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4 Lqwurgxfwlrq
Vwdqgdug dxfwlrq wkhru| grhv qrw glvwlqjxlvk ehwzhhq wkh vhoohu ri wkh lwhp
ehlqj dxfwlrqhg r� dqg wkh dxfwlrqhhu1 Krzhyhu/ lw lv riwhq wkh fdvh wkdw
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wkhvh wzr djhqwv duh lqghhg wzr glvwlqfw lqglylgxdov1 Jryhuqphqw surfxuh0
phqw lv w|slfdoo| rujdql}hg e| d exuhdxfudw rq ehkdoi ri wkh jryhuqphqw1
Sulydwh �upv* surfxuhphqw ghflvlrqv duh pdgh e| �up r!fldov ehorqjlqj wr
wkh sxufkdvlqj ghsduwphqw dqg qrw e| jhqhudo pdqdjhuv1 Zkhq vhoolqj d
sduwlfxodu jrrg/ vxfk dv d krxvh/ fdu/ sdlqwlqj/ ru erwwoh ri zlqh/ lqglylgxdo
vhoohuv xvxdoo| gr qrw frqgxfw wkh dxfwlrq wkhpvhoyhv exw lqvwhdg wxuq wr dq
dxfwlrq krxvh1

Wklv glvwlqfwlrq ehwzhhq wkh vhoohu dqg wkh dxfwlrqhhu fuhdwhv wkh srvvl0
elolw| ri loolflw ehkdylru e| wkh dxfwlrqhhu dv kh pljkw kdyh lqfhqwlyhv wkdw
gl�hu iurp wkrvh ri wkh vhoohu1 Zkhuhdv wkh vhoohu zdqwv wkh kljkhvw sulfh iru
wkh remhfw ehlqj vrog/ wkh dxfwlrqhhu pljkw zdqw wr loolflwo| vrolflw d euleh wr
vrphkrz fkdqjh wkh dxfwlrq uhvxow1

Suhylrxv vwxglhv ri loolflw ehkdylru lq dxfwlrqv kdyh irfxvhg rq frooxvlrq
ehwzhhq elgghuv +elgglqj ulqjv,1 � Od�rqw dqg Wluroh +4<<4, h{dplqh wkh
ghvljq ri dxfwlrqv wr idyru vshfl�f elgghuv/ vxfk dv wkh fdvh ri jryhuqphqw
surfxuhphqw idyrulqj grphvwlf vxssolhuv1 Judkdp dqg Pduvkdoo +4<;:, dqg
Pdlodwk dqg ]hpvn|+4<<4, vkrz wkdw lq vhfrqg0sulfh vhdohg0elg dqg Hqjolvk
rudo dxfwlrqv/ zkhq frooxvlrq dprqj sod|huv lv doorzhg/ frrshudwlyh vwudwhjlhv
duh grplqdqw1 Wkh rswlpdo uhvsrqvh ri wkh dxfwlrqhhu lv wr hvwdeolvk d uhvhuyh
sulfh wkdw lv d ixqfwlrq ri wkh frdolwlrq*v vl}h1 Ixuwkhupruh/ wkh| vkrz wkdw
wkh uhyhqxh htxlydohqfh ehwzhhq vhfrqg0sulfh dqg Hqjolvk dxfwlrqv krogv1

PfDihh dqg PfPloodq +4<<5, h{dplqh frooxvlrq dprqj sod|huv lq �uvw0
sulfh dxfwlrqv zkhuh wkh| vkrz wkdw wkh sulfh sdlg lv wkh plqlpxp sulfh1
Djdlq/ vhoohuv fdq uhdfw e| lqfuhdvlqj wkh uhvhuyh sulfh1 Zkloh PfDihh dqg
PfPloodq flwh hylghqfh iru frooxvlrq ehwzhhq elgghuv iru jryhuqphqw frq0
wudfwv zkhuh �lw kdv ehhq riwhq wkh fdvh wkdw doo elgv duh lghqwlfdo wr wkh odvw
fhqw/� wklv frxog dovr eh hylghqfh ri fruuxswlrq lqyroylqj wkh dxfwlrqhhu1 Zh
fodlp wkdw dq| hylghqfh edvhg rq olwwoh glvshuvlrq dprqjvw revhuyhg elgv fdq
dovr eh frqvlvwhqw zlwk wkh h{lvwhqfh ri wkh w|sh ri fruuxswlrq zh lqyhvwljdwh1

Lq wklv sdshu zh lqyhvwljdwh wkh rxwfrph ri dq dxfwlrq zkhuh wkh dxfwlrq0
hhu dssurdfkhv wkh zlqqhu ri wkh dxfwlrq wr r�hu d uhgxfwlrq lq klv elg wr
pdwfk wkh vhfrqg kljkhvw elg lq h{fkdqjh iru d euleh1 Wkhuhiruh/ li fruuxswlrq
grhv rffxu/ wkh wzr kljkhvw sxeolvkhg elgv zloo eh lghqwlfdo1 +Lq sudfwlfh/ wkh� � � � � � � � � � 	 
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revhuyhg zlqqhu*v elg pljkw eh d ihz fhqwv deryh wkh revhuyhg orvhu*v elg,1
Rwkhu srwhqwldo dssolfdwlrqv lqfoxgh wdnhryhu dqg sulydwl}dwlrq dxfwlrqv1

Iru h{dpsoh/ Zdoo vwuhhw oruh kdv lw wkdw d wdujhw ri d wdnhryhu zloo vrph0
wlphv uxq d vhdohg0elg dxfwlrq/ uhohdvh wkh uhvxowv wr d idyruhg elgghu dqg
wkhq shuplw uhelgglqj1 Dowkrxjk wkhuh lv qr grfxphqwhg hylghqfh ri wklv
skhqrphqrq/ wdujhw r!fhu pljkw gr wkdw lq rughu wr nhhs wkhlu mrev xqghu
qhz rzqhuvkls ru wr uhfhlyh idyrudeoh wuhdwphqw li wkh wdnhryhu grhv rffxu1

Vlploduo|/ wkhuh duh qhzvsdshuv uhsruwv ri d wdshg skrqh frqyhuvdwlrq
ehwzhhq wkh jryhuqphqw r!fldo lq fkdujh ri vhoolqj wkh iruphu vwdwh0rzqhg
Eud}loldq Whohfrpp frpsdq| dqg rqh ri wkh elgghuv1 Wkh jryhuqphqw r!0
fldo/ lw lv doohjhgo|/ zdv frqfhuqhg wkdw wkh kljkhvw vwdqglqj elg zdv pdgh
e| d frqvruwlxp wkdw glg qrw kdyh wkh dssursuldwh whfkqrorjlfdo h{shuwlvh
dqg xujhg wklv elgghu wr uhvxeplw d kljkhu elg1 Qrwh wkdw hyhq li wkhuh lv
qr euleh sd|phqw wr wkh dxfwlrqhhu/ wkh idfw wkdw d elgghu pljkw eh jlyhq d
fkdqfh wr uhvxeplw klv elg zloo d�hfw ehkdylru1

Wkxv/ lq wklv sdshu zh lqyhvwljdwh krz wklv w|sh ri fruuxswlrq d�hfwv erwk
elgglqj ehkdylru dqg wkh vhoohu*v h{shfwhg uhyhqxh lq d �uvw0sulfh dxfwlrq1
Zh vkrz wkdw wkhuh h{lvwv d v|pphwulf elgglqj vwudwhj| htxloleulxp wkdw
lv prqrwrqh +kljkhu ydoxdwlrq ex|huv elg kljkhu,1 Lqfhqwlyh frpsdwlelolw|
lv wkhq xvhg wr rewdlq �uvw0rughu frqglwlrqv iru wkh fdqglgdwh htxloleulxp1
Wkhvh frqglwlrqv duh suhvhqwhg iru wkh gl�huhqw w|shv ri eulehv1 Vwdqgdug
hfrqrplfv dujxphqwv duh wkhq xvhg wr h{sodlq wkhvh frqglwlrqv dqg wr khos
xv xqghuvwdqg wkh suhglfwhg h�hfwv ri fruuxswlrq1

5 Dq H{dpsoh
Lq wklv vhfwlrq zh surylgh d vlpsoh h{dpsoh wr looxvwudwh vrph ri wkh lpsol0
fdwlrqv ri kdylqj d fruuxsw dxfwlrqhhu1 Wkh qh{w vhfwlrqv frqwdlq d pruh
jhqhudo dqg ghwdlohg dqdo|vlv1

