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Abstract

This paper considers a sequence of misspecification tests for a flexible nonlinear time series model.
The model is a generalization of both the Smooth Transition AutoRegressive (STAR) and the AutoRe-
gressive Artificial Artificial Neural Network (AR-ANN) models. The tests are Lagrange multiplier (LM)
type tests of parameter constancy against the alternative of smoothly changing ones, of serial indepen-
dence, and constant variance of the error term against the hypothesis that the variance smoothly changes
between regimes. The small sample behaviour of the proposed tests is evaluated by a Monte-Carlo study
and the results show that the tests have size close to the nominal one and a good power.
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1 Introduction

Over recent years, several nonlinear time series models have been proposed in the literature. Models
such as the Threshold AutoRegressive (TAR) model (Tong 1978, Tong and Lim 1980, Tong 1983, Tong
1990), the Smooth Transition AutoRegressive (STAR) model (Chan and Tong 1986, Granger and Terésvirta
1993, Terdsvirta 1994), and the AutoRegressive Artificial Neural Network (AR-ANN) model (Kuan and
White 1994, Zhang, Patuwo and Hu 1998, Leisch, Trapletti and Hornik 1999) have found a large number of
successful applications.

Recently, Medeiros and Veiga (2000a) proposed a flexible nonlinear time series model, where the co-
efficients of a linear model are given by a single hidden layer feed-forward neural network. The model
is called Neuro-Coefficient STAR (NCSTAR) model and has the main advantage of nesting several well-
known nonlinear specifications, such as the TAR, STAR, and AR-ANN models. A modelling strategy for
this family of models, following Ter&svirta, Lin and Granger (1993), Terdsvirta and Lin (1993), Eitrheim
and Terasvirta (1996), and Rech, Terdsvirta and Tschernig (1999), was developed in Medeiros and Veiga
(2000b). However, no model evaluation procedures were yet considered in the last-mentioned paper.

This paper addresses the model evaluation issue. We present a number of diagnostic check tests partially
based on the work of Eitrheim and Terdsvirta (1996) and Godfrey (1988). They are Lagrange multiplier
(LM) tests of parameter constancy, serial independence, and constant error variance. As the NCSTAR
specification nests several well-known time series models, the tests can be directly applied to these models
as well. The plan of the paper is as follows. The nonlinear model considered in this paper is presented in
Section 2. The misspecification tests are discussed in Section 3. Section 4 shows a Monte-Carlo experiment.

Concluding remarks are made in Section 5.

2 TheModd

The flexible nonlinear NCSTAR model has the following form.

h
yr = Gz, x1;P) + & = &'z + Z Nz F(wix, — i) + e, 1)

=1



where 51 < ... < fBrpand wy; > 0,4 = 1,...,h. These restrictions are to ensure the identifiability of
the model. {,} is a sequence of normally independently distributed random variables with zero mean and
variance 0. The vector z, is defined as z; = [1,%;]’, where z, is a p x 1 vector of lagged values of ¥,
and/or some exogenous variables. The function F'(w!x; — f3;) is the logistic function, where x; isa ¢ x 1
vector of transition variables, and w; = [wy;, . . . ,wqi]’ and g; are real parameters. The norm of w;, called
~;, IS known as the slope parameter. In the limit, when the slope parameter approaches infinity, the logistic
function becomes a step function.

This model can be viewed as a linear model with time-varying coefficients. More specifically, the

coefficients are given by a single hidden layer feed-forward neural network.

3 Diagnostic Checking

Estimation of (1) has been discussed in Medeiros and Veiga (2000b). After the model has been estimated
it has to be evaluated. We propose three diagnostic checking tests for this purpose. The first one tests for
the constancy of the parameters. The test is formulated in the same spirit as the model itself (i.e., there is a
possibility of having several nonlinear functions to describe the changing parameters) and nests the special
case of several structural breaks. The second one tests the assumption of no serial correlation in the errors
and is an application of the results in Eitrheim and Terasvirta (1996) and Godfrey (1988). The third one is a
test of constant variance against the alternative of a smoothly changing one. The test is a special case of the
test developed in Breusch and Pagan (1979) (see also Breusch and Pagan (1980) and Godfrey (1988, pages
123-136)).

