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ABSTRACT. A new approach is proposed to prove the existence of a Walrasian
equilibrium for production economies with a measure space of agents and finitely
many commodities. The new approach, based on the discretization of measurable
correspondences, allows us to provide an existence result for economies with non-
ordered but convex preferences as well as for economies with partially ordered
(possibly incomplete) but non-convex preferences. This paper generalizes results
of Aumann [3], Schmeidler [24] and Hildenbrand [15].
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1. INTRODUCTION

Aumann [3] and Hildenbrand [15] provide existence results of Walrasian equilibria
for exchange and production economies with a measure space of agents and ordered
preferences. In the framework of strictly monotone preferences, Main Theorem in
Schmeidler [24] dispense with completeness of preferences. In the recent years attempts
(e.g. in [19]) were made to generalize these results to economies with externalities in
consumption. In Balder [6], it is shown that the usual conditions used for these
attempts force the preferred to correspondence to be empty-valued almost everywhere
on the non-atomic part of the measure space of agents, rendering these attempts
pointless.

Following a discretization approach, we provide in this paper an existence result for
both non-ordered (but without externalities) and partially ordered (possibly incom-
plete) preferences. For economies with non-ordered preferences, we can not dispense
with a convex assumption on preferences. Indeed, we provide a simple counterexample
of a continuum economy with non-transitive preferences, satisfying all usual assump-
tions except the convex one, and for which no Walrasian equilibrium exists. For
economies with partially ordered preferences, our result generalizes Main Theorem in
Aumann [3], Main Theorem in Schmeidler [24] and Theorems 1 and 2 in Hildenbrand
[15].

The discretization approach proposed in this paper, consists on considering an
economy with a measure space of agents as the limit of a sequence of economies with
a finite, but larger and larger, set of agents. We construct a sequence of partitions
of the measure space depending on the measurable characteristics of the economy.
To each partition we define a subordinated simple economy. Each simple economy
will be identified as an economy with a finite set of agents, and applying a classical
equilibria existence result for economies with finitely many agents, we get a sequence
of equilibria which will converge to a quasi-equilibrium for the initial economy.
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The paper is organized as follows. In Section 2, we set the main definitions and
notations. In Section 3 we define the model of production economies with a measure
space of agents, we introduce the concepts of equilibria, we give the list of assumptions
that economies will be required to satisfy and finally, we present an existence result
(Theorem 3.1) for free-disposal economies and an existence result (Corollary 3.1) for
economies with strictly monotone preferences. The Section 4 is devoted to the mathe-
matical discretization of measurable correspondences. The proof of the main existence
result (Theorem 3.1) is given in Section 5. The existence result for economies with
finitely many agents is provided in Appendix A and Appendix B is devoted to math-
ematical auxiliary results about measurability and integration of correspondences.

2. NOTATIONS AND DEFINITIONS

Let L be a finite dimensional vector space induced with its natural topology. The
dual of L is noted L* and the natural dual pairing (L*, L) is defined by (p,x) = p(z)
for each (p,z) € L* x L. Let C C L be a pointed convex cone'. The partial order
induced? by C is noted >. We note L, the positive cone {z € L |z > 0}. If z € L
then we note z > 0 (z > 0) if z > 0 and « # 0 (resp. «x is an interior point of
(). In the dual space L* we let L*y = {p € L* | Ve € C p(c) > 0} and we note
p=20(p>0)if peL*, (resp. p € L*; and p # 0). A strictly positive functional,
written p > 0 is a positive functional satisfying p(z) >0 forall 0 <z e L. If X C L
is a subset, then the interior of X is noted int X, the closure of X is noted cl X. If
p € L* then we let p(X) = {p(z) | v € X} and if Y C L then p(X) > p(Y) means
[if (z,y) € X xY then p(z) = p(y)]. If (Cn)nen is a sequence of subsets of L, the
sequential upper limit of (C,)nen, noted Ls C,,, is defined by

LsC,, = {x el

=l .
x klm T, X E Cn(k)}

— 00

The convex hull of X is noted co X and the closed convex hull of X is noted ¢o X.
We let A(X) ={vel|X+{v} C X} be the asymptotic cone of X. Note that if X
is closed convex, then A(X) is the set of vectors v € L such that v = lim,,_, o, Apuy,
where (A, )nen is a sequence decreasing to 0 and (uy, )nen is a sequence in X.

We consider (A, A, 1) a finite measure space, that is, A is a set, A is a o-algebra of
subsets of A and p is a finite measure on 4. The measure space (A, A, ) is complete
if A contains all p-negligible® subsets of A.

Let (D, d) be a separable metric space. The o-algebra of Borel subsets of D is noted
B(D). A correspondence (or a multifunction) F': A — D is measurable if for all open
set G C D, F (G)={a€ A| F(a)NG # 0} € A. The correspondence F is said to be
graph measurable if {(a,z) € Ax D |z € F(a)} € A® B(D). A function f: A — D
is a measurable selection of F' if f is measurable and if, for almost every a € A,
f(a) € F(a). The set of measurable selections of F' is noted S(F). When D C L the
set of integrable selections of F' is noted S*(F) and we note F; the following (possibly
empty) set Fy := [, F(a)dp(a) :={ve D | Iz € SY(F) v= [, z(a)du(a)}.

Let X be a space and P C X x X be a binary relation on X. The relation P is
irreflexive if (z,z) ¢ P, for all z € X. The relation P is transitive if [(x,y) € P and
(y,2) € P] implies (z,2) € P, for all (z,y,2z) € X3. The relation P is negatively
transitive if [(z,y) € P and (y,z) € P] implies (r,z) ¢ P, for all (z,y,z) € X3. The
relation P is a partial order if it is irreflexive and transitive. The relation P is an
order if it is irreflexive, transitive and negatively transitive. When P is an order, it
is usually noted = and X2\ P is noted <. Note that when P is an order, then <

IThat is C is a cone: aC C C for all o > 0, C is convex: C + C C C and C is pointed:
cn(=C)={0}.

2That is for all (x,y) € L2, x >y whenever z —y € C.

3A set N is p-negligible if there exists E € A such that N C E and u(E) = 0.
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is transitive, reflexive (z < z for all z € X) and complete (for all (z,y) € X? either
x=yory=Xux).

3. THE MODEL, THE EQUILIBRIUM CONCEPTS AND THE ASSUMPTIONS

3.1. The Model. We consider a finite dimensional vector space LL, a complete mea-

sure space (A, A, p), a function e from A to L, two correspondences X and Y from

A into I and a correspondence of preferences P in X, that is, P is a correspondence

from A into L x L such that for all a € A, P(a) C X(a) x X(a) and P(a) is irreflexive.
An economy & is a list

&= ((AvAvlJ')a <L*’L>7(X7Y7Pve))'

The commodity space is represented by L and the natural dual pairing (L*,L) is
interpreted as the price-commodity pairing.

The set of agents (or consumers) is represented by A, the set A represents the set
of admissible coalitions, and the number p(FE) represents the fraction of consumers
which are in the coalition F € A.

For each agent a € A, the consumption set is represented by X(a) C L and the
preference relation is represented by P(a). We define the correspondence* P, : X (a) —»
X(a) by Py(z) = {2’ € X(a) | (z,2') € P(a)}. In particular, if x € X(a) is a
consumption bundle, the set P,(x) is the set of consumption bundles strictly preferred
to = by the agent a. The set of consumption allocations (or plans) of the economy
is the set Sl(X ) of integrable selections of X. The aggregate consumption set Xy, is

defined by
X5 = / X(a)du(a) = {v €L |FIres(X) v= / z(a)dp(a) }

A A
The initial endowment of the consumer a € A is represented by the commodity bundle
e(a) € L. We assume that the function e : A — L is an integrable function and we
note w := [, e(a)du(a) the aggregate initial endowment. The production possibilities
available to the consumer a € A are represented by the set Y(a) C L. The set
of production allocations (or plans) of the economy is the set S*(Y) of integrable
selections of Y. The aggregate production set Yy is defined by

Yy = AY(a)dﬂ(a) = {u el |Fyesly) u= /Ay(a)du(a) } .

3.2. The Equilibrium Concepts.

Definition 3.1. A Walrasian equilibrium of an economy £ is an element (z*,y*, p*)
of S'(X) x SY(Y) x L* such that p* # 0 and satisfying the following properties.
(a) For a.e. a € A, p* (2*(a)) = p* (e(a)) + p* (y*(a)) and if x € P,(z*(a)) then
p* (z) > p* (27(a)).
(b) For ae. a € A, if y € Y(a) then p* (y) < p* (v*(a)).
(c) fA rrdp = fA edp + fA y*dp.
An element (z*,y*,p*) € SY(X) x SY(Y) x L* with p* # 0, is a Walrasian quasi-
equilibrium of an economy €& if the conditions (b) and (c) together with
(a’) for a.e. a € A, p* (2*(a)) = p* (e(a)) + p* (y*(a)) and if x € P,(z*(a)) then
p* () = p* (z"(a))
are satisfied.