Frqvlghu iru wkh prphqw wzr ulvn0qhxwudo elgghuv/ 4 dqg 5/ zkrvh ydo0
xdwlrqv duh lqghshqghqw gudzv iurp wkh xqlirup ^3/4` glvwulexwlrq1 Hdfk
lqglylgxdo*v ydoxdwlrq lv sulydwh lqirupdwlrq1 Wkh dxfwlrqhhu dssurdfkhv wkh
lqglylgxdo zlwk wkh kljkhvw elg dqg doorzv klp wr uhgxfh klv elg wr pdwfk wkh
vhfrqg kljkhvw elg +l1h1/ wkh orzhvw ri wkh wzr elgv, lq h{fkdqjh iru d euleh1
Lq wkh qh{w vhfwlrq zh zloo dqdo|}h gl�huhqw w|shv ri euleh sd|phqwv/ exw
khuh zh dvvxph wkdw wkh euleh lv d sursruwlrq E4� ri wkh gl�huhqfh ehwzhhq
wkh kljkhvw dqg wkh orzhvw elg1 Zh fdq zulwh Elgghu 4*v h{shfwhg sur�w dv
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d ixqfwlrq ri klv sulydwh ydoxh �/ klv fkrlfh ri elg %/ dvvxplqj wkdw Elgghu 5
iroorzv vrph elgglqj vwudwhj| KE+�c dv iroorzv=

ZE�c %c KE+�� ' . �E� � KE+�� 4E%� KE+�� U � � � � � �
� � +4,

Zkhuh U � � � 	 
 � ghqrwhv wkh lqglfdwru ixqfwlrq ri wkh vhw i+( KE+� 	 %j/ l1h1 lw
lv rqh li K E+� 	 % dqg }hur rwkhuzlvh1 Elgghu 4 fdq zlq rqo| li kh lv wkh
kljkhvw elgghu dqg li kh grhv zlq kh zloo sd| Elgghu 5*v elg soxv wkh euleh/
dv KE+�n4E%�KE+�� � %1 Zh fdq wdnh wkh h{shfwhg ydoxh ri +4, e| lqwhjudwlqj
ryhu wkh dssursuldwh lqwhuydo/ zklfk |lhogv=

ZE�c %c KE+�� '
� 
 � � � �
]

�
E� � KE+�� 4E%� KE+�� _+�

Elgghu 4 zloo wkhq fkrrvh % � f wr pd{lpl}h klv h{shfwhg sur�wv1 Gli0
ihuhqwldwlqj wkh deryh h{suhvvlrq zlwk uhvshfw wr % dqg xvlqj wkdw dw wkh
rswlpxp % ' KE��c dv zh duh orrnlqj iru d v|pphwulf htxloleulxp/ |lhogv wkh
iroorzlqj gl�huhqwldo htxdwlrq=

� � KE��
K� E�� � 4� ' f

Rqh fdq fkhfn gluhfwo| wkdw wkh vroxwlrq wr wklv gl�huhqwldo htxdwlrq � rxu
v|pphwulf htxloleulxp elgglqj vwudwhj|/ zklfk lv lqfuhdvlqj lq �/ lv jlyhq e|

KE�� ' �
� n 4�

Wr khos ghyhors wkh lqwxlwlrq/ frqvlghu vrph srodu fdvhv1 Iru 4 ' �c wkh
zlqqhu*v wrwdo sd|phqw lv htxdo wr klv elg dv

KE+� n EKE��� KE+�� ' KE��
zkhuh + ghqrwhv wkh orvhu*v ydoxdwlrq1 Wklv lv lghqwlfdo wr wkh zlqqhu*v wrwdo
sd|phqw lq d vwdqgdug �uvw0sulfh vhdohg0elg dxfwlrq1 Dffruglqjo|/ KE�� ' �*2
lq wklv fdvh/ zkhuh �*2 lv wkh h{shfwhg ydoxdwlrq ri wkh rwkhu elgghu frqgl0
wlrqdo rq � ehlqj wkh kljkhvw ydoxh1 Qrwh wkdw wkh zlqqhu*v wrwdo sd|phqw
lv vsolw lqwr d sd|phqw wr wkh vhoohu wkdw lv htxdo wr wkh orvhu*v elg dqg d
sd|phqw wr wkh dxfwlrqhhu wkdw lv htxdo wr wkh gl�huhqfh ehwzhhq wkh wzr
elgv1
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Iru 4 ' fc wkh zlqqhu*v wrwdo sd|phqw lv htxdo wr wkh vhfrqg0kljkhvw
elg/ dv lq d vwdqgdug vhfrqg0sulfh vhdohg0elg dxfwlrq1 Dffruglqjo|/ KE�� ' �
lq wklv fdvh/ wkh zlqqhu sd|v wkh vhoohu wkh orzhvw ydoxh dqg wkh dxfwlrqhhu
uhfhlyhv qr euleh1

Iru f 	 4 	 �c wkh zlqqhu*v wrwdo sd|phqw lv htxdo wr
KE+� n 4EKE��� KE+�� 	 KE���

Wkh lqwxlwlrq lv wkdw frqglwlrqdo rq kdylqj wkh kljkhvw ydoxh/ d elgghu elgv
lq vxfk d zd| wr rxwelg klv rssrqhqw/ mxvw dv kh grhv lq d vwdqgdug �uvw0
sulfh dxfwlrq/ exw qrz zlqqlqj lv pruh ydoxdeoh dv lw uhvxowv lq d orzhu
wrwdo sd|phqw wr wkh dxfwlrqhhu1 Wkhuhiruh/ lq htxloleulxp/ d elgghu elgv
pruh wkdq zkdw zrxog lq wkh devhqfh ri fruuxswlrq1 Lq wkh qh{w vhfwlrq zh
zloo vkrz krz wr xvh wkh uhyhqxh htxlydohqfh wkhruhp lq vrph lqvwdqfhv wr
dujxh wkdw wkh zlqqhu*v h{shfwhg sd|phqw lv dfwxdoo| �{hg dfurvv d ydulhw| ri
eulehu| duudqjhphqwv/ dv orqj dv wkhuh lv dq lqfuhdvlqj htxloleulxp elgglqj
vwudwhj|1

Iru wklv h{dpsoh/ lw lv dovr srvvleoh wr frpsxwh wkh vhoohu*v h{shfwhg uhy0
hqxh dqg wkh h{shfwhg euleh dv d ixqfwlrq ri 4� Wkh vhoohu*v h{shfwhg uhyhqxh
+.-, lv vlpso| wkh h{shfwhg ydoxh ri wkh vhfrqg kljkhvw elg=

.- ' �
� n 4 � ��

zkhuh �� lv wkh h{shfwhg ydoxh ri wkh orzhvw ydoxdwlrq1 Wkh h{shfwhg euleh
+.�, lv vlpso| 4 wlphv wkh gl�huhqfh ehwzhhq wkh kljkhvw dqg vhfrqg0kljkhvw
elgv=

.� ' 4
� n 4 � ��

zkhuh �
� lv wkh gl�huhqfh ehwzhhq wkh kljkhvw dqg wkh vhfrqg0kljkhvw h{shfwhg

ydoxhv1 Qrwlfh wkdw .- dqg .� dgg xs wr �*�/ zklfk lv wkh h{shfwhg wrwdo
sd|phqw ri wkh zlqqhu lq dq| vwdqgdug dxfwlrq xqghu qr fruuxswlrq zlwk wzr
elgghuv zlwk ydoxhv gudzq lqghshqghqwo| iurp wkh xqlirup ^3/4` glvwulexwlrq1

Lq wklv hqylurqphqw/ wkh �uvw0sulfh vhdohg0elg dxfwlrq lv vwloo h!flhqw dv
wkh remhfw lv doorfdwhg wr wkh lqglylgxdo zlwk wkh kljkhvw ydoxdwlrq1 Wkh
zlqqhu*v wrwdo sd|phqw/ krzhyhu/ lv qrz vsolw ehwzhhq wkh vhoohu dqg wkh
dxfwlrqhhu1
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6 Wkh Prgho
Wkhuh duh ? ulvn0qhxwudo elgghuv zkr duh frpshwlqj iru dq remhfw wr eh dxf0
wlrqhg r�1 Dffruglqj wr wkh lqghshqghqw sulydwh ydoxhv dvvxpswlrq/ Elgghu
� 5 U nqrzv klv rzq ydoxh +�� , iru wkh remhfw exw rqo| nqrzv wkh glvwule0
xwlrq 8 E�� �c ;� 9' �c ri wkh rwkhu elgghu*v ydoxh1 Lw lv dvvxphg wkdw ydoxhv
duh lqghshqghqwo| gudzq iurp wkh glvwulexwlrq 8� Zh dvvxph wkdw 8 kdv d
frqwlqxrxv ghqvlw| s E�� vwulfwo| srvlwlyh rq lwv vxssruw dfc �o �

Wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu dqg r�huv klp wkh srvvlelolw| wr
uhgxfh klv elg wr wkh vhfrqg kljkhvw elg lq h{fkdqjh iru d euleh1 Li wklv elgghu
djuhhv wr sd| wkh euleh/ wkhq kh zlqv wkh remhfw sd|lqj zkdw lv h�hfwlyho|
wkh vhfrqg kljkhvw elg +soxv wkh euleh wr wkh dxfwlrqhhu,1 Li wklv sod|hu grhv
qrw djuhh wr sd| wkh euleh/ wkhq kh vwloo zlqv wkh remhfw dqg sd|v dffruglqjo|
wr wkh dxfwlrq uxohv � wkdw lv/ klv elg lq d �uvw sulfh dxfwlrq1 Wkh eulehu|
duudqjhphqw lv frpprq nqrzohgjh1

