hfrqrphwulfldqv= Krz gr \rxwk Lqihu whk
Uhwxuqv wr VfkrrolqjB�/ lq hgv F1W1/Forwihowhu dqg P1/Urwvfklog/ Vwxglhv ri Vxsso|
dqg Ghpdqg lq Kljkhu Hgxfdwlrq/ QEHU dqg Wkh Xqlyhvlw| ri Fklfdjr Suhvv=
Fklfdjr1

Pdqvnl/ F1I1/ 4<<6/ �G|qdplf Fkrlfhv lq Vrfldo Vhwwlqjv�/ Mrxuqdo ri Hfrqr0
phwulfv/ 8;=45404691

Pduh/ U1G1/ 4<;3/ �Vrfldo Edfnjurxqg dqg Vrfldo Frqwlqxdwlrq Ghflvlrqv�/
Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ :8=5<806381

Pdw}nlq/ U1/ 4<<6/ �Qrqsdudphwulf Lghqwl�fdwlrq dqg Hvwlpdwlrq ri Sro|0
fkrwrprxv Fkrlfh Prghov�/ Mrxuqdo ri Hfrqrphwulfv/ 8;=46:049;1

Pdw}nlq/ U1/ 4<<7/ �Uhvwulfwlrqv ri Hfrqrplf Wkhru| lq Qrqsdudphwulf Phwk0
rgv�/ Kdqgerrn ri Hfrqrphwulfv/ yro17= 585705887

Plfnohzuljkw/ M1/ P1Shduvrq/ V1/Vplwk/ 4<;</ �Xqhpsor|phqw dqg Hduo|
Vfkrro Ohdylqj�/ LIV Orqgrq1

Qhzh|/ Z1N1/ dqg/ G1/ PfIdgghq/ 4<<7/ �Odujh Vdpsoh Hvwlpdwlrq dqg
K|srwkhvlv Whvwlqj�/ lq hgv Hqjoh dqg PfIdgghq/ Kdqgerrn ri Hfrqrphwulfv/
Qruwk Kroodqg=Dpvwhugdp/ LY= 544605741

Uxvw/ M1/ 4<<7/ �Vwuxfwxudo Hvwlpdwlrq ri Pdunry Ghflvlrq Surfhvvhv� lq hgv
Hqjoh dqg PfIdgghq/ Kdqgerrn ri Hfrqrphwulfv/ Qruwk Kroodqg=Dpvwhugdp/ LY=
63;404761

Uxvw/ M1/ 4<<8/ �Qxphulfdo G|qdplf Surjudpplqj lq Hfrqrplfv�/ lq hgv Dp0
pdq/ Nhqgulfn dqg Uxvw/ Kdqgerrn ri Frpsxwdwlrqdo Hfrqrplfv/ Qruwk Kroodqg=
Dpvwhugdp1

Wdehu/ F1U1/ 4<<9/ �Vhplsdudphwulf Lghqwl�fdwlrq dqg Khwhurjhqhlw| lq Glv0
fuhwh Fkrlfh G|qdplf Surjudpplqj Prghov�/ ZS Qruwkzhvwhuq X1

Zdvphu/ H1/ 4<<;/ �Vrph OderuPdunhw Frqvhtxhqfhv ri Ghprjudsklf Wuhqgv=
XV dqg Iudqfh 4<970<:/ FHS/ OVH1
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DSSHQGLFHV

D1 Gdwd dsshqgl{

D141 Wkh frqvwuxfwlrq ri sduhqwv* lqfrphv

Qr lqirupdwlrq rq sduhqwdo lqfrphv lv dydlodeoh lq wkh vxuyh| +ITS, uhfruglqj

hgxfdwlrqdo klvwrulhv1 Ghwdlohg rffxsdwlrq ri wkh sduhqwv duh krzhyhu uhsruwhg1

Wkh vr fdoohg yduldeoh �Fdwìjrulh Vrflr0Surihvvlrqqhooh� fdq eh xvhg dv d suhglfwru

ri lqfrphv ehfdxvh lw lv frqvwuxfwhg rq wkh edvlv ri wkh w|sh ri whfkqlfdo vnloov/