In order to derive the tests we make the general assumption that nonlinear least-squares estimated of the

parameter vector ¥ in (1) is consistent and asymptotically normal.

3.1 Test of Parameter Constancy

Testing parameter constancy is an important way of checking the adequacy of linear or nonlinear models.
Many parameter constancy tests are tests against unspecified alternatives or a single structural break. In
this section we present a parametric alternative to parameter constancy which allows the parameters to

change smoothly as a function of time under the alternative hypothesis. In the following we assume that



the transition function has constant parameters whereas both a; and A;, ¢ = 1,... , h, may be subject to
changes over time.

Although, in this paper, we focus on diagnostic checking, the present test can be used to build up a
model with time-varying parameters in the spirit of the Time-Varying Smooth Transition Autoregressive
(TVSTAR) model proposed by Lundbergh, Terdsvirta and van Dijk (2000).

To develop the test rewrite model (1) as

Yt = é(zt;xt; v, ‘i’) +er =& (t)z + Z{ t)z F(wix; — /61)} + &, )
where
B
&(t) = ot ) & F (Gt —15), ®)
j=1
and
B
= Z C] t_n])) (4)
The parameter vectors ¥ and ¥ are defined as & = [a/, X}, ... , Ap, wis... ,wh, B1s--. ,Bp], and & =
(&), s &g Aits e s AuBs e s Antseoe s A5 Claeer sCBaT, -« wmp]'. In Order to guarantee the iden-

tifiability of the model, we must impose the additional restrictions: n; < 7o < ...pp and ; > 0,
j =1,...,B. The parameters (; are responsible for the smoothness of the changing in the autoregressive
parameters. When ¢; — oo, equations (3) and (4) represent a model with B structural breaks. Combining

(3) and (4) with (2), we have the following model

B
Y = a'+2&}F(Cj(t—nj)) 7
= (5)

h B
+Z by +Z)\ F(Ci(t—n))) p zeF(wixe — Bi) + &4
=1 j=1



311 TestingB =0Against B=1

Consider B = 1, and rewrite model (5) as

h
yr={a' + &F(((t—n))} 2z + Z {)\; + XiF (¢(t - 77))} 7 F(wix; — Bi) + &t (6)
i—1

The null hypothesis hypothesis of parameter constancy is
Ho: ¢ =0. (7

Note that model (6) is only identified under the alternative ¢ # 0. A consequence of this complication
is that the standard asymptotic distribution theory for the likelihood ratio or other classical test statistics
for testing (7) is not available. To remedy this problem we expand F' ({(¢ — n)) into a first-order Taylor

expansion around ¢ = 0, given by
1
t1 = 3¢t —n) + R(t:C,n), (8)

where R(t;(,n) is the remainder. Replacing F' ({(t —n)) in (6) by (8), we get

h
yr = (00 + mot) z; + Z (0; + pit) 2, F(wix, — ;) + &7, C)]
i—1

where 8g = o — &m/4, pg = &/4,0; = N\j — Ain/4, p; = Xi/4,i=1,...  h.

The null hypothesis becomes

Under Hy, €; = ;. The local approximation to the normal log likelihood function in a neighborhood of



H, for observation ¢ and ignoring R(t; ¢, n) is

1 1
Iy =— 2 In(27) — EIHUQ

h

2
1

— o5 Sy — (00 + pot) 20 — (07 + pit) 2 F (wixe — i) ¢
20

=1

(11)

To derive a LM type test (assuming o2 constant) the consistent estimators of the partial derivatives of

the log likelihood under the null are

oy | 1,
8—06 = ﬁgtzta
Ho
o &t
a7 = 75 EtlZ,
Oy o 0
al, 1. .
B—Gt'- = 52 tZtF(‘-‘J;Xt - 5z‘)a
K3
Ho
al, 1. .
6,ut’- = §6ttZtF(ngt - Bi)s
KA H0
ly 1, 1 OF(wx— i)
R P A L - u R
w o ow;
Ho
ol, 1 . OF (W% — Bi)
95| T g2ttt g5
Bi Ho ) Bi

(12)

(13)

(14)

(15)

(16)

(17)

. h .
wherei=1,... h,62=(1)T) Y, &2, and &, = y, — Gz, x;; ¥) =y — &'z — 3 Az F(wlx;, — By)
=1

are the residuals estimated under the null hypothesis.