Rxu irupxodwlrq lq wkh qh{w vhfwlrq frqvlghuv gl�huhqw srvvleoh w|shv ri
euleh sd|phqwv/ vxfk dv �{hg euleh � ru d ixqfwlrq ri wkh gl�huhqfh ehwzhhq
wkh kljkhvw elg dqg wkh vhfrqg kljkhvw elg1 D �{hg euleh �c iru h{dpsoh/
pljkw kdyh ehhq ghwhuplqhg e| d vrfldo frqyhqwlrq ru qrup1 Vlploduo|/ lw
pljkw eh wkdw wkh frqyhqwlrq lv wr sd| wkh dxfwlrqhhu d shufhqwdjh ri wkh
gl�huhqfh ehwzhhq wkh kljkhvw dqg vhfrqg kljkhvw elgv1 Dowkrxjk d pruh
frpsohwh prgho zrxog kdyh wkh vl}h ri wkh euleh dv hqgrjhqrxv/ wkh dqdo|vlv
suhvhqwhg |lhogv vhyhudo lqwhuhvwlqj uhvxowv1

Zh dovr ljqruh wkh sulqflsdo0djhqw uhodwlrqvkls ehwzhhq wkh vhoohu dqg wkh
dxfwlrqhhu1 Dv qrwhg hduolhu/ rxu prwlydwlqj h{dpsoh lv wkdw ri d jryhuqphqw
r!fldo zkr kdv ehhq ghohjdwhg wkh dxwkrulw| wr sxufkdvh d jlyhq jrrg ru
vhuylfh rq ehkdoi ri wkh jryhuqphqw ru dq dxfwlrqhhu zkr kdv ehhq jlyhq dq
remhfw wr vhoo rq ehkdoi ri dq lqglylgxdo vhoohu1

Ehiruh zh surfhhg wr wkh qh{w vhfwlrq lw lv frqyhqlhqw wr h{sodlq zk| zh
gr qrw dqdo|}h vhfrqg0sulfh dxfwlrqv= wkh| duh fruuxswlrq iuhh1 Wkh uhdvrq
lv wkdw iru wkh w|sh ri fruuxswlrq zh lqyhvwljdwh wkh zlqqhu lq d vhfrqg0sulfh
vhdohg elg dxfwlrq dozd|v sd|v wkh vhfrqg kljkhvw elg zlwkrxw wkh qhhg wr
sd| d euleh1
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7 Fruuxswlrq lq Iluvw0Sulfh Dxfwlrqv
Lq wklv vhfwlrq zh lqyhvwljdwh wkh h�hfwv ri fruuxswlrq rq elgglqj ehkdylru
lq d �uvw0sulfh dxfwlrq1 Ghqrwh wkh pd{lpxp ri elgghuv 2c � � � c ? ydoxhv e|
t ' 4@ � � � �� � Wklv udqgrp yduldeoh kdv glvwulexwlrq 8 � E%� ' 8 � � � E%� dqg
ghqvlw| s � E%� ' E?� ��8 	 � 
 E%� s E%� � Zh ghqrwh e| K � E�� '

� �
 � � � � � � � �� � � � � wkh
htxloleulxp elgglqj ixqfwlrq ri wkh �uvw sulfh vhdohg elg dxfwlrq1 Qrwh wkdw
K � E�� ' . dt o � Wr �qg dq htxloleulxp zh frxog iroorz wkh dssurdfk xvhg
lq Vhfwlrq 5 ri ghwhuplqlqj wkh rswlpdo elg % � f ri Elgghu 4/ zkhq klv
rssrqhqwv duh elgglqj dffruglqj wr d ixqfwlrq K E�� � c � ' 2c � � � c ?c e| phdqv
ri wkh �uvw0rughu frqglwlrq ri Elgghu 4*v h{shfwhg xwlolw| pd{lpl}dwlrq sure0
ohp/ dqg wkhq xvlqj wkdw lq d v|pphwulf htxloleulxp % ' K E�� � Lqvwhdg/ zh
zloo iroorz d pruh jhqhudo dqg qhdwhu dssurdfk1 Iluvw/ qrwh wkdw li wkhuh lv
d v|pphwulf htxloleulxp vwulfwo| lqfuhdvlqj vwudwhj| K E�� c wkh remhfw zloo eh
doorfdwhg wr wkh elgghu zlwk wkh kljkhvw ydoxh1 Dv wkh elgghu zlwk wkh orzhvw
srvvleoh ydoxh rewdlqv d }hur sd|r� +vhh ehorz iru d irupdo mxvwl�fdwlrq,/
wkh zlqqhu*v wrwdo sd|phqwv lv dfwxdoo| �{hg dfurvv dq| h!flhqw dxfwlrq iru0
pdw1 Wklv lv d frqvhtxhqfh ri wkh fhoheudwhg Uhyhqxh Htxlydohqfh Wkhruhp1 �
Wkh glvwlqfwlrq khuh lv wkdw sduw ri wkh elgghuv* sd|phqw qrz jrhv wr wkh
dxfwlrqhhu dv d euleh udwkhu wkdq wr wkh vhoohu1 Lq wkh qh{w sursrvlwlrq zh
fkdudfwhul}h d v|pphwulf htxloleulxp elgglqj vwudwhj|1
Sursrvlwlrq 4 Vxssrvh wkh vwulfwo| lqfuhdvlqj ixqfwlrq K G dfc �o $ U � lv d
v|pphwulf htxloleulxp1 Vxssrvh wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu dqg
iru d euleh �EK E�� c K Et ��c zkhuh K E�� lv wkh zlqqhu�v elg dqg K Et � lv wkh
kljkhvw orvlqj elg/ r�huv wkh zlqqhu wr fkdqjh klv elg wr pdwfk wkh vhfrqg
kljkhvw elg1 Wkhq iru hyhu| � 5 dfc �o c

] �
 4�? iK E�� c K E+� n�E�c +�j s ! E+� _+ '

] "
# +s ! E+� _+� +5,

Surri= Wkh zlqqlqj elgghu*v sd|phqw lv K E�� li kh grhv qrw dffhsw wkh
euleh dqg lv K Et � n�E�c t � li kh dffhswv wkh euleh1 Wkxv klv h{shfwhg sd|0
phqw . d4�? iK E�� c K Et � n�E�c t �jm � : t o � Iurp wkh Uhyhqxh htxlydohqfh
wkhruhp/ wkh zlqqhu*v wrwdo sd|phqw lq d �uvw0sulfh dxfwlrq kdv wr eh lghq0
wlfdo wr klv h{shfwhg sd|phqw lq dq| h!flhqw dxfwlrq dqg/ lq sduwlfxodu/ lq d
vhfrqg0sulfh dxfwlrq1 Wklv lv htxlydohqw wr +5,1 THG$ % & & ' ( ) & * + , - . & + / & 0 & ) + . + ) / 1 , & 0 2 3 0 2 4 & ( ) & , 5 3 0 6 3 . / ) ( , + 0 7 % & / + . 8 5 9 9 9 : ;

:



Qrwh wkdw zh kdyh qrw vshfl�hg wkh w|sh ri euleh sd|phqwv1 Wkh lghd lv
wkdw iru d jlyhq w|sh ri euleh sd|phqw � iru h{dpsoh/ d �{hg euleh �E�c �� ' �
� rqh vkrxog wu| wr �qg d vwulfwo| lqfuhdvlqj vwudwhj| KE�� wkdw vdwlv�hv +5,1
Wklv |lhogv d gl�huhqwldo htxdwlrq wkdw KE�� kdv wr vdwlvi| wrjhwkhu zlwk wkh
erxqgdu| frqglwlrq KEf� ' f1 �

Qrwh wkdw wkh w|sh ri uhdvrqlqj wkdw ohdgv wr +5, grhv qrw hqvxuh hlwkhu
xqltxhqhvv ru h{lvwhqfh1 Lw lv d qhfhvvdu| frqglwlrq1 Krzhyhu/ wkh htxd0
wlrq +5,/ dv zh zloo vhh iurp wkh uhdvrqlqj ehorz iru ydulrxv sduwlfxodu euleh
sd|phqwv/ zloo lpso| d xqltxh vroxwlrq1 Pruhryhu/ li vxfk d vwulfwo| lqfuhdv0
lqj htxloleulxp vwudwhj| h{lvwv/ wkhq wkh remhfw zloo vwloo eh doorfdwhg wr wkh
lqglylgxdo zlwk wkh kljkhvw ydoxdwlrq vr wkdw wkh �uvw0sulfh dxfwlrq lv vwloo
h!flhqw xqghu wkh w|sh ri fruuxswlrq zh lqyhvwljdwh1