A Walrasian equilibrium of an economy & is clearly a Walrasian quasi-equilibrium
of £. We provide in the following remark, classical conditions on £ under which a
Walrasian quasi-equilibrium is in fact a Walrasian equilibrium.

4Note that the binary relation P(a) coincide with the graph of the correspondence Pg.
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Remark 3.1. Every quasi-equilibrium (z*,y*,p*) of a production economy & is an
equilibrium if we assume that, for almost every agent a € A, X (a) is convex, the strict-
preferred set P,(z*(a)) is open in X (a) and inf p* (X (a)) < p* (e(a)) + supp* (Y (a)).
In particular, if p* > 0 then the last condition is automatically valid if for a.e. agent
a€ A, ({e(a)} +Y(a) — X(a))Nint Ly # 0.

The model of production economies defined above encompasses the two models :
the private ownership economy and the coalitional economy, presented in Hildenbrand
[15].

3.3. The Assumptions. We present the list of assumptions that economies will be
required to satisfy. We suppose that L is endowed with a partial linear order defined
by a pointed closed convex cone L,. On the consumption side we consider both
non-ordered but convex preferences (Assumption C,,) and partially ordered (possibly
incomplete) but non-convex preferences (Assumption Cp).

Assumption (C,,). [possibly non-ordered but convex| For almost every agent
a€ A,
(1) the consumption set X (a) is closed and P, is continuous, that is, for all x €
X(a), P,(z) and P;1(x)° are open in X(a),
(ii) the preference relation P(a) is convez, that is, the consumption set X(a) is
convez and for each bundle x € X (a), © & co Py(x).

Assumption (C,). [partially ordered but non-convex] For almost every agent
a€ A,

(1) the consumption set X (a) is closed and P, is continuous,

(ii) if a belongs to the non-atomic® part of (A, A, 1) then P(a) is partially ordered,

and if a belongs to an atom of (A, A, u), then the preference relation P(a) is
convex.

Remark 3.2. In the frameworks of Aumann [3], Hildenbrand [15], Schmeidler [24] and
Cornet and Topuzu [10], Assumption C,, is valid. In general, Assumptions C,, and C,,
are not comparable but if for almost every agent a € A, the preference relation P(a)
is convex, then Assumption C, implies Assumption C,,.

Assumption (C). [Consumption side] Assumption C,, or Assumption C, is sat-
isfied.

Assumption (M). [Measurability] The correspondences X, Y and P are graph
measurable.

Remark 3.3. Under Assumption C, if preferences are ordered, following Proposition
A5 (in Appendix A), we can replace in Assumption M, the graph measurability of
P by the Aumann measurability of preferences. It follows that in the framework of
Aumann [3] and Schmeidler [24], Assumption M is valid.

Assumption (P). [Production side] The aggregate production set Ys is a non-
empty closed convex subset of L.

If we let for all ¢ € A, Y(a) := cl (@6Y (a) + A(Yx)), then following Proposition
A.7 (in Appendix A), Y satisfies Assumption P, and the economy & has a Walrasian
(quasi-) equilibrium if and only if the economy &, defined by replacing ¥ by Y in &,
has a Walrasian (resp. quasi-) equilibrium.

5For each y € X (a), Pa *(y) = {z € X(a) |y € Pa(2)}.
6An element E € A is an atom of (A, A, ) if u(E) # 0 and [B € A and B C E] implies u(B) =0
or u(E\ B) =0.
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Assumption (S). [Survival] For a.e. a € A, X(a)N ({e(a)} + f’(a)) £ 0.

Remark 3.4. Assumption S means that we need compatibility between individual
needs and resources. In [15], Hildenbrand supposed that for almost every agent a € A,
0 € Y(a) and X(a) N ({e(a)} + A(Yx)) # 0. Yamazaki in [28] proposed a different

survival assumption.

Assumption (B). [Bounded] The consumption set correspondence X is integrably
bounded from below” and the set of free-production Ys N1y is bounded.

Assumption (LNS). [Local Non Satiation] For almost every agent a € A, for all
bundle x € X (a), x € ¢0 P,(x).

3.4. Existence of equilibria for free-disposal economies.

Assumption (FD). [Free Disposal] One of the two following properties holds.
(a) The aggregate production set is free-disposal, that is, Y, — Ly C Y.
(b) The preferences are weakly monotone, that is, for almost every agent a € A,
X(a)+Li C X(a) and for all (z,y) € X(a) x X(a), y = x = P,(y) C Py(z).

Remark 3.5. If preferences are supposed to be strictly monotone (Assumption MON
in the next subsection) and transitive, then the condition (b) in Assumption FD is
automatically valid.

In order to prove that a quasi-equilibrium of £ is in fact an equilibrium, the economy
will be required to satisfy the following assumption.

Assumption (SS). [Strong Survival] For almost every agent a € A, there exists
2%(a) € X(a) and y°(a) € Y (a) such that e(a) +y°(a) — 2°(a) € intLy and such that
X (a) is star-shaped® about 2°(a).

Remark 3.6. In [15], Hildenbrand assumed that for almost every a € A, X (a) is convex
(and thus star-shaped about each point), 0 € Y (a) and ({e(a)}+int A(Ys))NX (a) # 0.
This assumption obviously implies Assumption SS. The consumption X (a) need not
to be convex in order to satisfy Assumption SS (see Example 3.2).

We are now ready to state the main existence result.

Theorem 3.1. If an economy & satisfies Assumptions C, M, P, S, B, LNS and
FD, then a Walrasian quasi-equilibrium (x*,y*, p*) exits, with p* > 0. If moreover £
satisfies SS then (x*,y*,p*) is a Walrasian equilibrium of £.

Remark 3.7. This equilibrium existence result improves Theorem 1 and 2 in Hilden-
brand [15]. Indeed, Assumptions C,, M, P, S, B, LNS, FD and SS of Theorem 3.1
are implied by those used in [15]. More precisely, we only require that preferences are
partially ordered. We do not need to suppose, as in Hildenbrand [15], that preferences
are ordered. Moreover, to prove the existence of a quasi-equilibrium, we do not as-
sume that consumption sets are convex on the non-atomic part of (4,4, ). We do
neither need to suppose that the aggregate production set Ys; satisfies an irreversibil-
ity property Y5 N (=Yx) = {0}. Instead of supposing impossibility of free-production
Ys NLLy = {0}, we only suppose that the set of free-production is bounded. We re-
place possibility of inaction, that is, for almost every a € A, 0 € Y(a), by the weaker
assumption that the aggregate production set is non-empty. Moreover Fatou’s Lemma
of Cornet and Topuzu [10] (Theorem A.2 in Appendix A) allows us to deal with a
more general positive cone than (R )¢ when L = R for some ¢ € N.

"That is there exists an integrable function z from A to L such that for a.e. a € A, for all
2 € X(a), 2 > 2(a).
8A subset X of L is star-shaped about 20 € X if for all € X the segment [z°, 2] lie in X.
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3.5. Examples. Aumann in [3] for exchange economies and Hildenbrand in [15] for
production economies proved that for continuum economies, that is, economies with
a non-atomic measure space of agents, the convex assumption on ordered preferences
is not needed to prove the existence of a Walrasian equilibrium. But in Theorem
3.1, when preferences are possibly non-ordered (Assumption C,,) they are assumed to
satisfy a convex property. We provide hereafter an example of a production economy
satisfying all assumptions of Theorem 3.1, except the convex property, and for which
no quasi-equilibrium exists. This shows that the “convexifying effect of aggregation”
is no longer valid for production economies with non-transitive preferences.

Counterexample 3.1. We consider the following private ownership economy, with two
commodities and one producer £ = (T, L(T), \), (R?,R?) , (X, P,e), (Y,0)), where the
continuum 7' is the unit interval equipped with Lebesgue measure. The production
set is Y := —R2. For each a € T, the consumption set is X (a) := R%, the initial
endowment is e(a) := (1,1), the share is 6(a) = 1 and the preferred sets are defined
for all z € RZ by Pu(z) := {o/ € R | 2} > 21 or b > x2}. The economy &
satisfies Assumptions M, P, S, B, LNS, FD and C,, without the convex property. But
€ has no Walrasian quasi-equilibrium. Indeed, for each positive price p € Ly \ {0},
we define the demand set D(p) := {z € B(p) | P(x) N B(p) = 0}, where B(p) := {z €
R%(r |)p (gc@) < p((1,1))} is the budget set. We then easily check that for all p € L1\ {0},
D(p) = 0.

We provide hereafter two examples of production economies for which Theorem 3.1
applies but which are not covered by the existence results of Auman [3], Schmeidler
[24] and Hildenbrand [15].