hgxfdwlrq dqg lqfrphv lq hdfk rffxsdwlrq1 Zh xvh Oderxu Irufh Vxuyh|v ehwzhhq

4<;6 dqg 4<<6 wr hvwlpdwh lqfrphv ri erwk sduhqwv li wkh| kdyh hyhu ehhq zrunlqj

xvlqj hgxfdwlrq ohyhov/ djh dqg wklv rffxsdwlrqdo yduldeoh1 Wkh sduwldo fruuhodwlrq

ri lqfrphv dqg wklv yduldeoh lv dozd|v yhu| vljql�fdqw doo ryhu wkh shulrg1 Lqvwhdg

ri xvlqj sduhqwdo lqfrphv dw hdfk gdwh dqg jlyhq wkh vwdelolw| ri hduqlqjv ryhu wkh

shulrg +vhh vhfwlrq 715,/ zh suhihuhg wr frpsxwh dq hvwlpdwh ri shupdqhqw lqfrph

e| d plqlpxp glvwdqfh surfhgxuh lpsrvlqj wkh htxdolw| ri frh!flhqwv ryhu wkh

zkroh shulrg1 Zh wkhq frpsxwhg lq rxu zrunlqj vdpsoh/ wkh suhglfwhg sduhqwdo

+orj, lqfrphv xvlqj wkhvh hvwlpdwhv1

D151 Wkh frqvwuxfwlrq ri olih f|foh hduqlqjv

Oderu Irufh vxuyh|v ehwzhhq 4<;5 dqg 4<<: duh uhsuhvhqwdwlyh ri Iuhqfk krxvh0

krogv1 Wkh| uhfrug prqwko| hduqlqjv ri zdjh zrunhuv lq d voljkwo| gl�huhqw zd|

ehiruh 4<<3 dqg diwhu 4<<31 Lq wkh ;3v/ lw lv qrw nqrzq zkhwkhu hduqlqjv lqfoxgh

erqxvhv ru qrw1 Wkh| duh uhsruwhg e| edqgv +derxw 53 edqgv ehwzhhq 833II wr

63333II prqwko|,1 Lq wkh <3v/ hduqlqjv lqfoxgh erqxvhv dqg d suhflvh ydoxh lv

uhsruwhg1 Lq vrph fdvh edqgv duh vwloo xvhg1 Lq rughu wr kdyh d frqvwdqw iudphzrun

ryhu wkh zkroh shulrg/ zh dovr jurxshg hduqlqjv e| edqgv lq wkh vhfrqg shulrg1 Uh0

vxowv krzhyhu vwloo h{klelwhg d vsxulrxv fkdqjh lq 4<<31 Zkhq hvwlpdwlqj hduqlqjv

htxdwlrqv dv suhvhqwhg lq wkh wh{w/ zh xvhg wkh xvxdo hqgrjhqhrxv vdpsolqj fruuhf0

wlrq +Frvohww/ 4<<7, lq rughu wr fruuhfw iru qrq uhvsrqvhv +lqfoxglqj vhoi hpsor|hg

zrunhuv, dvvxplqj wkdw wkhuh lv qr vhohfwlrq lvvxh1 Wkrvh lqglylgxdov zkr gr qrw

uhvsrqg wkh zdjh txhvwlrq duh vxssrvhg wr eh dq h{rjhqrxvo| vhohfwhg vdpsoh ri

wkrvh zkr zrun1 Zh zhljkwhg revhuydwlrqv e| wkh suredelolwlhv ri uhvsrqglqj wr

wkh zdjh txhvwlrq1

Zh xvh d voljkwo| gl�huhqw iudphzrun wr hvwlpdwh wkh hduqlqjv ixqfwlrq dqg wkh

vwdqgdug huuru hduqlqjv ixqfwlrq xvlqj ITS lq 4<<61 Zh xvh svhxgr pd{lpxp olnh0

olkrrg phwkrgv dqg fruuhfwhg iru hqgrjhqrxv vdpsolqj1 Wkh yduldqfh0fryduldqfh
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ri hvwlpdwhv duh frpsxwhg xvlqj wkh a3�Ua3� h{suhvvlrq1 Uhvxowv duh suhvhqwhg lq

wkh iroorzlqj wdeoh=
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Table A1:Earnings and Standard Errors of Earning (FQP, 93)