714 Il{hg euleh
Lq wklv vxevhfwlrq zh frqvlghu wkh �{hg euleh fdvh/ wkdw lv/ zkhq � E�c ��
lv htxdo wr d frqvwdqw �1 Wkh htxloleulxp lv d vroxwlrq wr d frpsolfdwhg
gl�huhqwldo htxdwlrq1 Wklv gl�huhqwldo htxdwlrq fdq eh wudqviruphg lqwr d
froohfwlrq ri gl�huhqwldo htxdwlrqv1 Vhh +7, ehorz1 Wkh vpdoohu � wkh pruh
frpsolfdwhg wkh vroxwlrq lv1 Wkh iroorzlqj ohppd fkdudfwhul}hv wkh v|pphw0
ulf htxloleulxp elgglqj ixqfwlrq lq wkh �{hg euleh fdvh1 Gh�qh � � lpsolf0
lwo| e| K � E� � � '

� � �� � � � 	 � 
 � �� � 	 
 � 
 ' 4�? i. dt o c �j � Wkxv � � 	 � li dqg rqo| li
� 	 . dt o �
Ohppd 4 D gl�huhqwldeoh/ lqfuhdvlqj v|pphwulf htxloleulxp ri wkh �{hg
euleh dxfwlrq zlwk fruuxswlrq/ K � E�� ' K E�� frlqflghv zlwk K � E�� li � � � �
dqg li � � � � vdwlv�hv wkh gl�huhqwldo htxdwlrq

K � E�� ' E� � K E��� s � E��
8 � E��� 8 � EK � � EK E������ � +6,

zlwk lqlwldo frqglwlrq/ K E� � � ' ��Uhflsurfdoo| dq| vroxwlrq ri wkh gl�huhqwldo
htxdwlrq deryh iru � � � � dqg vxfk wkdw lw lv htxdo wr K � E�� li � � � � lv dq
htxloleulxp elgglqj ixqfwlrq1� � � � � � � � � � � � � � � �  � � ! � � � " � � � � � � # � � # � � # $ � % � � � � � � � � & � � � � � � � � � � ' � ( � � � � # � � ( � � %
! # �  � � � � � � �  � � �  � ) � �  ' � � � � � # ! # � � ' $ � � # � & � � � � �  & � � � � � � � � � � ' � ( " � � � � � � ( # " �  �

$ #   � � ( � � � ( ' � � � # � � � �  * � � #  # � � � � � � �  � � � � + � � � � � � � � " � � � $ � � � � ! � $ � � � � , # � � # � � � � � �
� ' ! � � # � -

;



Wkh surri lv lq wkh dsshqgl{1 Wkh htxdwlrq +6, lv qrq0vwdqgdug gxh wr
wkh suhvhqfh ri K �

� � Lq jhqhudo zh kdyh wkh iroorzlqj=
Wkhruhp 4 Wkh ixqfwlrq K � E�� ' K E�� gh�qhg ehorz lv d v|pphwulf vwulfwo|
lqfuhdvlqj htxloleulxp ri wkh �uvw sulfh dxfwlrq zlwk fruuxswlrq1

K E�� '

;

A

A

?

A

A

=

K � E�� li f � � � � �
K � E�� li � � � � � � �
� � � � � � � � �

K� E�� li �� � � � � � �
+7,

Wkh ixqfwlrq K � E��/ 2 � & � 6 lv gh�qhg e| wkh gl�huhqwldo htxdwlrq=

K 	 
 E�� ' E� � K 
 E��� s � E��
8 � E��� 8 �

�K � 
� � 
 EK � E��� ��� c � � � � � � � � � +8,

zlwk lqlwldo frqglwlrq K � E� � � � � ' K � � � E� � � � � dqg � � lv gh�qhg e| K � E� � � ' &��
Khuh � � ' f dqg K � E�� � 6��
Uhpdun 4 Wkhuh duh dw prvw �*� ixqfwlrqv K � vlqfh K� E�� � ��

Wkh h{lvwhqfh ri wkh ixqfwlrq K � E�� gh�qhg deryh lv suryhg lq wkh ds0
shqgl{1 Lqvwhdg khuh zh ghyhors vrph ri wkh lqwxlwlrq ehklqg Wkhruhp 41
Frqvlghu d fdqglgdwh htxloleulxp KE��/ dqg jdlqv dqg orvvhv iru d ex|hu wkdw
frqvlghuv d ghyldwlrq e| dqqrxqflqj wkdw klv ydoxdwlrq lv � � 0 lqvwhdg ri �
iru dq duelwudulo| vpdoo 0 : f� Dv d uhvxow/ dvvxph wkdw wklv elgghu uhgxfhv
klv elg e| K � E��"1

Li wkh kljkhvw ydoxdwlrq ri wkh rwkhu elgghuv/ t / ehorqjhg wr wkh lq0
whuydo EK �

� EK E��� ��/� � 0, wkhq wklv elgghu zrxog vwloo zlq wkh dxfwlrq
dqg sd| K � E��" ohvv1 Lq wklv hyhqw/ zklfk kdsshqv zlwk suredelolw| 8 � E�� �
8 �

�K �
�

� �
� EK E��� ���/ wkh zlqqhu zrxog qrw dffhsw wkh r�hu wr uhylvh wkh elg

grzq dqg sd| wkh euleh ehfdxvh wkh frvw ri grlqj vr/ �/ zrxog h{fhhg wkh
ehqh�w/ KE��� KEt �1

D vhfrqg srvvlelolw| lv wkh kljkhvw ri wkh rwkhu elgghuv* ydoxdwlrq/ t / zdv
ohvv wkdq K �

� EK E����� � Lq wklv hyhqw rxu elgghu zrxog vwloo zlq wkh dxfwlrq
dqg sd| wkh sulfh soxv wkh euleh/ KEt � n �c vr wkdw kh zrxog jdlq qrwklqj
e| ghyldwlqj1 Lq vxppdu|/ wkh srvvleoh h{shfwhg ehqh�w iurp d ghyldwlrq lv
htxdo wr=

"K � E�� �8 � E��� 8 �
�K �

� EK E������� �
<



Lw pd| eh wkh fdvh/ krzhyhu/ wkdw t ehorqjhg wr wkh lqwhuydo E� � 0c ��� Lq
wklv hyhqw/ zklfk kdsshqv zlwk suredelolw| s � E�� "c rxu elgghu zrxog qrz
orvh wkh dxfwlrq ehfdxvh ri wkh uhgxfwlrq lq klv elg1 Wkh orvv zrxog eh htxdo
wr � � KE��1 Wkdw lv/ wkh h{shfwhg orvv iurp uhgxflqj wkh elg lv htxdo wr

E� � K E��� s � E�� "�
Lq htxloleulxp zh qhhg KE�� wr eh rswlpdo iru rxu elgghu/ vr wkdw wkh orvvhv
vkrxog h{dfwo| frpshqvdwh wkh jdlqv/ zklfk jlyhv xv wkh �uvw0rughu frqglwlrq
lq Wkhruhp 41

Zh qrz h{sodlq zk| wkh vroxwlrq fkdqjhv dw lqwhuydov ri ohqjwk � lq wkh
elg1 Lw wxuqv rxw wkdw wkhuh lv d vlpsoh uhdvrq ehklqg lw1 Vwduw zlwk wkh fdvh
zkhuh rqh*v elg lv ehorz E1 Wklv elgghu zloo qrw dffhsw dq r�hu wr uhylvh klv
elg dqg sd| d euleh �/ vlqfh wkh jdlq zrxog eh vpdoohu wkdq wkh orvv1 Lq wklv
fdvh/ wkh elg lv wkh vdph dv lq d �uvw0sulfh dxfwlrq xqghu qr fruuxswlrq1 Li
rqh elgv � + ru deryh,/ wklv elgghu pd| dffhsw wkh euleh1 Wklv zrxog kdsshq
zkhq wkh ulydo kljkhvw elgghu kdg elg yhu| forvh wr 31 Lq wklv vhqvh wkh jdlq
iurp ehlqj wkh zlqqhu lv qrz kljkhu wkdq lq wkh devhqfh ri fruuxswlrq1 Wkxv
rqh zrxog elg pruh djjuhvvlyho|1 E| wkh vdph uhdvrqlqj/ rqh h{shfwv wkdw
ulydov zlwk vlplodu ydoxdwlrqv zrxog elg pruh djjuhvvlyho| dv zhoo1 Wkh uhvxow
lv wkdw wkh vorsh ri wkh elg ixqfwlrq mxpsv xs dw KE�� ' �1

Zk| grhv wkh elg ixqfwlrq mxpsv djdlq dw 2�B Dw wkh pdujlq zkdw pdw0
whuv iru d elgghu wkdw elgv KE�� lv qrw rqo| wkh ehkdylru ri d gluhfw frpshwlwru/
l1h1/ elgghuv zlwk ydoxdwlrq �/ exw dovr wkh ehkdylru ri elgghuv zkrvh elg pd|
ghwhuplqh zkhwkhu wkh dxfwlrqhhu*v sursrvdo iru d euleh lv dffhswhg ru qrw1
Wkdw lv/ wkh ehkdylru ri elgghuv zlwk ydoxdwlrq EK �

� EK E��� ��� � Li wkh eh0
kdylru ri wkhvh elgghuv ehfrphv pruh djjuhvvlyh/ vr grhv wkh ehkdylru ri rxu
elgghu zlwk ydoxdwlrq �1 Wklv lv zk| wkh vors ri wkh elgglqj ixqfwlrq mxpsv
lq htxloleulxp dw �c 2�c ��/ dqg vr rq1