Ezxample 3.1. We consider an economy with two goods, i.e., L = L* = R2, one pro-
ducer and the unit interval endowed with the Lebesgue measure ([0, 1], £[0,1], )
as the measure set of agents. The production set correspondance Y is defined for
all @ € [0,1] by Y(a) = {(y1,92) € R? | max(y1,y2) < 1}. For each agent
a € [0,1], the intial endowment is e(a) := (2 — a,2 — a), the consumption set is
X(a) = {(z1,72) € R? | min(z1,22) > 0}, and the preference correspondance P is
defined for all z = (z1,22) € X(a) by P,(z) := {2’ € X | (1, az3),2’ —z) > 0}.

The economy € = (([0,1], £[0,1],A), (R*,R?), X,Y, P, e) satisfies the assumption
of Theorem 3.1. But for each agent, the preference relation is not transitive, hence
the existence of a Walrasian equilibrium for £ is not covered by the existence results
of Auman [3], Schmeidler [24] and Hildenbrand [15].

Ezample 3.2. We consider an economy with two goods, i.e., L = L* = R2, one pro-
ducer and the unit interval endowed with the Lebesgue measure ([0, 1], £[0,1],\) as
the measure set of agents. The production set correspondance Y is defined for all
a € [0,1], by Y(a) := {(y1,y2) € R? | max(yi,y2) < 1}. Let a € [0,1] be an
agent. The intial endowment is e(a) := (2 —a,2 —a). For each a < A < 1, we
let Ay := [(A\,0); (1, D]UI0,A); (1, )]\ {(1,1)} and for each 1 < A < +oo, we let
By :=[(A,0); (A, M)]UI0, A); (A, A)]. The consumption set of agent a € [0, 1] is defined
by X(a) := U,cre1 AxUU1<ac r00 B Now we define the preference correspondance
P,, by for all z € X(a),

Pu(a) = Unen <1 A UlUicncpoo By \{(L D} I 2 € Ay
Usoxresoe By it xeB.

The economy £ = (([0, 1], £[0, 1], A), <R2,R2> ,X,Y, P, e) satisfies the assumption of
Theorem 3.1. But for each agent, the preference relation is not negatively transitive,
nor monotone, and the consumption sets are not convex, hence the existence of a
Walrasian equilibrium for £ is not covered by the existence results of Auman [3],
Schmeidler [24] and Hildenbrand [15].
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3.6. Existence of equilibria for economies with monotone preferences.

Assumption (MON). [Monotonicity] For each agent a € A, the consumption set
X (a) is convex comprehensive® and preferences are strictly monotone, that is, for each
bundle z € X(a), for allm >0, x4+ m € co P,(x).

Assumption (E). [Endowments] There exists (u,?) € Y5 x X5 such that w + @ —
v > 0.

Remark 3.8. This assumption means that no commodity is totally absent from the
market. In Aumann [3], it is supposed that w > 0. The Assumption E generalizes
this assumption since in [3] the aggregate consumption set Xy coincide with Ly and
the production sector is trivial.

In order to prove that a quasi-equilibrium of £ is in fact an equilibrium, the economy
will be required to satisfy the following assumption.

Assumption (Ss). For almost every agent a € A, one of the two following properties
holds.
(i) There exists 1°(a) € X (a) and y°(a) € Y (a) such that e(a)+y°(a)—2°(a) € Ly
and X (a) is star-shaped at 2°(a).
(ii) {e(a)} +Y(a) = X(a) C —L.

Remark 3.9. Survival Assumption S ensures that 0 € {e(a)} + Y (a) — X (a). Assump-
tion Ss(i) means that 0 is not the smallest non-negative vector in {e(a)} +Y (a) — X (a).
Assumption Ss will play the same role as Assumption SS introduced in the free-disposal
on production framework, but SS is stronger than Ss. Indeed when preferences are
strictly monotone, we prove the existence of a quasi-equilibrium with a price p* > 0.
This extra information allows us to lighten the Strong Survival Assumption SS.

Remark 3.10. In the framework of Aumann [3], the production sector is trivial, that
is, for all @ € A, Y(a) = 0 and consumption sets coincide with the positive cone,
that is, X(a) = L. It follows that Assumption Ss is automatically valid. Indeed,
Assumption S ensures that for almost every a € A, e(a) € X(a) = Ly. If e(a) is not
zero, then Ss(i) is valid and if e(a) = 0, then it is Ss(ii) that is valid.

We present now, as a corollary of Theorem 3.1, a Walrasian equilibrium existence
result for production economies with strictly monotone preferences.

Corollary 3.1. If an economy satisfies Assumptions C, M, P, S, B, MON and E,
then a Walrasian quasi-equilibrium (z*,y*, p*) exists, with p* > 0. If moreover &
satisfies Ss then (z*,y*,p*) is a Walrasian equilibrium.

Remark 3.11. This equilibrium existence result improves Main Theorem in Aumann
[3] and Main Theorem in Schmeidler [24]. Indeed, Assumptions C, M, P, S, B, MON,
E and Ss of Corollary 3.1 are implied by those used in [3] and [24]. Moreover Corollary
3.1 deals with production economies and not only with pure exchange economies, and it
provides the existence of a Walrasian equilibrium without assuming that consumption
sets coincide with the positive cone.

Proof. Following Remark 3.1, to prove Corollary 3.1, it is sufficient to prove the existence
of a Walrasian quasi-equilibrium. Let £ be an economy satisfying Assumptions C, M,
P, S, B, MON and E. Once again we can suppose without any loss of generality that
for almost every a € A, Y(a) = Y(a). We propose to construct an auxiliary economy
&’ close to € and satisfying Assumption FD, in order to apply Theorem 3.1. We let
E = (A, A, 1), (L*, Ly, (X',Y', P',¢')) be the production economy with the measure
space of agents A’ = AU {0}, the o-algebra A’ = AU {B U {cx} | B € A}, the

9That is X(a) + L4 C X(a).
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measure ' defined by /|4 = p, and for each B € A, /(B U {0}) = p(B) + 1.
The consumption sets correspondence X’ is defined by X’'|4 = X and X'(c0) = L.
The preference correspondence P’ is defined by P'|4 = P and P'(c0) = {(x,y) €
L% |y —x € int Ly }'°. The production sets correspondence Y is defined by Y'|4 =Y
and Y’(c0) = —ILy. The initial endowment function ¢’ is defined by €’|4 = e and
€'(00) = 0. It is straightforward to verify that £’ satisfies Assumptions C, M, P, S, B, FD

and LNS. Applying Theorem 3.1, there exists a Walrasian quasi-equilibrium (z*, y*, p*)
E’. Now we easily check that (z*|x,y*|y,p*) is a quasi-equilibrium of &.

Os

4. DISCRETIZATION OF MEASURABLE CORRESPONDENCES

4.1. Notations and definitions. We consider (A, A, 1) a finite measure space and
(D, d) a separable metric space. We recall that a function f: A — D is measurable if
for all open subset V C D, f~1(V):={a€ A| f(a) € V} € A, and a correspondence
F : A — D is measurable if for all open subset V.C D, F~(V):={a € A| F(a)NV #
0} e A

Definition 4.1. A partition o = (4;);er of A is a measurable partition if for all i € I,
the set A; is non-empty and belongs to A. A finite subset A% of A is subordinated to

the partition o if there exists a family (a;)ier € [[;c; Ai such that A7 = {a; [ i € I}.

4.1.1. Simple functions subordinated to a measurable partition. Given a couple (o, A7)
where 0 = (A;);er is a measurable partition of A, and A7 = {a; | i € I'} is a finite set
subordinated to o, we consider ¢(o, A7) the application which maps each measurable
function f to a simple measurable function ¢(o, A?)(f), defined by

¢, A7) (f) ==Y flai)xa, ,
i€l
where x4, is the characteristic!? function associated to A;. Note that the sum is well
defined since there exists at most one non zero factor.

4.1.2. Simple correspondences subordinated to a measurable partition. Given a couple
(0,A%) where 0 = (4;)ics is a measurable partition of A, and A7 = {a; | i € I}
is a finite set subordinated to o, we consider ¥ (o, A?), the application which maps
each measurable correspondence F' : A — D to a simple measurable correspondence
(o, A7) (F), defined by

V(o A)F) =) Flai)xa,-
i€l
Remark 4.1. If f is a function from A to D, let {f} be the correspondence from A
into D, defined for all a € A by {f}(a) := {f(a)}. We check that (o, A%)({f}) =
{o(0, A7)(f)}-

4.1.3. Hyperspace.

Definition 4.2. The space of all non-empty subsets of D is noted P*(D). We let 1y,
be the Wijsman topology on P*(D), that is the weak topology on P*(D) generated
by the family of distance functions (d(z,.))zep- If V. C D is a subset of D, we note
V- ={Z cD|ZnV # 0}, and we note £(D) the Effrés o-algebra, that is the
o-algebra generated by all sets V', where V' is open.

