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Abstract

We make three contributions to the theory of contracting under asymmetric in-
formation. First, we establish a competitive analog to the revelation principle which
we call the implementation principle. This principle provides a complete charac-
terization of all incentive compatible, indirect contracting mechanisms in terms of
contract catalogs (or menus), and allows us to conclude that in competitive contract-
ing situations, firms in choosing their contracting strategies can restrict attention,
without loss of generality, to contract catalogs. Second, we establish a competitive
taxation principle. This principle, a refinement of the implementation principle, pro-
vides a complete characterization of all implementable nonlinear pricing schedules
in terms of product-price catalogs and allows us to reduce any game played over
nonlinear pricing schedules to a strategically equivalent game played over product-
price catalogs. Third, applying the notion of payoff security (Reny (1999)) and the
competitive taxation principle, we demonstrate the existence of a Nash equilibrium
for the mixed extension of the nonlinear pricing game. Moreover, we identify a large
class of competitive nonlinear pricing games whose mixed extensions satisfy payoff
security.

This paper extends earlier work by the first author (see Page (1992, 1999)). Key-
words: competitive nonlinear pricing, delegation principle, implementation principle,
competitive taxation principle, Nash equilibria for discontinuous games.

1 Introduction

For problems of screening and contracting under asymmetric information, the revelation
principle states that given any incentive compatible, indirect contracting mechanism there
exists an incentive compatible, direct contracting mechanism which in all circumstances
generates the same contract selections as the indirect mechanism (e.g., see Proposition 2,
p. 73 in Myerson (1982)).! For screening problems in which a single firm (or principal)

*The earlier version of this paper was completed while Page was visiting CERMSEM at the University
of Paris 1 and the Warwick Center for Public Economics at the University of Warwick. Page gratefully
acknowledges the support and hospitality of these institutions. Monteiro gratefully acknowledges the
support of CNPq. Both authors thank Tom Gresik and seminar participants at Paris 1, Warwick, Wash-
ington University, and Tulane University for many helpful comments. Both authors are especially grateful
to an anonymous referee whose thoughtful comments led to significant improvements in the paper.

! An indirect mechanism consists of a message space, M, and a function, g(+), from the message space
into the set of contracts, K. If the agent sends message m € M to the principal, then contract g(m) € K
is selected. A direct mechanism is simply a function, f(-) : T — K, defined directly on the set of agent



seeks to contract with several privately informed agents, the most important implication
of the revelation principle is that in choosing a contracting strategy, the firm can restrict
attention to direct contracting mechanisms without loss of generality. However, Martimort
and Stole (1997) have shown via an example that for the polar opposite case of several firms
competing to contract with a single privately informed agent, this important implication
of the revelation principle no longer holds in general (see the example in Section 3.2 of
Martimort and Stole (1997)). In particular, Martimort and Stole construct a two-firm,
single-agent contracting game with a Nash equilibrium implementable via an indirect
mechanism, but not implementable via any direct mechanism. Thus, it follows from the
Martimort-Stole example that in multi-firm contracting games, restricting attention to
direct mechanisms is no longer “without loss of generality.” The economic intuition behind
their example can be summarized as follows: because the range of a direct mechanism
contains only those contracts which are chosen by some agent type, direct mechanisms can
fail to take into account the possibility that in equilibrium some firms, in order to deter
competing firms from defecting to other contracting strategies, might offer contracts which
are not chosen by any agent type. The Martimort-Stole example thus highlights the fact
that in competitive contracting games, contracts offered but not chosen can be critical to
holding in place a particular equilibrium - or put differently, their example highlights the
fact that in the case of competing firms, contracting strategies not only serve to resolve
the adverse selection problem but also to deter defections. Because incentive compatible
direct mechanisms address only the adverse selection problem, restricting attention to
incentive compatible direct mechanisms is restrictive and not without loss of generality.
Is there an analogue to the revelation principle for competitive contracting games?