Lq dgglwlrq/ lw lv zruwk qrwlqj wkdw li wkh �{hg euleh jrhv wr }hur wkh
htxloleulxp elgglqj ixqfwlrq pxvw dssurdfk K E�� ' � vlqfh wkh kljkhvw elg0
ghu zloo sd| wkh euleh dqg sd| wkh vhfrqg kljkhvw elg1 Zh qh{w surylgh d
qxphulfdo h{dpsoh wr khos looxvwudwh wkh srwhqwldo pdjqlwxgh ri wkh h�hfw ri
fruuxswlrq rq wkh vhoohu*v uhyhqxh1
H{dpsoh 4 Frqvlghu wkh sduwlfxodu fdvh ri wkh xqlirup glvwulexwlrq zlwk
wzr elgghuv1 Zh nqrz douhdg| wkdw li � � . dt o ' �*2 wkh htxloleulxp lv

43



K � E�� '
� �� � � �� ' � � � Vxssrvh �� � � � �� � 	 
 ' f�2b2Hb� Wkhq

K E�� '
� � � li f � � � 2�� � n� � 
 � � � � � �� li 2� � � � �

lv dq htxloleulxp zkhq wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu1 Wkh vhoohu*v h{0
shfwhg uhyhqxh lv �� �- � dqg wkh h{shfwhg euleh - � ' ��e� � �H� � U � � � �� �� s�� � � _��
Wklv ixqfwlrq lv ghfuhdvlqj lq � dqg wkh pd{lpxp h{shfwhg euleh lv - �  ! " # $ % '
f�fS�� Wkh fdofxodwlrqv duh vkrzq lq wkh dsshqgl{1

Lq wkh h{dpsoh deryh wkh suhvhqfh ri d fruuxsw dxfwlrqhhu fdxvhg d uh0
gxfwlrq ri 4; shu fhqw lq wkh vhoohu*v h{shfwhg uhyhqxh1

715 Sursruwlrqdo euleh
Zh qrz jhqhudol}h wkh h{dpsoh ri Vhfwlrq 5 zkhuh wkh dxfwlrqhhu dssurdfkhv
wkh zlqqhu dqg dvnv iru d euleh wkdw lv sursruwlrqdo wr wkh gl�huhqfh ehwzhhq
wkh kljkhvw dqg wkh vhfrqg kljkhvw elgv1 Vxssrvh f 	 4 � � vr wkdw li K &
lv wkh kljkhvw elg dqg K ' lv wkh vhfrqg kljkhvw elg wkhq wkh dxfwlrqhhu dvnv
iru d euleh �EK & c K ' � ' 4 EK & � K ' � � Wr �qg wkh htxloleulxp elgglqj vwudwhj|/
zh dvvxph wkdw rxu fdqglgdwh iru d v|pphwulf htxloleulxp K E�� lv vwulfwo|
lqfuhdvlqj1 Uhsodflqj wklv sduwlfxodu w|sh ri euleh sd|phqw lqwr +5, |lhogv=

] (
) dK E+� n 4 EK E��� K E+��o s * E+� _+ '

] (
) +s * E+� _+� +9,

Wklv doorzv xv wr rewdlq d �uvw0rughu frqglwlrq1
Sursrvlwlrq 5 Wkh iroorzlqj frqglwlrq kdv wr eh vdwlv�hg e| d v|pphwulf/
prqrwrqh htxloleulxp ri d �uvw0sulfh dxfwlrq zlwk sursruwlrqdo eulehv=

4K+ E�� ' E� � K E��� s * E��
8 * E�� ' E� � K E��� ?s E��8 E�� � +:,

Wkh surri lv rplwwhg dv lw lv rewdlqhg e| gl�huhqwldwlqj +9, zlwk uhvshfw
wr �1 Iru h{dpsoh/ zkhq wkhuh duh ? elgghuv zlwk ydoxhv glvwulexwhg xqlirupo|
rq dfc �o/ rxu vwulfwo| lqfuhdvlqj v|pphwulf htxloleulxp lv K E�� ' , - &

, - & . / �� Rqh
fdq fkhfn wkdw wklv dssurdfk |lhogv wkh vdph htxloleulxp dv rewdlqhg lq wkh
h{dpsoh ri Vhfwlrq 5 zkhq ? ' 21
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Ohw xv qrz ghyhors wkh lqwxlwlrq ehklqg wklv sursrvlwlrq1 Frqvlghu djdlq
d fdqglgdwh htxloleulxp KE��/ dqg jdlqv dqg orvvhv iru d ex|hu wkdw frqvlghuv
d ghyldwlrq e| dqqrxqflqj wkdw klv ydoxdwlrq lv � � 0 lqvwhdg ri � iru dq
duelwudulo| vpdoo srvlwlyh 0 vr wkdw wklv elgghu uhgxfhv klv elg e| K � E��01

Li wklv sod|hu vwloo zlqv zlwk wklv elg/ dq hyhqw zlwk suredelolw| 8 � E��/ wkhq
wklv elgghu uhgxfhv klv h{shfwhg wrwdo sd|phqw e| 4K� E�� 0 dv wklv elgghu*v
wrwdo sd|phqw lv jlyhq e| +9,1 Wkxv/ wkh srwhqwldo jdlqv iurp fkdqjh klv elg
duh

4K� E��8 � E�� 0
Lw pd| eh wkh fdvh/ krzhyhu/ wkdw t ehorqjhg wr wkh lqwhuydo /E� � 0c �� Lq
wklv hyhqw/ zklfk kdsshqv zlwk suredelolw| s � E�� 0c rxu elgghu zrxog qrz
orvh wkh dxfwlrq ehfdxvh ri wkh uhgxfwlrq lq klv elg1 Wkh orvv zrxog eh htxdo
wr � � KE��1 Wkdw lv/ wkh h{shfwhg orvv iurp uhgxflqj wkh elg lv htxdo wr

E� � K E��� s � E�� 0�
Lq htxloleulxp zh qhhg KE�� wr pd{lpl}h rxu elgghu*v h{shfwhg sur�wv/ vr
wkdw wkh orvvhv vkrxog h{dfwo| r�vhw wkh jdlqv/ zklfk jlyhv xv wkh �uvw0rughu
frqglwlrq=

E� � K E��� s � E�� 0 ' 4K� E��8 � E�� 0� +;,
Uhduudqjlqj +;, zh rewdlq wkh �uvw0rughu frqglwlrq lq wkh deryh sursrvlwlrq1

Qrwh wkdw lw lv srvvleoh wr frpsduh elgglqj ehkdylru lq d �uvw0sulfh dxf0
wlrq zlwk sursruwlrqdo euleh zlwk ehkdylru lq d �uvw0sulfh dxfwlrq xqghu qr
fruuxswlrq1 Iru wklv odwwhu fdvh/ wkh �uvw0rughu frqglwlrq lv jlyhq e|� =

E� � K � E��� s � E�� ' K�
� E��8 � E�� +<,

zkhuh K � E�� lv wkh v|pphwulf/ prqrwrqh htxloleulxp lq d �uvw0sulfh dxfwlrq
xqghu qr fruuxswlrq1 Qrwh wkdw erwk KEf� ' f +vhh mxvwl�fdwlrq deryh, dqg
K � Ef� ' f1 Wkxv/ zh fdq frpsduh wkh wzr �uvw0rughu frqglwlrqv +vhh ehorz,
wr frqfoxgh wkdw elgghuv elg xqlirupo| pruh djjuhvvlyho| lq wkh suhvhqfh ri
d fruuxsw dxfwlrqhhu1 Wkh uhdvrq zdv rxwolqhg lq Vhfwlrq 5> wkh ydoxh ri
zlqqlqj wkh dxfwlrq lv kljkhu xqghu fruuxswlrq lq wkh vhqvh wkdw wkh zlqqhu
zloo qrz sd| dw prvw klv elg dqg riwhq ohvv wkdq klv elg1 Dowkrxjk elgghuv
duh pruh djjuhvvlyh xqghu fruuxswlrq/ wkhlu wrwdo h{shfwhg sd|phqwv lv wkh
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vdph dv xqghu qr fruuxswlrq1 Wklv lv suhflvho| ehfdxvh wkh| zloo riwhq sd|
ohvv wkdq wkhlu elgv1 Dv d uhvxow/ zh fdq frqfoxgh wkdw wkh vhoohu*v uhyhqxh
lv orzhu xqghu fruuxswlrq dv elgghuv* wrwdo h{shfwhg sd|phqwv duh qrz vsolw
ehwzhhq wkh vhoohu dqg wkh dxfwlrqhhu1

716 Jhqhudo olqhdu euleh
Vxssrvh wkh euleh qrz wdnhv wkh irup � n 4 EK E��� K E+�� zkhuh 4 5 Efc ��1
Zh qrz rewdlq wkh elgglqj ixqfwlrq gl�huhqwldo htxdwlrq1 Wkh surfhgxuh lv
dqdorjrxv wr wkh �{hg euleh fdvh suryhg lq wkh dsshqgl{1 Iluvw qrwh wkdw
htxdwlrq +:, lv qrz ri wkh irup