The LM statistic can be written as
1 I T T T -1 7 T
LM = — Z £, Z i — Z v;h! (Z hthg) Z h, ¥, Z 1€y, (18)

where h; = VG (zy,x; W) and iy = [tzg,tzt (W% — pB1),... ,tz,F (whxt ﬁh)} .

The test can be carried out in stages as follows:

1. Estimate model (1) assuming parameter constancy and compute the residual £;. When the sample
size is small and the model is difficult to estimate, numerical problems in applying the nonlinear least
squares algorithm may lead to a solution where the residual vector is not exactly orthogonal to the
gradient matrix of the nonlinear function G(z;,x;; ¥). This has an adverse effect on the empirical
size of the test. To solve this problem, we regress the residuals £; on VG(z, xy; ‘il), and compute the

residual sum of squares SSRy = (&) S, &7
2. Regress £, on h; and ;. Compute the residual sum of squares SSR; = (7) ZtT:1 02

3. Compute the x? statistic

SSRy — SSR;
n[ﬁl)c _
L x* T SSRy ’ (19)
or the F' version of the test
LM;lC _ (SSRy — SSRy)/m (20)

SSRy/(T —n—m)’
where 7T is the number of observations, n is the number of elements of hy, and m = (h + 1)(p + 1).

Under Hy, LM)’SE is asymptotically distributed as a x? with m degrees of freedom and LML’ has ap-
proximately an F' distribution with m and T' — n — m degrees of freedom.

When applying the test a special care should be taken. If the norm of @; is large, we may have numerical
problems when carrying out the test in small samples. A solution is omit the terms that depend on the
derivatives of the logistic function from the test statistic. This can be done without significantly affecting

the value of the test statistic



3.1.2 Testingfor B > 1

In a practical situation it should be interesting to estimate the parameters of model (5). In order to do that,
we should determine the value of B. If the null hypothesis defined by (10) is rejected, we should estimate
a model with B = 1 and test for B = 2. We proceed in that way until the first acceptance of the null

hypothesis. Consider the following model

ye = {a' + & F (Ci(t —m)) + a4 F (Gt — m2)) } 2

h (21)
3N X F (G =) + X (Calt = m2)) | 2P (wixi — ) + e
=1
If we want to test for B = 2 in (21), an appropriate null hypothesis is
H(] : CQ =0. (22)

We assume that under this null hypothesis all the parameters are consistently estimated and that the esti-
mators are asymptotically normal. Note that again (21) is only identified under the alternative. Thus, we
should proceed as before and expand F' ({2(t — n2)) into a first order Taylor expansion around ¢ = 0. After

rearranging terms, the resulting model is

ye = (05 + &1 F (Ci(t —m)) + pot) 2
) (23)

+ 3 (85 + X P (Gt = m)) + pit) mF (wix, — B) + e,
=1

where 0)=a— é2’172/4, Mo = é2/4, 0, =X\ — Xig’l]/ll, M = 5\i2/41 1=1,...,h.

The null hypothesis becomes

Ho:po=p1=---=p, =0. (24)



The LM statistic is (18) with by, = VG (2, x.; ¥, ¥), where

Gloxi; 0, %) = {& + &\ P (Gi(L—m)) =

+

S {8 RaF Gt m)) + i - ).

=1

Defining the residuals estimated under the null as é; = y; — é(zt, xs; W, \il), and following the same steps

as before, the test can be carried out in stages as follows.