Hess proved in [13] that, restricted to the set of non-empty closed subsets of D, the
Effros o-algebra £(D) and the Borel o-algebra B(P*(D), Ty, ) relative to the Wijsman
topology coincide. In fact this result is still true if we do not restrict to closed subsets.

0Following Assumption E, the positive cone L4 has an interior point.
HThat is, for all @ € A, x4,(a) = 1if a € A; and x4, (a) = 0 elsewhere.



MEASURE SPACE OF AGENTS AND NON-ORDERED PREFERENCES 9

Theorem 4.1 (Hess).
E(D) = B(P*(D), mw,).

Proof. If z € D, > 0 and Z C D, then we note B(z,a) = {z € D | d(z,z) < a} and
8:(Z) :=d(x,Z). We easily check that §;1([0,a[) = [B(z,a)]”. It follows that (we do
not make use of separability) B(P*(D),mw,) C E(D). Since D is separable, each open
set in D is a countable union of open balls. It follows that £(D) c B(P*(D),mw,). O

Remark 4.2. A direct corollary of Theorem 4.1 is that a correspondence F' from A
into D is measurable if and only if for all z € D, the real valued function d(z, F(.)) is
measurable.

Definition 4.3. The Hausdorft semi-metric Hy on P*(D) is defined for all (A, B) €
P*(D) by Hy(A, B) := sup{|d(z,A) —d(xz,B)| | # € D}. A subset C of D is the
Hausdorff limit of a sequence (Cp,)nen of subsets of D, if lim,_, Haq(Cp,C) = 0.

4.2. Approximation of measurable real valued functions. We propose to prove
that for a countable set of measurable real valued functions, there exists a sequence
of measurable partitions approrimating each function in the following sense.

Theorem 4.2. Let F be a countable set of measurable real valued functions. There
exists a sequence (0™ )nen of finer and finer measurable partitions o™ = (Al);ern of
A, satisfying the following properties.

(1) Let (A™)nen be a sequence of finite sets A™ subordinated to the measurable
partition o™ and let f € F. For oll n € N, we define the simple function
fri= (o™ A™)(f) subordinated to f.

1. The function f is the pointwise limit of the sequence (f™)nen-
2. If f(A) is bounded then f is the uniform limit of the sequence (f™)nen-

(ii) If G C F is a finite subset of integrable functions, then there exists a sequence
(A™)nen of finite sets A™ subordinated to the measurable partition o™, such that
for each f € G, limy_oo [, | " — fldu=0.

Proof. Let f : A — R, be a measurable function. We will construct a sequence of
measurable partitions depending on f. Let n € N, we pose K" = {0,...,22"}. We
define the measurable partition 7" (f) = (E} (f))kexn by

f_l([2%7%[) ika{O,,,,7227z_1}’

Ep(f) =
FHRM Ao0) if k=22,

Let F = {fn | n € N} be a countable set of real valued measurable functions. Now for
each n € N, we define F™ := {f; | 0 < k < n} and o™ as the following measurable
partition
o" = (AD)ier C (AP)ies = \/ [#"(f4) V" ()],
feFn

where I := {i € §™ | A # ()} and V is the natural supremum operator on partitions.

We begin to prove part (i) of Theorem 4.2, Let (A™),en be a sequence of finite sets
A™ subordinated to the measurable partition ¢”, let f € F and a € A. Following the
construction of ¢, we can suppose, without any loss of generality, that f = f,. For all
n large enough, f € F™ and f(a) < 2", and following the construction of the partition
o™, for all n large enough
1
27 ’
where i € I"™ is such that a € A?. It follows that lim,, .o f"(a) = f(a), and this limit is
uniform if f(A) is bounded.

Vb e AF [f(b) — fla)] <
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We now prove part (ii) of Theorem 4.2. Let G C F, be a finite set of integrable
functions. Once again, we can suppose that all functions in G are positive. We let
h = Zfeg f, this function defined from A to R, is integrable. For each n € N, for each
i€ I", AT is non-empty and we can choose a* € A7 such that h(al’) < 1+inf{h(b) | b €
AT}, We have constructed a sequence (A™),ecn of finite sets A := {al | i € I"},
subordinated to the measurable partition o™, such that for each f € G, for each n € N,
Va e A f"(a) <1+ h(a). Applying part (i) and the Lebesgue Dominated Convergence
Theorem, for all f € G, limy, .o [, |f" — fldpr = 0 and the theorem follows. O

4.3. Approximation of measurable correspondences. As a corollary of Theorem
4.2, we propose to prove that for a countable set of measurable correspondences, there
exists a sequence of measurable partitions approzrimating each correspondence in the
following sense.

Corollary 4.1. Let F be a countable set of measurable correspondences with non-
empty values from A into D. There exists a sequence (0™)nen of finer and finer
measurable partitions o™ = (A});ern of A, such that, if (A")nen is a sequence of
finite sets A™ subordinated to the measurable partition o™, if F' € F, then by defining
F,, as the simple correspondence F™ := (o™, A™)(F) subordinated to F, the following
properties are satisfied.

1. For all a € A, the set F(a) is the Wigsman limit of the sequence (F™(a))nen,

ie.,

Vae A Vee A lim d(z,F"(a)) =d(z, F(a)).

2. If D is d-bounded then for all x € D the real valued function d(x,F(.)) is the
uniform limit of the sequence (d(x, F"(.))),en-

3. If D is d-totally bounded"? then F is the uniform Hausdorff limit of the sequence
(Fn)nGN-

Remark 4.3. The property (al) implies in particular that, if (z™),cy is a sequence of
D, d-converging to x € D, then for all a € A, lim,,_,o d(2™, F"(a)) = d(z, F(a)). It
follows that if F' is non-empty closed valued, then property (1) implies that for all
a€ A, LsF"(a) C F(a).

Proof. If F': A — D is a correspondence, we consider the distance function associated
to F, dp : Ax D — R, defined by dp : (a,z) — d(z, F(a)). Let F' € F, following
Theorem 4.1, F is measurable if and only if, for all x € D, 6p(.,x) is measurable.
Since D is separable, there exist a sequence (2, )nen dense in D. We let, for each n € N,
68 == 0p (., ). Wedefine Fy = Upe {0 | n € N}. Note that, if F'is a correspondence
from A into D, then for all measurable partition o of A, for each subset A° subordinated
to o, and for all x € L, ¢(o, A%)(d(x, F(.)) = d(z,¢ (o, A7)(F)(.)). We then apply
Theorem 4.2 to the countable set Fy of measurable functions . Noting that, for each
a € A, for all FF € F, the functions dg(a,.) are 1-Lipschitz, we easily get the desired
result. O

5. PROOF OF THE MAIN THEOREM

5.1. Stronger existence results. We will prove in fact stronger existence results
than Theorem 3.1 and Corollary 3.1. Hereafter we present the Assumptions C’,,, C’p,
M’ and SS’ which are weaker than, respectively Assumptions C,,, C,, M and SS.

Assumption (C’,). For almost every agent a € A,

(i) the consumption set X (a) is closed and P, is lower semi-continuous'3,

12That is for each € > 0 there exists a finite subset {21, ,zn} C D such that the collection of
balls B(z;,e) = {z € D | d(z,z;) < €} covers D.
13That is for all open set V C L, {z € X(a) | Pa(z) NV # 0} is open in X(a).
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(ii) the preference relation P(a) is convez'*.

Remark 5.1. The properties required in Assumption C’,,, are the natural extension of
those required in the finite agent’s set-up to prove the existence of a quasi-equilibrium.

Assumption (C’,). For almost every agent a € A,
(i) the consumption set X (a) is closed and P, is lower semi-continuous,
(ii) if a belongs to the non-atomic part of (A, A, i) then P(a) C P(a) where P(a)
is an ordered binary relation on X (a) with open lower sections'® in X (a) and if
a belongs to an atom of (A, A, u) then the preference relation P(a) is convex.

Remark 5.2. Let a € A, following Sondermann [26], if P(a) is partially ordered and
continuous'® then there exists an upper semi-continuous function u, : X(a) — R
such that P(a) C {(z,y) € X(a) x X(a) | ua(r) < ua(y)}. The function u, defines an

ordered binary relation P(a) on X (a) with open lower sections such that P(a) C P(a).
It follows that Assumption C’, is weaker than C,.

Assumption (C?). Assumption C’, or Assumption C’, is satisfied.

Assumption (M’). The correspondences X and Y are graph measurable and the
correspondence of preferences P is lower semi-graph measurable, that is, for all graph
measurable correspondence V : A — 1L with open values,

{(a,z) € Gx | P,(z) NV (a) # 0} € A B(L).

Remark 5.3. Following Proposition A.6, Assumption M’ is weaker than Assumption
M.