Wage Equation
Estimate Standard Error Student

Intercept -5874,5 (915,88) -6,41
Level=14 -1175,17 (276,21) -4,25
Level=15 -846,13 (152,08) -5,56
Level=17 -273,85 (339,32) -0,81
Level=18 852,45 (197,47) 4,32
Level=19 3155,86 (1721,11) 1,83
Level=20 2537,68 (588,00) 4,32
Level=21 3178,25 (744,39) 4,27
Level=22 3171,65 (4532,69) 0,7
Level=23 3099,99 (732,26) 4,23
Age/10 4389,85 (503,06) 8,73
(Age/10) squared -357,2 (68,38) -5,22

Standard Error of the Wage Equation
Estimate Standard Error Student

Intercept 3,91 (0,99) 3,96
Level=14 -0,1 (0,16) -0,63
Level=15 0,21 (0,28) 0,75
Level=17 -0,37 (0,11) -3,38
Level=18 0,01 (0,03) 0,56
Level=19 1,14 (0,41) 2,79
Level=20 0,28 (0,14) 1,99
Level=21 0,52 (0,25) 2,08
Level=22 0,37 (0,56) 0,66
Level=23 0,29 (0,12) 2,52
Age/10 1,85 (0,53) 3,51
(Age/10) squared -0,19 (0,06) -2,93

Note: Pseudo Log Likelihood=-8,01
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E1 Dv|pswrwlf Vwdqgdug Huuruv ri wkh Wzr Vwhs Hvwlpdwhv

Rxu dlp khuh lv wr jhw dq h{suhvvlrq ri wkh dv|pswrwlf yduldqfh fryduldqfh pdwul{

ri wkh vhfrqg vwdjh hvwlpdwhv1 Wklv vwhs frqvlvwv lq uhjuhvvlqj dq hvwlpdwh ri

lqvwdqwdqhrxv xwlolw| rq yduldeohv ~1 Wkh frpsxwhg ghshqghqw yduldeoh lv/ lq wkh

Orjlw fdvh=
	t? ' f	�? � q *?E� n ef

�	�
?�

zkhuh Efcf �� frqfhuq wkh vdph lqglylgxdov� Zh vhhn B vxfk wkdw=

7 ' ~B n # +E14,

Wkxv/ d qdwxudo wzr vwhs hvwlpdwru ri � lv jlyhq e|=

	B? ' E~ �~�3�~ � 	t? +E15,

	�? frqyhujhv wrzdugv � dqg d vwudljkwiruzdug Wd|oru h{sdqvlrq |lhogv=

~ � 	t?r~ �t n ~ �
Yt

Y�
E	�? � �� +E16,

zkhuh=

~ �
Yt

Y�
r~ �fE�� �

� n e3f�	�
?

�

Soxjjlqj +E16, dqg +E14, lq +E15, jlyhv xv=

	B? � B ' E~ �~�3�~ �# n E~ �~�3�~ �
Yt

Y�
E	�? � ��

Lw lv hdv| wr vkrz wkdw # dqg E	�? � �� duh dv|pswrwlfdoo| lqghshqghqw1 E|

gh�qlwlrq/ # lv d ixqfwlrq ri f � dqg f dqg E	�? � �� lv frqvwuxfwhg vxfk wkdw lw

lv dv|pswrwlfdoo| lqghshqghqw ri f dqg f �1 Wkxv/ ghqrwlqj T� wkh dv|pswrwlf

yduldqfh0fryduldqfh pdwul{ ri 	�?/ wkh yduldqfh fryduldqfh pdwul{ ri 	B? fdq eh

zulwwhq dvG

T 	B? ' E.5��5��
3�.E5��#

2

� 5��E.5��5��
3� n

E.5��5��
3�.E5��

Y+�
Y�

T�
Y+�
Y��

5��E.5��5��
3�

zkhuh wkh �uvw whup lv wkh Zklwh vwdqgdug huuru/ urexvw wr khwhurvnhgdvwlflw|

dqg wkh vhfrqg whup dffrxqwv iru wkh idfw wkdw � lv hvwlpdwhg lq wkh �uvw vwhs1
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Table 1:Exit Rates from Education