1. Estimate model (5) with B = 1 and compute the residuals ¢,. Orthogonalize the residuals by regress-

ing them on VG (z;, x; ¥, ‘il), and compute the residual sum of squares SSRg = (%) Zthl &7
2. Regress ; on hy and &;. Compute the residual sum of squares SSRy = (1) 31, 97.

3. Compute the x? statistic

SSRy— SSR;
LM =T—— "= 25
X SSR, (25)
or the F' version of the test
L = (SSRy — SSRy)/m 26)

SSRy/(T —n—m)’

Under Ho, LMi’S is approximately distributed as a x 2 with m degrees of freedom and LML’ has approx-
imately an F' distribution with m and T' — n — m degrees of freedom. Again, to avoid numerical problems,
we can omit the terms that depend on the derivatives of the logistic function from the regression in step 2

without affecting the test statistic.

3.2 Test of Serial Independence

Consider the following nonlinear model with autocorrelated errors:

h
Yt = G(Zt,Xt; ‘I’) + Et = a’Zt + Z A;-ZtF(w,IL-Xt — BZ) + Et,
i=1 (27)

!
Et = T Vi + Uy,



where 7’ = [ry,... , m, ] is a parameter vector, vy’ = [¢; 1,... ,&r -], and u;~NID(0, 0?). We assume that
g, is stationary, and furthermore, that under the assumption ; ~ NID(0, 02), i. e., m = 0, {y; } is stationary
and ergodic such that the parameters of (27) can be consistently estimated by nonlinear least squares.

The null hypothesis is formulated as Hy : @ = 0.

The conditional normal log likelihood, given the fixed starting values has the form

1
Iy =— 3 In(27) — 3 In o2
r 2 (28)
- g Y — Zmyt j— Gz, x5 ®) + ZﬂjG(thjaxtij‘I’)

The information matrix related to (28) is block diagonal such that the element corresponding to the
second derivative of (28) forms its own block. The variance o2 can thus be treated as a fixed constant in

(28) when deriving the test statistic. The first partial derivatives of the normal log-likelihood with respect to

7 and ¥ are
ol U .
8—7:j = (0_;> {ytfj - G(thjaxtfj;q:’)} ) = ]-7' <, T
29
%__(ﬂ) IG( zt,xt, i 0G(z4— J,xt ;) (29)
or o? 7
Under the null hypothesis, the consistent estimators of (29) are
Al 1 Al 1 .
% = 26t1/t and 8—\11 = —ﬁstht,
Ho Ho
where IA/; = [étfl, e ,[—ft,T], ét,j = Yt—j — G(Zt,j,xt,j; QI’), jg=1...,r, ht = VG(Zt,Xt, ) and

62 =(1)T) Zthl £,. The LM statistic is (18) with h, and 2, defined as above.
Under the condition that the moments implied by (18) exist, LM is asymptotic distributed as a x 2 with

r degrees of freedom.

The test can be performed in three stages as follows:

1. Estimate model (1) under the assumption of uncorrelated errors and compute the residual ;. Or-

thogonalize the residuals by regressing £, on hy, and compute the residual sum of squares SSRy =

10



T
(%) P ] &.
2. Regress £, on &, and h,. Compute the residual sum of squares SSR;.

3. Compute the x? statistic

. SSRy— SSR,
LM =72220 22
X SSRy (30)

or the F' version of the test

(SSRo — SSRy)/r

LM} = 31
F= SSR/(T—n—r) 1)
where 7 is the dimension of h;.
Under Ho, LM3* has approximately an F distribution with r and T — n — r degrees of freedom.
3.3 Test of Homoscedasticity Against Smoothly Changing Variance
In this section we consider a test of constant variance against the following specification
h
o? =0+ Z J?F(w:,’z-xt — Bosi)s (32)
i=1

where ;1 < ... < Bop, and wei; > 0,4 = 1,..., hy, are identifying restrictions. This formulation

allows the variance to change smoothly between regimes. The idea that the error variance changes within
regimes is common in the TAR literature, but, is frequently neglected in the smooth transition case. In this
paper we derive a test statistic for smoothly changing variance against a constant one.