Assumption (SS’). For almost every agent a € A, there ezists 2%(a) € X(a) and
y°(a) € Y(a) such that e(a) +y°(a) — 2°(a) € intLy, X(a) is radial at 2°(a) and for
all z € X(a), P,(z) is radial to z°(a)l7.

Remark 5.4. If X (a) is star-shaped about 2°(a) and P,(z) is open in X (a) then P,(x)
is radial to 2°(a).

Theorem 5.1. If an economy & satisfies Assumptions C°, M’, P, S, B, LNS and
FD, then a Walrasian quasi-equilibrium (x*,y*,p*) exits, with p* > 0. If moreover €
satisfies SS’ then (x*,y*,p*) is a Walrasian equilibrium of £.

Assumption (Ss’). For almost every agent a € A, one of the two following properties
holds.

(i) There exists 2°(a) € X (a) and y°(a) € Y (a) such that e(a)+y°(a)—2°(a) € L,
X (a) is star-shaped about 2°(a) and for all z € X (a), P,(z) is radial to z°(a).
(ii) {e(a)} +Y(a) — X(a) C —L;.

Corollary 5.1. If an economy satisfies Assumptions C°, M’, P, S, B, MON and FE,
then a Walrasian quasi-equilibrium (z*,y*, p*) exists, with p* > 0. If moreover &
satisfies Ss’ then (x*,y*,p*) is a Walrasian equilibrium.

5.2. Satiation equilibria. Hereafter, we introduce an auxiliary concept of quasi-
equilibria for an economy.

Definition 5.1. A satiation quasi-equilibrium of an economy & is an element
(z*,y*,p*) of SY(X) x S*(Y) x L* such that p* # 0 and satisfying the following
properties.

MWe recall that P, is convex if X (a) is convex and for all z € X (a), x & co Py(z).

15That is for all y € X(a), {z € X(a) | (z,y) € P(a)} is open in X (a).

16That is for all & € X (a), Ps(z) and Py '(z) are open in X (a).

I7A subset P of L is radial to 20 € X if for all y € P the segment [y, 2% + A(y — )] still lie in P
for some 0 < A < 1.
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(i) For a.e. a € A, if (z,y) € P,(z*(a)) x Y(a) then p* (z) = p* (y) + p* (e(a)).

(ii) [, 2" (a)du(a) = [, e(a)dpu(a) + [, y"(a)du(a).
Remark 5.5. When the condition (i) is replaced by the following condition

(i’) For ae. a € A, if (z,y) € Py(z*(a)) x Y(a) then p* (z) > p* (y) + p* (e(a)),
then (x*,y*,p*) is called a satiation equilibrium. Indeed, condition (i’) means that
either agent a € A is satiated, P, (z*(a)) = (0 or for all bundle z € X (a), if x is prefered
to 2*(a) then z is not in the bugdet set, p* () > p* (e(a)) + sup p* (Y (a)). Note that

the consumption bundle 2*(a) is not expected to lie in the budget set, however the
consumption plan z* has to be realizable.

If (a*,y*,p*) is a Walrasian quasi-equilibrium of an economy &, then (z*,y*, p*)
is clearly a satiation quasi-equilibrium of £. We provide in the following remark, a
suitable Local Non Satiation property on £ under which the converse is true.

Remark 5.6. A satiation quasi-equilibrium (z*, y*, p*) of an economy &, is a Walrasian
quasi-equilibrium, if we assume that, for almost every agent a € A, for all bundle
x € X(a), x € Co Py(x).

Following this remark, to prove Theorem 3.1, it is sufficient to prove the following
lemma.

Lemma 5.1. If £ is an economy satisfying Assumptions C’, M’, P, S, B and FD then
a satiation quasi-equilibrium (x*,y*, p*) exists, with p* > 0.

5.3. Existence of satiation equilibria for integrably bounded economies. As
an auxiliary result, we propose to first prove existence of a satiation equilibrium for
integrably bounded economies, that is economies satisfying the following assumption.

Assumption (IB). The consumption sets correspondence X and the production sets
correspondence Y are integrably boundedS.

This first step allows us to isolate the crucial aspect of the new approach, which
is the approximation of economies with a measure space of agents (measurable cor-
respondences) by a sequence of economies with a finite set of agents (resp. simple
correspondences). Moreover, the framework of integrably bounded economies allows
us to deal with both non-ordered but convex preferences and partially ordered but
non-convex preferences. This auxiliary result will be applied in the next subsection to
prove Lemma 5.1.

Lemma 5.2. If £ is an economy satisfying Assumptions C°, M’, P, S and IB, then a
satiation quasi-equilibrium exists.

Proof. Following Proposition A.7, we can suppose without any loss of generality that for
almost every a € A, Y(a) = Y(a) and e(a) = 0. Following Proposition A.2, the corre-
spondences X, Y are measurable and following Proposition A.1, there exist a sequence
(fx)ken of measurable selections of X and a sequence (gx)ren of measurable selections
of Y such that for all a € A, X(a) = cl{fx(a) | k € N} and Y(a) = cl{gx(a) | k € N}.
We let for all (k,q) € N?, Ry ,(a) := {z € X(a) | P.(z) N B(fx(a),ry) = 0}, where
rq =1/(¢+ 1) and B(fx(a),r,) is the open ball centered in f(a) and of radius r4. For
all (k,q) € N?, Ry, is graph measurable with closed values, following Proposition A.1 it
is then measurable.
Note that for almost every agent a € A, for all z € L,

[d(z,X(a)) =0z € X(a)] and [d(z,Y(a))=0<z€Y(a)],

18That is, there exists an integrable function h : A — Ry such that for almost every a € A, for
all (z,y) € X(a) x Y(a), max{|lz|, llyll} <h(a).
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and if x € X(a),
d(z, Ry 4(a)) > 0 <= P,(z) N B(fr(a),ry) # 0.

Following Assumption IB, there exists an integrable function h : A — R, such that for
almost every a € A, for all (z,y) € X(a) x Y(a), max{||z|,|lyll} < h(a). Applying
Theorem 4.2 and Corollary 4.1, there exists a sequence (0™),en of measurable partitions
0" = (A});esn of (A, A), and a sequence (A™),en of finite sets A™ = {al’ | ¢ € S}
subordinated to the measurable partition ¢, satisfying the following properties.

Fact 5.1. For all a € A,
(i) for all n € N, h™(a) < 1+ h(a) and for all k € N

Tim (f7 (@), 67(@)) = (fela). 94 a))
(ii) for all sequence (z™),en of L converging to z € L,
lim d(a", X" (@) = (e, X(a) . lim_d(z",¥Y"(@)) = d(z,Y (@)

and
V(k,q) € N> lim d(2", k.q(a)) = d(z, Ry 4(a)).

We construct now a sequence of economies with a finite set of consumers. We dis-
tinguish two cases. In the first case (Claim 5.1) preferences are possibly non-ordered but
convex, in the second case (Claim 5.2) preferences are ordered but possibly non-convex.

Claim 5.1. If £ satisfies C,,, then a satiation quasi-equilibrium exists.

Proof. Foralln € N, we let I"™ := {i € S™ | u(A) # 0} be the finite set of consumers of
the following finite economy " = ((L*, L), (X", Y;", P/*);cn). The consumption set of
the consumer i € I"™ is given'® by X := ;(A?) X (a?) and the production set is given by
Y = p(A?)Y (al). Preferences are defined by the relation P* := p(A?)P(al). For all
n € N, the economy E™ satisfies the assumptions of Theorem 2.1.1 in Oiko Nomia [21].
It follows that, for all n € N, there exists

(@icrns (Wier o) € ] X0 [ vr L
ieln ieln
satisfying [[p"|| = 1, > ;cn @ = > icn ¥t and for all i € I, if (z,y) € PP (a}) x Y
then p" (z —y) > 0. Let, for all n € N,

"= Z :ilﬂ)XA? and y" = Z

el M( g el

Y; Yar
p(AR) =

For each n € N, we have defined integrable selections 2 € S'(X™) and y" € SY(Y")
satisfying2’

1) [ a"@auta) = [ 3 @dnt).

(2) Vae |J A' (y) € PP (a"(a) x Y"(a) = p" (z) = p" (y).

ieln
Following (i) of Fact 5.1, the sequences (z™),en and (y™)nen are integrably bounded.
Applying Theorem A.1 there exist integrable functions z*,y* : A — L, such that
Jyxrdp =lim, o [, 2"dp and [, y*dp = lim, . [, y"dp. Moreover, for a.e. a € A,
z*(a) € Ls{z"(a)} and y*(a) € Ls{y"(a)}. Since, for all n € N, ||p"|| = 1, there exists
a subsequence of (p™),en converging to p*, with ||p*|| = 1.