44

Level Education at 16 >15 Education at 16<16 Complete Sample
14 NA 0,045 0,045

(0,008) (0,008)
15 NA 0,043 0,026

(0,006) (0,004)
16 0,033 0,092 0,062

(0,006) (0,010) (0,006)
17 0,192 0,300 0,244

(0,013) (0,016) (0,010)
18 0,108 0,209 0,146

(0,012) (0,021) (0,011)
19 0,058 0,103 0,071

(0,010) (0,021) (0,010)
20 0,184 0,393 0,232

(0,018) (0,041) (0,017)
21 0,185 0,209 0,190

(0,028) (0,062) (0,026)
22 0,235 0,269 0,242

(0,042) (0,087) (0,038)
23 0,508 0,333 0,479

(0,065) (0,136) (0,059)

Number of Obs. 793 726 1519

Source: Formation Qualification Professionelle Survey (INSEE, 1993)
Exit rate, standard deviation between parenthesis



Table 2: Descriptive Statistics by Levels of Education
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LEVEL 14 15 16 17 18 19 20 21 22 23
Number of Siblings 2,50 2,26 2,23 2,06 1,87 1,91 1,87 2,05 2,10 1,97

(0,08) (0,05) (0,05) (0,05) (0,05) (0,06) (0,07) (0,12) (0,16) (0,20)

Living in Paris 0,17 0,19 0,20 0,21 0,27 0,27 0,30 0,38 0,38 0,41
(0,02) (0,01) (0,01) (0,01) (0,01) (0,02) (0,02) (0,04) (0,05) (0,08)

Rural Area 0,24 0,22 0,21 0,20 0,14 0,12 0,08 0,06 0,08 0,05
(0,02) (0,01) (0,01) (0,01) (0,01) (0,01) (0,01) (0,02) (0,03) (0,04)

#Class Repeated 1,27 0,67 0,75 0,92 0,91 0,97 1,06 1,04 1,07 1,16
(0,02) (0,02) (0,02) (0,02) (0,03) (0,03) (0,04) (0,06) (0,09) (0,14)

Parents’ Education: College 0,20 0,28 0,31 0,34 0,45 0,51 0,57 0,63 0,65 0,73
(0,02) (0,01) (0,01) (0,01) (0,02) (0,02) (0,02) (0,04) (0,05) (0,07)

Parents’ Education: High School 0,60 0,57 0,55 0,54 0,46 0,41 0,35 0,32 0,32 0,24
(0,02) (0,01) (0,01) (0,01) (0,02) (0,02) (0,02) (0,03) (0,05) (0,07)

Log(Parental Income) 5,75 5,79 5,81 5,85 5,91 5,93 5,96 5,97 5,99 6,00
(0,01) (0,01) (0,01) (0,01) (0,01) (0,01) (0,01) (0,02) (0,03) (0,04)

Mother Not Working 0,20 0,18 0,18 0,15 0,14 0,14 0,15 0,14 0,12 0,11
(0,02) (0,01) (0,01) (0,01) (0,01) (0,01) (0,02) (0,03) (0,03) (0,05)

Source: Formation Qualification Professionnelle survey (INSEE, 1993)
Estimated Mean, Standard Error between parentheses



Education Level 15 16 17 18 19 20 >20
Intercept -2,33 1,21 -6,65 -3,54 -2,92 -6,03 2,45

(0,47) (0,27) (0,15) (0,26) (0,56) (0,56) (0,29)
Non Working Mother 0,48 0,14 0,33 0,63 0,37 0,37 -0,74

(0,47) (0,27) (0,15) (0,26) (0,56) (0,56) (0,29)
Number of Siblings -0,12 -0,05 -0,05 -0,14 0,04 0,04 0,01

(0,47) (0,27) (0,15) (0,26) (0,56) (0,56) (0,29)
Parents Highest Educ.: 1,62 1,45 1,31 -0,42 -0,49 -0,49 0,12

College (0,47) (0,27) (0,15) (0,26) (0,56) (0,56) (0,29)
Parents Highest Educ.: 1,02 0,83 0,21 -0,99 -0,76 -0,76 -0,25