The restrictions on the parameters to guarantee a positive variance are rather complicated and depend
on the geometry of the hyperplanes defined by w,; and 35,7 = 1,... , h. To circumvent this problem, we

rewrite equation (32) as

h
o7 = exp (Go(xs;¥,)) = exp (C + Z GiF(wg %t — /60,1')) ; (33)

=1

where ¥, = [¢, 1, ... ,¢]" isavector of real parameters.

11



To derive the test consider ~ = 1. This is not a restrictive assumption because the test statistic remains

unchanged if » = 1 or h > 1. Rewrite model (33) as
op = exp (s + a1 F (7, (@hx; — ¢5))) (34)

where v, = ||we ||, @s = Wy /75, aNd ¢ = By /Y5

The null hypothesis hypothesis of parameter constancy is
Ho : v, = 0. (35)

Note that model (34) is only identified under the alternative -y, # 0. To solve this problem we expand

F(v, (@) x; — ¢y)) into a first-order Taylor expansion around ~y, = 0, given by
1 q
1 = Z’YU (Zl (:)U,’imi,t - Ca) + R(Xﬁ Yo, ‘Daa CU), (36)
1=

where R(x¢;7,,Wq,¢y) i the remainder. Replacing F(vy, (@) x; — ¢y)) in (34) by (36), and ignoring
R(X¢; Yo, W, C5), We get

q
o} = exp (p +)° PiIi,t) : (37)

=1

where p = ¢ — (1/4)vs¢o51, pi = (1/4)V6$1@00,i, 1 =1,... ,q.

The null hypothesis becomes
Ho:pr=pa=---=p;=0. (38)
Under Hy, exp(p) = 2. The local approximation to the normal log likelihood function in a neighbor-

hood of H, for observation ¢ is

2

1 1 ° c
PR PPN ) t ) 39
" 2 n( 7T) 9 (p + ; Pz«%,t) 2 exp (P + Zgzl pixz‘,t) ( )

12



To derive a LM type test the partial derivatives of the log likelihood are

o, 1 £}
o _ 1 , 40
dp 2 2exp(p+ DL piwiy) “o

ol 7 el
Pt _ _Li 4 . 41
dp; 2 2exp(p+ >y pimig) “

Under the null hypothesis, the consistent estimators of (40) and (41) are

al, 1 <é§ )
- (L),
op Ho 2 \¢o

O | _ s <i _ )
p; e 2 \ 62 ’

where 62 = (1/T) S.7_, £7. The LM statistic can be written as

1 [ e & NENT.
LMzi{Z <7g— )xt} { itsc;} {Z <A—g— )xt} (42)
t=1 g t=1 t=1 g

where x; = [1,x;]’. For details see the Appendix.

The test can be carried out in stages as follows:

1. Estimate model (1) assuming homocedasticity and compute the residuals ;. Orthogonalize the resid-
-~ I 2
uals by regressing them on VG(z¢, x;; ¥), and compute SSRy = () >/, (Z—é — 1) , Where 62
is the unconditional variance of &;.

=2

2. Regress (2_5 — 1) on %;. Compute the residual sum of squares SSR; = (%) YL, 7.

3. Compute the x? statistic

SSRy — SSR,
LMo, =220 2270 4
X2 SSRy (43)

13



or the F' version of the test

(SSRy — SSRi)/q
SSR1/(T—1—4q)

LM§ = (44)

where T is the number of observations.
Under Hg, LM;(’2 is approximately distributed as a x? with ¢ degrees of freedom and LM has approx-
imately an F' distribution with ¢ and T' — 1 — ¢ degrees of freedom.
3.3.1 Estimation

If the null hypothesis is rejected we can estimate the parameters of model (33). The estimation algorithm
is an extension of the three-phase procedure proposed in Medeiros and Veiga (2000a) and the algorithm in

Medeiros and Veiga (2000b). The estimation process is divided into three steps as follows.