] �
� 4�? iK E�� c K E+� n� n 4 EK E��� K E+��j s � E+� _+ '

] �
� +s � E+� _+�

Zh kdyh wkdw K E�� � K E+� n � n 4 EK E��� K E+�� li dqg rqo| li K E�� ��� � � n K E+� � Wkxv li K E�� � �� � � zh rewdlq wkdw K E�� ' K � E�� zkhuh K � E�� '� �	 
 � � 
 
 � � 
� � 
 � � � Gh�qh � � dv wkh vroxwlrq ri K � E� � � ' �� � � ru dv � � ' � li K � E�� ��� � � � Li zh surfhhg dqdorjrxvo| dv lq wkh �{hg euleh fdvh/ Htxdwlrq +BB,
fkdqjhv wr

K� E�� ' E� � K E��� s � E��
8 � E��� E�� 4�8 �

�

K � �
�

K E��� �� � �
�� �

Li 4 lv kljk hqrxjk wkdw �� � � � � wkhuh zloo eh qr euleh sd|phqw1 Iru vpdoohu
4c wkh jhqhudo olqhdu euleh fdvh lv d frpelqdwlrq ri wkh �{hg dqg sursruwlrqdo
euleh fdvhv1

717 Frpsdulqj euleh sd|phqwv
Dv gl�huhqw w|shv ri euleh sd|phqwv |lhog gl�huhqw uhvxowv iru wkh fruuxsw
dxfwlrqhhu/ rqh frxog dvn wkh txhvwlrq ri zklfk w|sh wkh dxfwlrqhhu zrxog
fkrrvh1 Zh fdqqrw surylgh d jhqhudo uhvxow dv wr eh deoh wr pdnh vxfk
frpsdulvrq zh kdyh wr rewdlq dq h{solflw htxloleulxp elgglqj ixqfwlrq iru
hdfk w|sh ri euleh sd|phqw1 Lqvwhdg zh lqglfdwh ehorz krz wr frpsxwh
wkh h{shfwhg euleh xqghu wkh gl�huhqw euleh sd|phqwv dv d ixqfwlrq ri wkh
htxloleulxp elgglqj vwudwhjlhv1 Zh dovr surylgh dq h{dpsoh lq zklfk zh fdq
h{solflwo| frpsxwh wkh h{shfwhg euleh1
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71714 Sursruwlrqdo euleh
Ohw xv frqvlghu wkh sursruwlrqdo euleh sd|phqw1 Li K� E�� lv wkh v|pphwulf
htxloleulxp/ iurp htxdwlrq +:, zh kdyh wkdw

4K �
� E�� ' E� � K� E��� s � E��

8 � E�� ' E� � K� E��� ?s E��8 E�� � +43,
Wkh sursrvlwlrq ehorz/ suryhg lq dq dsshqgl{/ irupdol}hv rxu lqwxlwlrq h{0
suhvvhg lq vxevhfwlrq 715 wkdw elgghuv elg xqlirupo| pruh djjuhvvlyho| lq wkh
suhvhqfh ri d fruuxsw dxfwlrqhhu1
Sursrvlwlrq 6 Wkh elgglqj ixqfwlrq K � E�� lv ghfuhdvlqj zlwk 4�

Qrz gh�qh ~ dv wkh kljkhvw ydoxdwlrq dprqjvw wkh ? elgghuv1 Lwv ghqvlw|
lv jlyhq e|

s � E+� ' ?8 � � � E+� s E+� �
Gh�qh ~ � dv wkh vhfrqg kljkhvw ydoxdwlrq dprqjvw wkh ? elgghuv1 Lwv ghqvlw|
lv jlyhq e|

s � � E+� ' ? E?� �� E�� 8 E+��8 � � � E+� �
Wkxv zh fdq h{suhvv wkh dxfwlrqhhu*v h{shfwhg euleh xqghu d sursruwlrqdo
euleh dv=
-	 ' 4. dK 	 E~�� K 	 E~ � �o ' 4. dK 	 E~�o� 4. dK 	 E~ � �o '

' 4
]

K 	 E+�?8 � � � E+� s E+� _+ � 4
]

K 	 E+�? E?� �� E�� 8 E+��8 � � � E+� _+ '
' 4

]

K 	 E+� �?8 � � � E+�� ? E?� �� �8 � � � E+�� 8 � � � E+��� s E+� _+ '
' 4

]

K 	 E+� �? � 8 � � � E+�� ? E?� ��8 � � � E+�� s E+� _+�
Lqwhjudwlqj e| sduwv dqg xvlqj +43, zh rewdlq
-	 ' 4K	 E+� �?8 � E+�� ?8 � � � E+�� m �


 � ]

?4K�
	 E+� �8 � E+�� 8 � � � E+�� _+ '

' ?
]

E+ � K 	 E+�� ?s E+�8 E+�
�8 � E+�� 8 � � � E+�� _+� +44,

Iurp Sursrvlwlrq 6 dqg lqvshfwlrq ri +44, zh fdq frqfoxgh wkdw wkh dxfwlrq0
hhu h{shfwhg euleh lv pd{lpl}hg dw 4 ' � dv zh vxjjhvwhg hduolhu rq1 Wklv lv
vxppdul}hg lq wkh qh{w uhvxow1
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Wkhruhp 5 Wkh rswlpdo sursruwlrqdo euleh lv � EK � c K � � ' K � � K � � Wkh dxf0
wlrqhhu h{shfwhg euleh lv jlyhq e|

- � '
]

K�
� E+� �8 � E+�� 8 � � � E+�� _+ '

]
U �

� 5s � E5� _5
8 E+� d�?8 E+� n E?� ��o s E+� _+�

+45,

71715 Il{hg euleh
Wkh elgglqj ixqfwlrq lq wkh �{hg euleh fdvh lv qrw vpdoohu wkdq K � E�� � Ghqrwh
e| K 	 wkh elgglqj ixqfwlrq gh�qhg lq wkhruhp 81 Li � � � � c K 	 E�� ' K � E�� �
Qrwh wkdw
K


	 E� � � ' E� � � K � E� � �� s � E� � �
8 � E� � �� 8 �

�K � �
� EK 	 E� � ����� : E� � � K � E� � �� s � E� � �

8 � E� � � ' K 

� E� � � �
+46,

Wkxv li K 	 E��� K � E�� � f iru vrph � : � � d uhdvrqlqj vlplodu wr +46, vkrzv
wkdw wkh plqlpxp ri K 	 � K � lv qrw lqwhulru1 Exw lw fdq eh qhlwkhu � qru � � c
d frqwudglfwlrq1

Wkh dxfwlrqhhu*v h{shfwhg uhyhqxh lv jlyhq e|
- 	 ' � �h EK � E~�� K � E~ 
 � : �� �

Wr eh deoh wr frpsxwh wklv h{suhvvlrq h{solflwo| zh qhhg wkh htxloleulxp
elgglqj ixqfwlrqv wkdw duh gh�qhg e| wkh vl}h ri wkh �{hg euleh �1 Iru �
vx!flhqwo| odujh/ wkhuh lv qr fruuxswlrq dqg wkhuhiruh d fruuxsw dxfwlrqhhu
zrxog suhihu d sursruwlrqdo euleh vfkhph zlwk 4 ' �1 Iru � vx!flhqwo| forvh
wr }hur/ wkhuh lv dozd|v fruuxswlrq exw wkh h{shfwhg euleh lv vpdoo dqg djdlq
d fruuxsw dxfwlrqhhu zrxog suhihu d sursruwlrqdo euleh vfkhph zlwk 4 ' �1
Iru lqwhuphgldwh fdvhv wkh frpsdulvrq lv pruh frpsoh{1 Qh{w zh surylgh dq
h{dpsoh zkhuh zh fdq h{solflwo| frpsduh wkh h{shfwhg euleh xqghu wkh wzr
euleh sd|phqw vfkhphv1

71716 Uhylvlwlqj h{dpsoh 4
Frqvlghu wkh fdvh ri wzr sod|huv zlwk ydoxhv gudzq iurp d xqlirup glvwule0
xwlrq rq ^3/4`1 Iurp wkh h{dpsoh lq Vhfwlrq 5/ wkh h{shfwhg euleh xqghu d
sursruwlrqdo euleh lv htxdo wr=

-� ' 4
� n 4

�
�
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Wkh gldjudp ehorz sorwv wklv ixqfwlrq iru f � 4 � � G

0

0.02

0.04

0.06

0.08

0.1

0.12

0.14

0.16

0.2 0.4 0.6 0.8 1

H{shfwhg euleh dv d ixqfwlrq ri 4
Dv hvwdeolvkhg lq Sursrvlwlrq 6/ wkh dxfwlrqhhu*v h{shfwhg euleh xqghu d

sursruwlrqdo euleh lv pd{lpl}hg dw 4 ' ��Iurp h{dpsoh 4 deryh/ wkh h{shfwhg
euleh xqghu d �{hg euleh lv jlyhq e|