19The consumer a7 represents the coalition A7.
20Following the notations of Section A, P" := (o™, A™)(P), that is, for all a € A, P"(a) =
P(al"), where i € I™ is such that a € AP,
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We propose to prove that (z*,p*) is a satiation quasi-equilibrium of £. We let Ay :=
Unen Uiegn\m A7+ then we easily check that pi(Ag) = 0. Let now A’ be a subset
of A\ Ao with pu(A\ A’) = 0 and such that all almost every where assumptions and
properties are satisfied for all a € A’

To prove condition (ii) of Definition 5.1, it is sufficient to prove that (z*,y*) €
SY(X) x S*(Y). First let us prove that, for all a € A’, 2*(a) € X(a). Let a € A’,
by construction, we have that for every n € N, 2™(a) € X™(a), and thus, for every
n €N, d(z"(a), X"(a)) = 0. Since z*(a) € Ls{z"(a)}, we apply Fact 5.1 to get that
d(z*(a), X (a)) = 0. We prove similarly that y* € S*(Y). In fact we proved that for
almost every a € A, Ls (X" (a)) C X(a) and Ls (Y™ (a)) C Y(a).

We will now prove that (x*, p*) satisfies condition (i) of Definition 5.1. Let a € A" and
(z,y) € Py(z*(a)) x Y(a). Since Y(a) = cl{gx(a) | k € N}, there exist a subsequence
(9y (k) (@))ren converging to y. To prove that p* (z) > p* (y), it is sufficient to prove that
for all k and g large enough, there exists®! z € B(x, 2ry) such that p* (2) = p* (gy k) (a)).
Let j € ¥(N) and ¢ € N. Since X(a) = cl{fr(a) | k € N} there exists k € N such that
fr(a) € B(z,ry). In particular z € B(f(a),ry) N Pa(z*(a)) and d(z*(a), Rk q(a)) >
0. Applying Fact 5.1, for all n large enough, d(z"(a), R} ,(a)) > 0. It follows that
there exists 2" € P}'(z™(a)) N B(fi(a),rq). Thus, applying (2), for all n large enough,
p*(z") = p" (g} (a)). Now the sequence (f/'(a))nen converges to fi(a), thus (z")nen
is bounded. Passing to a subsequence if necessary, (2™),en converges to z € L which
satisfies p* (z) = p* (gj(a)) and d(z, fx(a)) < r,, thatis, z € B(z,2r,). O

We consider now the case of ordered but possibly non-convex preferences.
Claim 5.2. If £ satisfies C,,, then a satiation quasi-equilibrium exists.

Proof. The purely atomic part of A is noted AP* and the non-atomic part of A is noted
A™ . Under Assumption C',, for almost every a € A™?, there exists an ordered binary
relation P(a) on X (a) such that P(a) C P(a). We let, for every a € AP*, P(a) := P(a).
We define the correspondence R from A into L x L by, for almost every a € A, R(a) =
{(.2") € X(a) x X(a) | (', ) & P(a)}.

In order to use the same [imit argument as Claim 5.1, we define preferences satisfying
the convex property. This construction is borrowed from Hildenbrand [16]. We let, for
each a € A, X(a) := co X(a) and we define P : A — IL x L by, for almost every a € A4,

P(a) == {(z,2") € X(a) x X(a) | 2’ € X(a) and z & coR,(z")}.

Note that for all a € AP, X(a) = X(a) and P(a) = P(a). For almost every a € A",
the preferences P(a) have open lower sections, it follows that for almost every a € A™*,
for each y € X(a), P, '(y) is open in X(a). Moreover, the binary relation R(a) is a

complete pre-order on X (a). We check then, that for almost every a € A, P(a) satisfies
the following convex property,

Vo e X(a) = ¢ coP,(x).

We are now ready to construct the sequence of economies with a finite set of consumers.
For all n € N, we note £™ the following finite economy £™ = ((L*,L) , (X", Y™, P™)icin)
where I™ := {i € S™ | u(A}) # 0} is the finite set of consumers. The consumption set
of the consumer i € I" is given by X := u(A?)X (a) and the production set is given
by V" := u(A?)[Y (a?) + (1/n)B], where B is the closed unit ball in L. Preferences
are defined by the binary relation P! := pu(A?)P(a?). For all n € N, the economy £

satisfies the assumptions of Theorem 2.1.1 in Oiko Nomia [21]. It follows that, for all

21For each y € L and r > 0, we let B(y,r) = {z € L | d(z,y) <7}
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n € N, there exists
(@Piern, WPier,p™) € T X7 = J] v <L~
ieln icln
satisfying [[p"|| = 1, > ;cn @) = > icn ¥t and for all i € I, if (z,y) € P (a}) x Y
then p" (x —y) = 0. For all n €N, for all i € I", there exists {! € B such that
Y — (w(A7)/n)§! € p(A7)Y (aft). Foralln € N, we let £ := 3", 1. u(A?)E € u(A)B

and
yi 1
and y":= Z (Zn — 51") XA
lEI"’ ieln M(AZ ) "
For each n € N, we have defined integrable selections ™ € S'(X") and y" € S1(Y™")
satisfying

(3) /A ™ (a)dpu(a) = /A y"(a)dp(a) + (1/n)En

and for all a € |J

zGI“ !
(4) (0,2) € Pa(@) x (V*(0) + (UnB) = 57 () 3 77 (2).
Since, for all n € N, ||p™|| = 1, there exists a subsequence of (p™),en converging to p*,
with [|p*|| = 1. For all a € A, WeletB()—{xeX( ) | p*(x) < supp* (Y(a))}

and B(a) = {x € X(a) | p* (z) < supp* (Y (a))}. We define the correspondences D,
G and H by, for all a € A, D(a) := {x € B(a) | P,(z) N B(a) = 0}, G(a) := {z €
X(a) | P,(z)NB(a) =0} and H(a) := {z € X(a) | P,(z)NG(a) = 0}. When replacing
X by X and P by P, we define G. Moreover, for each n € N, when replacing X by X",
P by P*, Y by Y™ and p* by p"™, we define B"(a), 8"(a), D™(a), G™(a). Similarly when
replacing P" by P", we define D" and G™. We define G™ when X™ is replaced by X
and P" by P, We assert that for all n € N,

(5) Va e A" G"(a) C co|G™(a)] C co[G"(a)]

and for all a € AP%, G"(a) = G"(a) = G™(a). Indeed, if a € AP* then P"(a) = P"(a)
and the result follows. Now let a € A" and 2 € G™(a). The set X"(a) is compact, the
strict-preference relation P™(a) is irreflexive, transitive with open lower sections. Hence,
following a classical maximal argument, the set D" (a) is non-empty. Let Z € D"(a), then
i € B"(a), and since = € G"(a), we have that (z,%) ¢ P"(a), that is, z € co R”(Z).
Since R”( ) is transitive and complete and Z € ﬁ”(a), it is straightforward to verify that
R™(%) € G™(a) C G™(a), and thus z € co [G"(a)).

Since (z",p") satisfies (4), it follows22 that for almost every a € A, " (a) € G™(a) C
coG™(a). Following (i) of Fact 5.1, the sequences (2™),en and (y™)nen are integrably
bounded. Applying Theorem A.1, there exist integrable functions z*,y* : A — L, such
that [, 2*dp = lim, . [, x"dp and [, y*dp = lim,_o [, y™dp. Moreover for a.e.
a € A, z*(a) € Ls{z"(a)} and y*(a) € Ls{y"(a)}. Following almost verbatim the
arguments of Claim 5.1, we prove that (z* y*) lies in € S'(X) x S'(Y). Moreover,
with (3) we get that [, 2*du = [, y*du. Once again, following verbatim the arguments
of Claim 5.2, we prove that for almost every a € A, Ls(H"(a)) C H(a). Applying
Carathéodory Convexity Theorem, for almost every a € A,

Ls (co (H™(a))) C coLs (H"(a)) C co H(a).

It follows?3 that for a.e. a € A, if a € A" then 2*(a) € co H(a), and if a € AP? then
x*(a) € H(a). The correspondence 3 is graph measurable with open values (in X (a)), it

22This is the reason why we introduce the unit ball B in the definition of Y.
23Note that for a.e. agent a € A, z™(a) € co G™(a) C co H™(a).
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follows from Assumption M’ that the correspondence H is graph measurable. We apply
now the Lyapunov Theorem,

/A y e / L colH@ldn(@) + [ H(a)du(a) = /A H(a)du(a).

That is, there exists € S'(X) such that for almost every agent a € A, Z(a) € H(a) and
fA Z € Yy. It follows that (Z,p*) is a satiation quasi-equilibrium of the economy £&. [

The end of the proof of Lemma 5.2 is a direct consequence of Claims 5.1 and 5.2. O

5.4. Proof of Lemma 5.1. Let £ be an economy satisfying Assumptions C, M, P,
S, B and FD. In order to apply Lemma 5.2, we are led to truncate economies such
that consumption and production sets correspondences are integrably bounded.