1. Estimate the parameters of model (1) with the algorithm proposed in Medeiros and Veiga (2000b),

assuming that the error variance is fixed.

2. Test the null hypothesis of homoscedasticity. If Hy is rejected, consider that the conditional mean is

correctly specified and estimate the parameters of model (33) by minimizing

T
1 £
LT(‘I’U) = 5 ; {111(27'(') + In (Gg(Xt, ‘I’g)) + m} . (45)
3. After h is determined, we estimate the full model by minimizing
1 ¢ [y — Gz %3 0)]
Lp(®,®,) == In(27) +1 .0 L2 4
T( 3 (7) 9 tzzl{ n( 7r) + n(Ga(Xta (7)) + Ga(xt§‘1’a) } H ( 6)

using the parameters estimated is steps 1 and 2 as initial values.

4 Monte-Carlo Experiment

In this section we report the results of a simulation experiment designed to study the behaviour of the

proposed tests. For all the generated time series, we discarded the first 500 observations to avoid any

14



initialization effects. In order not to estimate a nonlinear model from a time series where there is no much
evidence of nonlinearity, we first test the linearity hypothesis and if the null was not rejected at a 5% level
against the NCSTAR model, we discarded the series from the experiment.

The simulated models are as follows.

e Model I:
Yt = 0.5+ 0.8yt,1 - 0-2yt72
+ (1.5 4 0.6y4—1 — 0.3y,_2)F(8.49(0.7071y,_1 — 0.7071y,_ + 1.0607))
(47)
+ (=0.5 — 1.2y, 1 + 0.7y;—2) F(8.49(0.7071y,_q — 0.7071ys_o — 1.0607))
+er —pei_1, &t ~ NID(0,07).
e Model II:
(
0.54+0.8y; 1 —0.2y; o + (15 + 0.6y, 1 — 0.3yt,2)F1(-)
Yt = § —(0.5+ 1.2y 1 — 0.7y 2)Fo(") + &4, ift <50 (48)
| ~08ye—1 + (1.2y1—1 — 0.7ys—2) Fi () — (0.6y;—1 — 0.3y;—2) Fa(-) + &1, otherwise.
e Model IlI:
(
0.5+ 0.8yt,1 - 0.2yt,2 + (15 + O.Gyt,1 - 0.3yt,2)F1(')
—(0.5 + 1.2y 1 — 0.7yt_2)F2(-) + &¢, ift <30
—0.8y;1 + (1.2y;1 — 0.7y 2) F1 ()
Yt = (49)

—(0.6y—1 — 0.3y_2) F5(-) + &1, if 30 < £ < 60

3.0 4+ 0.8y;—1 + (0.1y;—1 — 0.3y, —2) Fi (+)—

L(0.5 + 1.2y 1 — 0.7y, —2) Fo(:) + &4, otherwise.

In models (48) and (49), ¢, ~ NID(0,12), Fy(-) = F(8.49(0.7071y,_; — 0.7071y,_5 + 1.0607)), and
Fy(+) = F(8.49(0.7071y,—1 — 0.7071y,_5 — 1.0607)).

To evaluate the size and power of the tests, we assume that the number of hidden units (h) and the

15
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(© (d)

Figure 1: Size discrepancy plot of the parameter constancy test at sample size of 100 observations based on
1000 replications of (a) model (47) with p = 0 and o? = 1, (b) model (47) with p = 0.2 and 07 = 1, (c)
model (47) with p = 0.4 and o7 = 1, (d) model (47) with p = 0 and o2 given by (50).

elements of z; and x; in (1) are correctly specified. In size simulations we generated 1000 time series from

model (47) with p = 0 and o? = 1. Each replication has 100 observations.

4.1 Test of Parameter Constancy

Results concerning size simulations are shown in Figure 1. We can see that the empirical size is close to the
nominal one. However, it is interesting to notice that the test becomes rather conservative when the errors
are autocorrelated.