0

0.01

0.02

0.03

0.04

0.05

0.06

0.07

0.280.3 0.32 0.34 0.36 0.38 0.4 0.42 0.44 0.46 0.48 0.5B

H{shfwhg euleh dv d ixqfwlrq ri �
Lw lv fohdu iurp wkh deryh gldjudpv wkdw wkh �{hg euleh zrxog eh suhihuuhg

li 4 	 � 2SD H21

71717 Glvfxvvlrq
Prwh wkdw fkdqjlqj wkh zd| wkh dxfwlrqhhu lv frpshqvdwhg/ vd| iru h{dpsoh
iurp d �{hg vdodu| wr d �{hg shufhqwdjh ri wkh vdohv uhyhqxh dv frpplvvlrq/
zloo qrw holplqdwh ru hyhq uhgxfh fruuxswlrq1 Wklv �qglqj frqwudvwv zlwk
wkdw ri wkh fodvvlfdo hfrqrplf wkhru| ri fruuxswlrq � h1j1/ Ehfnhu dqg Vwljohu
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+4<:7, � dqg zlwk pruh uhfhqw �qglqjv +Prrnkhumhh dqg Sqj/ 4<<8, wkdw wr
zlsh rxw fruuxswlrq d odujh glvfuhwh mxps lq wkh r!fldo*v frpshqvdwlrq lv
uhtxluhg1

718 Rwkhu fruuxswlrq duudqjhphqwv
Rwkhu srvvleoh fruuxswlrq duudqjhphqwv h{lvw1 Iru lqvwdqfh/ wkh dxfwlrqhhu
pljkw dssurdfk dq| ri wkh orvhuv dqg r�hu wkh srvvlelolw| ri uhylvlqj wkh orvlqj
elg wr pdwfk wkh kljkhvw elg dqg zlq wkh dxfwlrq lq h{fkdqjh iru d euleh1 Iru
h{dpsoh/ wkh dxfwlrqhhu pljkw dssurdfk wkh orvhu zlwk wkh kljkhvw elg1 Lw
wxuqv rxw wkdw vxfk duudqjhphqw pljkw uhvxow lq wkh idloxuh ri h{lvwhqfh ri d
v|pphwulf/ prqrwrqh htxloleulxp dv lw lv looxvwudwhg lq wkh qh{w sursrvlwlrq1
Sursrvlwlrq 7 Lq jhqhudo wkhuh lv qr lqfuhdvlqj v|pphwulf elgglqj vwudwhj|
htxloleulxp li wkh dxfwlrqhhu dssurdfkhv wkh kljkhvw orvlqj elgghu1

Wkh irupdo surri lv lq wkh dsshqgl{ exw wkh lqwxlwlrq lv txlwh vwudljkwiru0
zdug1 Vxssrvh elgghuv 2c ���c ? iroorz d v|pphwulf lqfuhdvlqj elgglqj vwudwhj|1
Frqvlghu Elgghu 4*v ehvw uhvsrqvh1 Li kh kdv wkh kljkhvw ydoxh dqg fkrrvhv wkh
vdph v|pphwulf lqfuhdvlqj elgglqj vwudwhj| kh zloo zlq wkh dxfwlrq exw pljkw
orvh wkh remhfw dv wkh dxfwlrqhhu zloo dssurdfk wkh kljkhvw orvlqj elgghu1 Lq
vxfk vfhqdulr/ wkh kljkhvw ydoxhg elgghu zloo dfwxdoo| zdqwv wr kdyh wkh vhf0
rqg kljkhvw elg dqg dq lqfuhdvlqj v|pphwulf htxloleulxp elgglqj vwudwhj|
zloo wkhq qrw h{lvw lq jhqhudo1

Ri frxuvh/ wkh lqh{lvwhqfh ri dq lqfuhdvlqj v|pphwulf htxloleulxp elgglqj
vwudwhj| grhv qrw phdq wkdw wkh remhfw zloo qhyhu eh doorfdwhg wr wkh lqgl0
ylgxdo zlwk wkh kljkhvw ydoxh1 Wklv lv vwloo srvvleoh/ exw qrw jxdudqwhhg/ li
wklv lqglylgxdo kdv wkh vhfrqg kljkhvw elg1

8 Frqfoxvlrq
Lq wklv sdshu zh dqdo|}hg wkh h�hfwv ri fruuxswlrq rq dxfwlrqv xqghu wkh
lqghshqghqw sulydwh ydoxhv vhwwlqj zlwk ulvn qhxwudo elgghuv1 Zh h{dplqhg
krz elgglqj ehkdylru lq d �uvw sulfh dxfwlrq lv d�hfwhg e| fruuxswlrq1 Zh
vkrz krz wr frpsxwh dq lqfuhdvlqj v|pphwulf htxloleulxp elgglqj vwudwhj|
iru dq| w|sh ri euleh sd|phqw zkhq wkh dxfwlrqhhu dssurdfkhv wkh zlqqhu
ri wkh dxfwlrq wr r�hu klp wkh srvvlelolw| ri uhgxflqj klv elg wr pdwfk klv
rssrqhqw*v elg lq h{fkdqjh iru d euleh1 Li vxfk htxloleulxp h{lvwv/ wkhq

4:



wkh dxfwlrq lv vwloo h!flhqw1 Iru h{dpsoh/ zh vkrz wkdw lq wkh fdvh ri d
odujh �{hg euleh/ wkh suredelolw| ri fruuxswlrq lv kljk dqg/ frqvhtxhqwo|/ wkh
vhoohu*v h{shfwhg uhyhqxh lv orz +dv wkh zlqqlqj elgghu uhgxfhv klv elg,1

Wkhvh uhvxowv duh rqo| vxjjhvwlyh ri krz wkh h{lvwhqfh ri fruuxswlrq pljkw
d�hfw erwk wkh vhoohu*v h{shfwhg uhyhqxh dqg wkh h!flhqf| ri dq dxfwlrq1 Wklv
vhhpv wr eh d uhvhdufk olqh zruwk sxuvxlqj dv ghyhorslqj frxqwulhv/ qdwxudoo|
pruh surqh wr fruuxswlrq/ duh lqfuhdvlqjo| xvlqj dxfwlrqv wr doorfdwh jrrgv
dqg vhuylfhv dqg wr sulydwl}h jryhuqphqw rzqhg dvvhwv1

Uhihuhqfhv
^4` Ehfn/ S1 M1 dqg P1 Z1 Pdkhu/ 4<;9/ �D Frpsdulvrq ri Eulehu| dqg

Elgglqj lq Wklq Pdunhwv/� Hfrqrplfv Ohwwhuv 53/ 4081
^5` Ehfnhu/ J1 dqg J1 Vwljohu/ 4<:7/ �Odz Hqirufhphqw/ Pdoihdvdqfh dqg

Frpshqvdwlrq ri Hqirufhuv/� Mrxuqdo ri Ohjdo Vwxglhv 6+4,/ 404;1
^6` Judkdp/ G1 dqg U1 Pduvkdoo/ 4<;:/ �Frooxvlyh Elgghu Ehkdylru dw

Vlqjoh0Remhfw Vhfrqg0Sulfh dqg Hqjolvk Dxfwlrqv/� Mrxuqdo ri Srolw0
lfdo Hfrqrp| <8+9,/ 454:0456<1

^7` Nohpshuhu/ S1/ 4<<</ �Dxfwlrq Wkhru|= D Jxlgh wr wkh Olwhudwxuh/�
Mrxuqdo ri Hfrqrplf Vxuyh|v 46+6,/ 55:05931

^8` Plojurp/ S1 dqg L1 Vhjdo/ 5333/ �Hqyhorsh wkhruhpv iru duelwudu| fkrlfh
vhwv�/ iruwkfrplqj lq Hfrqrphwulfd1

^9` Od�rqw/ M1 M1 dqg M1 Wluroh/ 4<<4/ �Dxfwlrq Ghvljq dqg Idyrulwlvp/�
Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdql}dwlrq <+4,/ <0751

^:` Pdlodwk/ J1 dqg S1 ]hpvn|/ 4<<4/ �Frooxvlrq lq Vhfrqg Sulfh Dxfwlrqv
zlwk Khwhurjhqhrxv Elgghuv/� Jdphv dqg Hfrqrplf Ehkdylru 6/
79:07;91

^;` PfDihh/ S1 dqg M1 PfPloodq/ 4<<5/ �Elgglqj Ulqjv/� Dphulfdq Hfr0
qrplf Uhylhz ;5+6,/ 8:<08<<1

^<` PfDihh/ S1 dqg M1 PfPloodq/ 4<;:/ �Dxfwlrqv dqg Elgglqj/� Mrxuqdo
ri Hfrqrplf Olwhudwxuh 58/ 9<<0:6;1
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^43` Prrnkhumhh/ G1 dqg L1 S1 O1 Sqj/ 4<<8/ �Fruuxswleoh Odz Hqirufhuv=
Krz Vkrxog Wkh| eh FrpshqvdwhgB� Wkh Hfrqrplf Mrxuqdo 438/
478048<1