High School (0,47) (0,27) (0,15) (0,26) (0,56) (0,56) (0,29)
Parent’s Log income 1,00 0,20 1,23 1,12 1,26 1,26 -0,11

(0,64) (0,43) (0,24) (0,38) (0,65) (0,65) (0,57)
Class repetition=1 -1,14 -0,60 -0,30 -0,76 -1,48 -1,48 0,04

(0,46) (0,28) (0,15) (0,27) (0,58) (0,58) (0,33)
Class repetition>1 -1,94 -1,36 -0,68 -1,31 -2,07 -2,07 -0,37

(0,47) (0,27) (0,15) (0,26) (0,56) (0,56) (0,29)

Notes: Logit Estimates. Cohort effects were included and are not reported here.

Table 3: First Step Flexible Estimates.
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Table 4: Net Returns
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Education Level 15 16 17 18 19 20 >20
Intercept -3,08 4,66 -2,55 -0,85 0,85 -5,15 0,40

(0,55) (0,41) (0,43) (0,92) (1,05) (1,13) (1,07)
Number of Siblings -0,07 -0,02 0,03 -0,16 0,05 -0,02 -0,01

(0,01) (0,01) (0,01) (0,03) (0,03) (0,02) (0,02)
Parents’ Higher Educ.: 0,32 0,37 0,90 -0,18 -0,56 -0,07 0,03
College (0,08) (0,06) (0,09) (0,16) (0,18) (0,15) (0,30)
Parents’ Higher Educ.: 0,27 0,61 0,49 -0,34 -0,45 -0,27 -0,07
High School (0,06) (0,05) (0,08) (0,15) (0,17) (0,14) (0,30)
Non Working Mother 0,30 -0,11 -0,16 0,29 -0,53 1,26 -0,24

(0,07) (0,06) (0,06) (0,12) (0,13) (0,13) (0,15)
Parents’ Income 0,73 -0,58 0,20 0,06 0,23 0,98 -0,04

(0,10) (0,07) (0,07) (0,15) (0,18) (0,19) (0,17)
Class repetition = 1 -0,57 -0,32 0,24 0,43 -0,78 -0,91 0,12

(0,05) (0,03) (0,04) (0,09) (0,09) (0,08) (0,09)
Class Repetition >1 -0,76 -0,79 0,13 0,17 -1,32 -0,91 -0,18

(0,06) (0,04) (0,04) (0,09) (0,09) (0,07) (0,08)

Notes: OLS estimates. 
Two steps corrected standard errors with unknown heteroskedasticity. 
Cohort effects were included and are not reported here. 
Two dummy variables for levels 22 and 23 were also included at level>20. 
Estimates are respectively -0.23 (0.07) and 0.57 (0.09).



Beta 0,8 0,9 0,95 0,99
Intercept 1,27 0,99 0,85 0,73

(0,80) (0,88) (0,92) (0,95)
Number of Siblings 0,16 0,16 0,16 0,16

(0,02) (0,02) (0,03) (0,03)
Parents Highest Educ.: 0,22 0,19 0,18 0,17

(0,14) (0,15) (0,16) (0,16)
Parents Highest Educ.: 0,44 0,37 0,34 0,31

(0,13) (0,15) (0,15) (0,16)
Non Working Mother -0,34 -0,31 -0,29 -0,28

(0,10) (0,11) (0,12) (0,12)
Parents’ Income -0,22 -0,11 -0,06 -0,01

(0,13) (0,14) (0,15) (0,16)
Class Repetition = 1 -0,24 -0,37 -0,43 -0,48

(0,07) (0,08) (0,09) (0,09)
Class Repetition > 1 0,06 -0,10 -0,17 -0,24

(0,08) (0,08) (0,09) (0,09)

Note: see Table 4

Table 5: Sensitivity to Beta at Education Level 18
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Figure 1: Education Expenditure in GDP
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Figure 2:Average Yearly Spending per Student
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Fig 3: Average Probability of Staying
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Fig 4: Predicted Probability of Staying
Year of Birth
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Fig 5: Net Returns by Schooling Level (Beta=0.95)
Year of Birth
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Fig 6: Returns to Education 82-97
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Fig 7:Subjective Returns of Schooling by Level
Year of Birth
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Fig 8: Probability of Success 
Year of Birth
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