In power simulations of the parameter constancy test, we generated data from models (48) and (49).

Figure 2 shows the power-size curve. The test has good power against models with structural breaks.

16
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Figure 2: Power-size plot of the parameter constancy test at sample size of 100 observations based on 1000
replications of (a) model (48), (b) model (49).

4.2 Test of Serial Independence

Figure 3 shows the results of the size simulations. The empirical size is close to the nominal one except
for the case where the model has structural breaks. Thus, the serial independence test has non-trivial power
against time-varying parameters.

In power simulations of the serial independence test, we generated the data from model (47) with p =
0.2,0.4 and 0?7 = 1. Power-size plots are shown in Figure 4. The power of the test increases, as it should,

when we increase the value of p.

4.3 Test of Homoscedasticity

The results of the size simulations are shown in Figure 5. We observe that the empirical size of the test is
close to the nominal one. However, the test has non-trivial power against time-varying parameters. In power

simulations of the test, we generated the data from model (47) with p = 0 and

o? = exp(—0.6931 + 0.6931F(8.49(0.7071y,_, — 0.7071y;_s + 1.0607))
(50)

+0.6931F(8.49(0.7071y, 1 — 0.7071y,_5 — 1.0607))).

Results are shown in Figure 6.

17
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Figure 3: Size discrepancy plot of the serial independence test at sample size of 100 observations based on

1000 replications of (a) model (47) with p = 0 and o2 = 1, (b) model (48), (c) model (49), (d) model (47)
with p = 0 and o7 given by (50).
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Figure 4. Power-size curve of the test of serial independence at sample size of 100 observations based on
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1000 replications of (a) model (47) with p = 0.2 and o7 = 1, (a) model (47) with p = 0.4 and 07 = 1.

5 Conclusions

In this paper we consider a sequence of misspecification tests for a flexible nonlinear time series model,
called the Neuro-Coefficient Smooth Transition AutoRegressive (NCSTAR) model. They are LM-type tests
for testing the hypotheses of parameter constancy, serial independence, and homoscedasticity. A simulation
showed that the tests are well sized and have good power in small samples. As the NCSTAR specification

nests several well-known time series models, the tests can be directly applied to these models as well. These

tests can be considered as a useful tool for the evaluation of estimated nonlinear models.
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Figure 5: Size discrepancy plot of the heteroscedasticity test at sample size of 100 observations based on
1000 replications of (a) model (47) with p = 0 and o = 1, (b) model (47) with p = 0.2 and 07 = 1, (c)
model (48) with p = 0.4 and o2 = 1, (d) model (48), (e) model (49).
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Figure 6: Power-size plot of the heteroscedasticity test at sample size of 100 observations based on 1000
replications of (47) with error variance given by (50).
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Appendix

Rewrite equation (39) as

b= —Liem - Log -t (51)
LT e Tl 2exp(0'xy)’
where ¢ = [p, p1, ... , pg)’. Assuming that the mean is corrected specified, the LM statistic has the general
form
LM = Tqr(0)'[noX(0) " IHeGr(0)|o: (52)
dr (o) is the average score and I(p) is the information matrix.
It is straightforward to show that
T
_ 1 1 [(e; -
ar(e) = T t:zl ) <U_t2 - ) Xt (53)
The population information matrix is defined as the negative expectation of the average Hessian
T
1 %l
I(o)=-E | + 54
where
ant 1 6% ~
=———2"t . 55
9e0d ~ 2exp(dX) 55
Combining (54) with (55), the population information matrix becomes
1 d €7
I(o)= —F —t %% . 56
(Q) 2T (; exp(g'it) xtxt> ( )
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Under the null the average score vector and the population information matrix can be consistently esti-

mated as
1 o (&2
r(@lh = 57> (55 1) % 7
t=1
and
. 1 &
I(0)|H, = o7 XX}, (58)
t=1

where 42 is the estimated unconditional variance of ¢; under the null hypothesis.

The LM statistic can therefore be written as

(L9t Ee} £+
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