D Dsshqgl{
Surri ri Ohppd 4= Wr rewdlq d gl�huhqwldo htxdwlrq iru K � E�� ' K E�� zh
xvh +5,1 Ohw xv uhzulwh +5, iru d �{hg euleh=

] �

� 4�? iK E�� c K E+� n�j s � E+� _+ '
] �

� +s � E+� _+� +47,

Iluvw dvvxph wkdw K E�� � �� Wkhq vlqfh 4�? iK E�� c K E+� n�j ' K E��=

K E��8 � E�� '
] �

� +s � E+� _+�

Wkxv qhfhvvdulo|
K E�� ' K � E�� li K E�� � �c +48,

zkhuh K � E�� '
� �� � 	 
 � � � 
 �� 
 � � � 1 Wkhuhiruh li � � . dt o ' K � E�� wkhq K E�� '

K � E�� c f � � � �� Vxssrvh qrz wkdw f 	 � 	 . dt o � Wkhq gh�qh � � dv
wkh vroxwlrq ri K � E� � � ' �� Qrz gh�qh k E�� 	 � lpsolflwo| e| K E�� '
� n K Ek E��� c � � � � � Wkhq zh pd| uhzulwh +47, dv

] � � � �

� E� n K E+�� s � E+� _+ n K E��
] �

� � � �
s � E+� _+ '

] �

� +s � E+� _+�

Gl�huhqwldwlqj zh kdyh

k � E�� K E�� s � Ek E���nK� E��
] �

� � � �
s � E+� _+nK E�� Es � E��� k � E�� s � Ek E���� ' �s � E�� �

Deryh zh xvhg wkdw � n K Ek E��� ' K E�� lq wkh �uvw vxppdqg1 Fdqfhoolqj
k � E�� K E�� s � Ek E��� rq wkh ohiw kdqg vlgh dqg xvlqj wkdw U �

� � � � s � E+� _+ '
8 � E��� 8 � Ek E��� zh rewdlq

K � E�� E8 � E��� 8 � Ek E���� n K E�� s � E�� ' �s � E�� �
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Ilqdoo| vlqfh k E�� ' K �
� EK E����� zh rewdlq wkh qrq0vwdqgdug gl�huhqwldo

htxdwlrq=
K � E�� ' E� � K E��� s � E��

8 � E��� 8 � EK �
� EK E������ c � � � � � +49,

Zh qrz vkrz wkdw d vroxwlrq ri wklv gl�huhqwldo htxdwlrq lv qhfhvvdulo| dq
htxloleulxp1 Vxssrvh elgghu 4 elgv % � f dqg wkh rwkhu elgghuv elg K E�� � c � �
2� Zlwkrxw orvv ri jhqhudolw| zh pd| vxssrvh wkdw % ' K E@� c @ 5 dfc �o � Klv
h{shfwhg xwlolw| lv

� E@� '
] �

� E� �4�? iK E@� c K E+� n�j� s � E+� _+�

Li @ � � � c � E@� ' E� � K E@��8 � E@� �Lq wklv fdvh � 	 E@� ' E� � @� s � E@� Li
@ : � � c wkhuh h{lvwv dq k E@� 	 @ gh�qhg lpsolflwo| e| K E@� ' K Ek E@�� n ��
Qdpho| k E@� ' K 


� EK E@���� � Wkxv

� E@� '
] � � � 


� E� � K E+���� s � E+� _+ n E� � K E@��
] �

� � � 

s � E+� _+�

Gl�huhqwldwlqj dqg xvlqj wkdw K Ek E@�� n� ' K E@�/ lq wkh �uvw vxppdqg rq
wkh �uvw olqh zh rewdlq

�	 E@� '
E� � K E@�� s � Ek E@��k 	 E@�� K	 E@�

] �

� � � 

s � E+� _+ n E� � K E@�� Es � E@�� s � Ek E@��k 	 E@�� '

' �K	 E@� E8 � E@�� 8 � Ek E@��� n E� � K E@�� s � E@� '
' � E@� K E@�� s � E@� n E� � K E@�� s � E@� '

' E� � @� s � E@� �
Wkxv � E@� lv pd{lpl}hg dw @ ' ��

Surri ri Wkhruhp 4= Lw vx!fhv wr vkrz wkdw K � E�� gh�qhg lq +7, vdwlvi|
wkh gl�huhqwldo htxdwlrq +49,1 Wkh vhtxhqfh E�� � � whuplqdwhv vlqfh hdfk K � E��
lv gh�qhg iru � � ��



� � Wkxv hlwkhu K � E�� � ?� ru wkhuh h{lvwv �� : � �



�

vxfk wkdw K� E�� � ' ?�1 Hyhqwxdoo| ?� : � dqg K � E�� � ?�� Frqvlghu qrz
� 5 d� �



� c � � o � Wkhq K E�� ' K� E�� � Pruhryhu vlqfh E?� 2�� � K � E���� �

?� � � ' E?� ��� zh kdyh wkdw K 

�

�



� EK� E����� ' K 

� EK E��� ��1 Wkh

gl�huhqwldo htxdwlrq gh�qlqj K� E�� wkxv lpso| wkdw K E�� vdwlvi| +49,/ hqglqj
wkh surri1
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Surri ri Sursrvlwlrq 6=
Vxssrvh > : 4 dqg gh�qh & E�� ' K � E��� K� E�� � Li � : f zh kdyh wkdw

& � E�� ' K�
� E��� K �

� E�� ' ?s E��
8 E��

�� � K � E��
4 � � � K� E��

>
�

'

' ?s E��
8 E��

�

E� � K � E���
��
4 � �

>
�� & E��

4
�

�
Wkxv li � : fc

& � E�� ' ?s E��
8 E��

�

E� � K � E���
��
4 � �

>
�� & E��

4
�

Li � : f dqg & E�� � f wkhq & � E�� : f� Wkxv lq wklv fdvh wkhuh lv d � � 5 Efc ��
vxfk wkdw & E� � � 	 & E�� � Frqvlghu / 5 dfc �o wkdw plqlpl}hv & E/� lq dfc �o �Wkh
uhdvrqlqj deryh vkrzv wkdw wkh plqlpxp fdqqrw eh lqwhulru dqg fdqqrw eh ��
Wkxv / ' f� Krzhyhu & Ef� ' f dqg & lv frqwlqxrxv zh kdyh d frqwudglfwlrq1
Wkxv & E�� : f li � : f�

Fdofxodwlrqv ri H{dpsoh 41
Li ~ ' 4@ i�� ( � ' �c � � � c ?j dqg ~ 	 lv wkh vhfrqg kljkhvw ydoxh ri i�� ( � ' �c � � � c ?j

wkhq - 
 ' � �h EK 
 E~�� K 
 E~ 	 � : �� lv wkh dxfwlrqhhu h{shfwhg euleh1
Wkh elgglqj ixqfwlrq lv jlyhq e|

K 
 E�� '
� �

	 li f � � � 2�(�
	 n� � � 
 
 � � � �

	 li 2� � � � ��
Wkxv
- 
 ' 2� �h EK 
 E� � �� K 
 E� 	 � : �� ' 2� �h EK 
 E� � �� K 
 E� 	 � : �c � � : 2� : � 	 � '

' 2� �h
#

� �
2 n� �

se�� � � � ��
2 � � �2 : �c � � : 2� : � �

$

'

' 2� �h
�

� � �t

e�� � � � �� : � � c � � : 2� : � �

�

'

' 2� �h
�

� � �t

e�� � � � �� : � � c � � : 2� : � �

�

' 2�
] �

� �

�

� � �t

e�� � � � ��
�

_� � '

' � � e� � � 2�
] �

� �

t

e�� � � � �� _� � '

' � � e� � � H� � ] � � � �� �
�

s�� � � _��
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Surri ri Sursrvlwlrq 7= Vxssrvh K E�� lv dq lqfuhdvlqj v|pphwulf htxl0
oleulxp vwudwhj|1 Elgghu 4 h{shfwhg sd|phqw lv

E� � K E��� �h EK E�� : K Et � c K E�� n� : t �n.dE� � K Et �� �� � � � � � o '
] �

�
+s � E+� _+�

Vlqfh K E�� lv lqfuhdvlqj wklv lv htxlydohqw wr

E� � K E���8 � E4�? i�c K E�� n�j�n] �

�
E� � K Et �� �� � s � E+� _+ '

] �

�
+s � E+� _+�

H!flhqf| uhtxluhv wkdw li t : � wkhq K Et � n� : �� Wkhuhiruh
] �

�
E� � K Et �� �� � s � E+� _+ ' f

dqg

E� � K E���8 � E4�? i�c K E�� n�j� ' ] �

�
+s � E+� _+�

Frqvlghu qrz � ' ��

E�� K E���8 � EK E�� n�� '
] �

�
+s � E+� _+ ' . dt o �

Li� lv vpdoo hqrxjk wklv zloo qrw kdyh d vroxwlrq1 Iru wkh xqlirup glvwulexwlrq
dqg ? ' 2c wkhuh lv qr vroxwlrq li � 	 �*e G

�
e n E�� K E���� � E�� K E��� EK E�� n�� ' �

2
dqg wkhuhiruh � � E�� K E���� � �*e�
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