Claim 5.3. There exists 7 € S'(X) and § € S'(Y) such that for a.e. a € A, Z(a) =
e(a) +y(a).

Proof. We let F' : A — L be the correspondence defined for all @ € A by F(a) :=
X(a) N ({e(a)} +Y(a)). The correspondence F is graph measurable with non-empty
and closed values. Thus, applying Proposition A.1, there exist T € S(X) a measurable
selection of X and § € S(Y) a measurable selection of Y such that Z(a) = gy(a). We
propose to prove that both functions Z and § are integrable. Since Yy, is non-empty, there
exists y € S*(Y). For each n € N, we let A" := {a € A | ||5(a)|| < n} and we let the
function 3™ : A — L defined by y"(a) := g(a) if a € A", and y"(a) = y(a) elsewhere.
The function y™ is an integrable selection of Y, that is, y" € Sl(Y). For each n € N, we
let " := [, y"(a)dp(a) and we check that

u" € Ye N <{/41nf(m(a),y(a))du(a)} + IL+> .

Following Assumption B, A(Ys) N L4 = {0} and it follows that the sequence (u")nen
is bounded. We can suppose (extracting a subsequence if necessary) that (u™),en is
convergent to u* € Yx. Applying Theorem A.2, there exists an integrable function g :
A — L, such that [, §du < u* and for ae. a € A, g(a) € Ls{y"(a)}. Since for a.e.
a € A, the sequence (y"(a))nen converges to g(a), it follows that § = 7. O

We are now ready to construct a sequence of bounded economies. For each n € N,
we let €™ be the economy £ := ((4, A, u), (L*, L), (X™ Y™ P" e)), where for all
a €A X"a) = X(a)NKz(a,n), Y"(a) := Y(a) N Ky(a,n) and P"(a) := P(a)N
(X™(a)xX"(a)) with K, (a,n) := {z € L | ||z|| < max(]|z(a)||,n)}, for each integrable
function z : A — L.

For each n € N, £" satisfies Assumptions C’, M’, P, S and IB of Lemma 5.2. It
follows that for each n € N, there exists (2", p") € S'(X) xL* with ||p”| = 1 satisfying
v" = [, 2" € Xy N({w}+Yx) and such that there exists A" C A with u(A\ A™) =0,
with for all ¢ € A",

(6) (z,y) € By (z"(a)) x Y"(a) = p" (z) = p" (e(a)) +p" (y) .-

We can thus suppose (extracting a subsequence if necessary) that (p™),en converges
to p* € L* with ||p*|| = 1. Applying Assumption B, we can (extracting a subsequence
if necessary) as well assume that the sequence (v™),en converges to v* € {w} +
Yy. Applying Theorem A.2, there exists an integrable function z* : A — L, such
that [, 2*dy < v* and 2*(a) € Ls{z"(a)}. Since for a.e. a € A, X(a) is closed,
we have that z* € S'(X), and thus [y —w € Yy — L. Now two cases may
occur, production sets are free-disposal (Assumption FD (a)) or preferences are weakly
monotone (Assumption FD (b)). We deal with the first situation since the proof of
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the other one is similar and classic. Assume thus that the total production set is
free-disposal, that is, —LL, C A(Ysy). It follows that there exists y* € S*(Y) such that

/a:*:w+/y*.
A A

We propose to prove that (z*,y*,p*) is a satiation quasi-equilibrium of £. Condition
(ii) of Definition 5.1 is already proved. We will now prove condition (i), that is, for
almost every a € A,

(z,y) € Pa(a"(a)) x Y(a) = p* (z) = p (e(a)) +p" () -

)
Let a € A\ (UpenA™) be such that P,(z*(a)) # 0 and let (z,y) € Py(z*(a)) x Y(a).
For all n large enough, z*(a) € X"(a) and (x,y) € P?(z*(a)) X Y™(a). We may
assume (extracting a subsequence if necessary) that (z™(a)),en converges to z*(a).
Since P, is lower semi-continuous, applying (6) we get that p* (x) > p* (e(a)) +p* (v).

APPENDIX A. MEASURABILITY AND INTEGRATION OF CORRESPONDENCES
We consider (A, A, u) a measure space and (D, d) a complete separable metric space.

A.1. Measurability of correspondences. A correspondence (or a multifunction) F': A —
D is measurable if for all open set G C D, F~(G) ={a € A| F(a)NG # 0} € A. The
correspondence F' is said to be graph measurable if {(a,z) € Ax D |z € F(a)} € AQ B(D).
A function f : A — D is a measurable selection of F if f is measurable and if, for almost
every a € A, f(a) € F(a). The set of measurable selections of F' is noted S(F).

Following Castaing and Valadier [8] and Himmelberg [17], we recall the two following
classical characterizations of measurable correspondences.

Proposition A.1. Consider F' : A — D a correspondence with non-empty closed values.
The following properties are equivalent.

(i) The correspondence F is measurable.
(ii) There exists a sequence (fn)nen of measurable selections of F' such that for alla € A,
F(a) = cl{fn(a) | n € N}.

(iii) For each x € D, the function 0p(.,x) : a — d(z, F(a)) is measurable.

Proposition A.2. Consider F': A - D a correspondence.

(i) If F has non-empty closed values then the measurability of F implies the graph mea-
surability of F.

(ii) If (A, A, u) is complete then the graph measurability of F implies the measurability
of F.

(iii) If F has non-empty closed values and (A, A, n) is complete then measurability and
graph measurability of F' are equivalent.

Following Aumann [4], graph measurable correspondences (that are not supposed to have
closed values) have measurable selections.

Proposition A.3. Consider F' a graph measurable correspondence from A into D with non-
empty values. If (A, A, ) is complete then there exists a sequence (zn)nen of measurable
selections of F, such that for all a € A, (zn(a))nen is dense in F(a).

A.2. Measurability of preferences. Let P be a correspondence from A into D x D. For
each function x : A — D the upper section relatively to x is noted P, : A — D and is defined
by a— {y € D | (z(a),y) € P(a)}. For each function y : A — D the lower section relatively
to y is noted PY : A — D and is defined by a — {x € D | (z,y(a)) € P(a)}.

Let X : A — D be a correspondence. A correspondence of preferences in X is a
correspondence P from A into D x D satisfying for all a € A, P(a) C X(a) x X(a).
For each a € A, we note P, the correspondence®* from X(a) into X(a) defined by
z — {y € X(a) | (z,y) € P(a)}. For each y € X(a) the lower inverse image of y by P,

24Remark that the graph of P, and P(a) coincide.
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is noted Py '(y) = {x € X(a) | y € Pa(2)}. The correspondence of preferences P is graph
measurable if

{(a,z,y) € Ax D x D|(z,y) € P(a)} € A® B(D) ® B(D).
The correspondence of preferences P in X is Aumann measurable if
V(z,y) € S(X) x S(X) {a€ Al (z(a),y(a)) € P(a)} € A.

The correspondence of preferences P in X is lower graph measurable if for all measurable
selection y of X, the correspondence PY is graph measurable, that is

Vy € S(X) Gpv={(a,z) € Ax D | (z,y(a)) € P(a)} € A® B(D).

The correspondence of preferences P in X is upper graph measurable if for all measurable
selection x of X, the correspondence P, is graph measurable, that is

Vz e S(X) Gp, ={(a,y) € Ax D | (z(a),y) € P(a)} € A® B(D).
We propose to compare these three concepts of measurability of preferences.

Proposition A.4. Let P be a correspondence of preferences in X. We suppose that (A, A, 1)
is complete and that X has a measurable graph. Then the graph measurability of P implies
the lower and upper graph measurability of P, and lower or upper graph measurability of P
implies the Aumann measurability of P.

Proof. This is a direct consequence of Projection Theorem in Castaing and Valadier [8]. O
Under additional assumptions, the converse is true.

Proposition A.5. Let P be a correspondence of preferences in X. We suppose that (A, A, u)
is complete and that X has a measurable graph. Moreover, we suppose that for a.e. a € A,
X (a) is a closed connected subset of D, P(a) is an irreflexive and transitive binary relation
on X(a) and for each x € X(a), Pa(z) and P, '(z) are open in X(a). If one of the two
following properties holds,

1. for a.e. a € A, X(a) = (Ry)® where®® D =R and P(a) is strictly monotone °,

2. for a.e. a € A, P(a) is negatively transitive,

then the Aumann measurability of P implies the upper and lower graph measurability of P,
and the lower and upper graph measurability of P implies the graph measurability of P.

Remark A.1. In Aumann [3] and Schmeidler [24], property 1 is satisfied. In Hildenbrand
[15], for all a € A, P(a) is ordered and then property 2 is satisfied.

Proof. Suppose that P is Aumann measurable. We distinguish two cases. Under Property 1,
(Q4)" is dense in X (a) for all a € A, hence if (x,y) € P(a) then there exists 7 € (Q+)* such
that (z,7) € P(a) and r < y. It follows that, if z € S(X) is a measurable selection of X, then
Gp, = Ure@i G1(r)NGa(r) € Ax B(RY), where G1(r) := {(a € A | (z(a),r) € P(a)} x (Ry)*

x

and Go(r) := A x {y € D | r < y}. Similarly we can prove that Gp= € A x B(R").

Under Property 2, to prove that P is both upper and lower graph measurable, we can follow
almost verbatim the proof of Lemma in Appendix in Podczeck [22]. The graph of X is measurable,
then Proposition A.2 implies that X has a Castaing representation, that is there exists a sequence
(hi)ien of measurable selections of X, such that for all a € A, X(a) = cl{hi(a) | i € N}.
Now suppose that a measurable selection z € S(X) has been given. Consider any a € A and
let y € X(a). If (z(a),y) € P(a), then following Debreu [11], there exists i € N such that
(z(a),hi(a)) € P(a) and (hi(a),y) € P(a). By the continuity of P(a), for each n € N, there
exists j € N such that d(y, hj(a)) < 1/n and (hi(a), hj(a)) € P(a). Conversely, if for some
1 €N, (z(a), hi(a)) € P(a) and for each n € N, there exists j € N such that d(y, h;(a)) < 1/n
and (hi(a), hj(a)) € P(a), then y € cl Py(hi(a)) C Pa(z(a)). It follows that

Gp, =Gx N U m U [(A(3,J) x D)NGj]

i€ENneNjeN

25For some integer £ € N.
26That is for all z € X (a), for all m € (R4+)¢, z +m € Py(x) U {z}.
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where A(i,j) = {a € A | (z(a),hi(a)) € Pla)} N{a € A | (hi(a),h;(a)) € P(a)} and
G, :={(a,y) € AxD | d(a,hj(a)) < 1/n}. Since P is Aumann measurable, for each (i, j) € N?,
A(i, j) € A. Finally following [8] or [17], for each (j,n) € N?, {(a,y) € A x D | d(a,h;j(a)) <
1/n} € A x B(D), and P is upper graph measurable. Similarly we prove that P is lower graph
measurable.

Suppose now that P is both upper and lower graph measurable. Let (a,z,y) € Gp, that
is (z,y) € P(a). We distinguish two cases. Under property 2 there exists ¢ € N such that
(z,hi(a)) € P(a) and (hi(a),y) € P(a). Since P(a) is transitive, the converse is true, and Gp
coincide with

U {(a,m,y) € AxDxD|(azx)€Gpr, and (a,y)€ Gphi}.
ieN
It follows that P is graph measurable.
Under property 1 there exists r € (Q )¢ such that (z,7) € P(a) and r < y. Since preferences
are monotone the converse is true and

Gp = U GprN{(a,z,y) € Ax R xR" | r < y}.
re(Q4)e

It follows that P is graph measurable. (I

We recall that the correspondence P, is lower semi-continous if for all open set V' C D,
{z € X(a) | P.(z) NV # 0} is open in X(a).

We introduce a notion of measurability of preferences, close to the notion of lower semi-
continuity.

Definition A.1. The correspondence of preferences P in X is lower semi-graph measurable
if for all graph measurable correspondence V' : A — D with open values, the following set is
measurable

{(a,z) € Gx | Po(x) NV (a) # 0} € A x B(D).
We propose to compare this measurability notion with the other notions introduced before.

Proposition A.6. Let P be a correspondence of preferences in X. We suppose that (A, A, 1)
is complete and that X has a measurable graph.

(i) The graph measurability of P implies the lower semi-graph measurability of P.

(ii) If for a.e. a € A, for all x € X(a), Pa(x) is open in X (a), then the lower graph
measurability of P implies the lower semi-graph measurability of P.

(iii) Iffor a.e. a € A, for allz € X(a), Py(x) is closed in X (a), then the lower semi-graph
measurability of P implies the lower graph measurability of P.

Proof. The part (i) is a direct consequence of Projection Theorem in Castaing and Valadier [8].
Indeed, the set {(a,z) € Gx | P.(xz) NV (a) # 0} coincide with

m|Gp N{(a,z,y) € Ax D xD|yeV(a},

where 7: A X D X D — A x D is the projection (a,x,y) — (a,z).

Suppose now that P is lower graph measurable and that for a.e. a € A, forallz € X (a), Pa(z)
is open in X (a). Let (a,z) € Gx such that P,(z) NV (a) # 0. Following Proposition A.3, there
exists a sequence (z,)nen of measurable selections of X, such that for all a € A, (2,,(a))nen is
dense in X (a). The set P,(z)NV (a) is open in X (a), it follows that there exists n € N such that
zn(a) € Py(xz) NV (a). The converse is true and then the set {(a,z) € Gx | P.(z) NV (a) # 0}
coincide with

U [Gp=n N({a € A| zn(a) € V(a)} x D)].
neN
That is P is lower semi-graph measurable.

Suppose now that the correspondence P is lower semi-graph measurable and that for a.e.
a € A, for all z € X(a), Py(z) is closed in X(a). Let y € S(X) be a measurable selection of
X. Let (a,x) € Gpy, that'is, z € X(a) and y € Py(z). Let n € N, and consider V,(a) := {z €
D | d(z,y(a)) <1/(n+1)}. Then foralln € N, Py(z) NV, (a) # 0. Conversely, is for all n € N,
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P.(z) N Vi(a) # 0, then y(a) € cl Po(x). Since Py(z) is closed in X (a), then (a,z) € Gpy.
Thus
Gpy = ﬂ {(a,z) € Gx | Pa(z) N Vy(a) # 0}.
neN
And the correspondence P si lower graph measurable. O

A.3. Integration of correspondences. We suppose in this section that (4,4, u) is a fi-
nite complete measure space. If F': A — L is a correspondence from A to L, the set of
integrable selections of F is noted S*(F). We note Fx the following (possibly empty) set
Fs:= [, F(a)dp(a) :={veL |3z e S (F) v=[,z(a)du(a)}.

Proposition A.7. Consider F : A — L a graph measurable correspondence. If Fs is non-
empty, we let G : A — L the correspondence defined by

Vae A G(a):=cl[coF(a)+ A(Fy)].

If Fx. is non-empty, closed and convez then Gx = Fx and for all p € L*, if there exists an
integrable selection g* of G such that for a.e. a € A, p(g9*(a)) = supp(G(a)), then there
exists an integrable selection f* of F satisfying for a.e. a € A, p(f*(a)) = supp (F(a)) and

fAf* :ng*'

Proof. Since (A, A, ) is complete, following Proposition A.2, the correspondence F' is measur-
able. Following Rockafellar and Wets [23], the correspondence G is measurable with closed-values.
Once again applying Proposition A.2, G is graph measurable and Fx, C Gx. Moreover if p € L
then for all a € A, supp(G(a)) = supp (F(a)) + supp (A(Fx)). Note that, since A(Fx) is a
cone containing zero, sup p (A(Fx)) € {0, +o0}.

Suppose now that that Fx is non-empty, closed and convex, and suppose that there exists
v € Gy such that v € Fx. Since Fx is closed convex, by a separation argument there exists
p € L\ {0} such that p(v) > supp(Fx). It follows that supp (A(Fx)) = 0 and following
Theorem C in Hildenbrand [15],

supp (Fx) =/

supp (F(a)) du(a) = / supp (G(a)) du(a) = supp (Gss) .
A

JA
Thus p (v) > supp(Gx) and this contradicts the fact that v € Gs. The rest of the proof of
Proposition A.7 is a direct consequence of this result. O

We are now ready to present two versions of Fatou’s Lemma in several dimensions. The
first one is due to Artstein [1].

Theorem A.1. Let (fn)nen be a sequence of integrable functions from A to L, integrably
bounded and such that lim,_ o fA fn exists. Then there exists an integrable function f from
A to L such that

/ f=1lim [ fn and forae a€ A f(a)€ Ls{fn(a)}.
A n—oo A

The second one is due to Cornet and Topuzu [10]. This version of Fatou’s Lemma gener-
alizes a version of Schmeidler [25] to more general positive cones.

Theorem A.2. Let C C L be a pointed closed convex cone. We note > the partial order
induced®™ by C. Let (fu)nen be a sequence of integrable functions from A to L integrably
bounded from below 28 and such that limy,— o fA fn exists. Then there exists an integrable
function f from A to L such that

/fg lim [ f. and forae a€A f(a) € Ls{fn(a)}.
A A

n—oo

For related results we refer to Balder [5] and Balder and Hess [7].

2"For all (x,y) € L2, x >y whenever x —y € C.
28That is, there exists an integrable function g such that for each n € N, for almost every a € A,

fn(a) = g(a).
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