This paper addresses this question and makes three contributions to the theory of
competitive contracting under asymmetric information. First, within the context of a
multi-firm contracting game, we provide a complete characterization of all incentive com-
patible, indirect mechanisms in terms of catalogs.? We call this result the implementation
principle. This principle is analogous to the revelation principle in that it allows us to
simplify multi-firm contracting games in a way similar to the way in which the classical
revelation principle allows us to simplify single-firm, multi-agent contracting problems.
The implementation principle states that given any profile of incentive compatible, indi-
rect contracting mechanisms there exists a unique profile of contract catalogs which in all
circumstances generates the same contract selections (by the agent) as the profile of indi-
rect mechanisms; and conversely, that given any profile of contract catalogs, there exists
a profile of indirect mechanisms which in all circumstances generates the same contract
selections as the profile of catalogs.® Thus, it follows from the implementation principle
that in competitive contracting situations, firms in choosing their contracting strategies
can restrict attention to catalogs without loss of generality. We shall refer to contracting
games played over catalogs as catalog games.

Our second contribution is to establish a competitive analog to Guesnerie’s taxation
principle (see Guesnerie (1981, 1995) and Rochet (1985)). The competitive tazation princi-
ple we prove here states that given any profile of implementable nonlinear pricing schedules
there exists a unique profile of product-price catalogs which in all circumstances generates
the same product-price selections as the given profile of nonlinear pricing schedules; and
conversely, that given any profile of product-price catalogs there exists a unique profile of
implementable nonlinear pricing schedules which in all circumstances generates the same
product-price selections as the given profile of catalogs.® Thus, by the competitive taxa-

types, T, taking values in the set of contracts, K. If the agent reports his type as t’ € T to the principal,
then contract f(t') € K is selected.

2 A catalog is a set of contracts (see section 3 for a formal definition and details).

3Here, since there are several firms (or principals), say m firms, we use the terminology profile to mean
m-tuple.

4Let X be the set of all products (broadly defined) that firms can offer and let D (a subset of the
nonnegative real numbers) be the set of all prices that firms can charge. A nonlinear pricing schedule for
firm 4 is a pair (X;,p;(-)) consisting of a product line, X; C X and a pricing function,



tion principle, nonlinear pricing schedules and catalogs are strategically equivalent - and
thus any noncooperative game played over nonlinear pricing schedules can be reformulated
as a strategically equivalent noncooperative game played over product-price catalogs.

The competitive taxation principle can be viewed as a refinement of the implementa-
tion principle. While the implementation principle tells us that relative to the universe
of all possible indirect mechanisms, no loss of generality is imposed by restricting atten-
tion to catalogs, the competitive taxation principle tells us that relative to the universe
of implementable nonlinear pricing schedules (i.e., a particular class of indirect mecha-
nisms), no loss of generality is imposed by restricting attention to product-price catalogs
(i.e., a particular class of contract catalogs).® More importantly for applications, the
competitive taxation principle shows us precisely how to extract from any given profile of
product-price catalogs the corresponding unique profile of strategically equivalent nonlin-
ear pricing schedules - and conversely, how to construct from any given profile of nonlinear
pricing schedules the corresponding unique profile of strategically equivalent product-price
catalogs.

Our third contribution is a Nash equilibrium existence result for catalog games. Two
complications arise in proving existence. First, because the space of catalogs (a compact
metric space) is not a vector space, the usual method of proving existence via a fixed
point argument is not available. Thus, in order to address the existence question, we
must introduce mixed strategies (or probabilistic strategies) over catalogs and consider
the mixed extension of the catalog game. Second, except in the case of finitely many
contracts, the mixed extension of the catalog game is oftentimes discontinuous.® Here,
we are rescued by a recent result due to Reny (1999) on existence of Nash equilibria in
discontinuous games. In particular, for mixed catalog games satisfying Reny’s condition
of payoff security, we are able to deduce, via Reny’s existence result for discontinuous
games, the existence of a Nash equilibrium.” Then, applying our existence result for
mixed catalog games to mixed catalog games played over product-price catalogs, we are
able deduce, via the competitive taxation principle, the existence of a Nash equilibrium
for the mixed extension of the nonlinear pricing game. Are there catalog games whose
mixed extensions satisfy payoff security? To answer this question, we introduce the notion
of uniform payoff security, a condition implying payoff security. We then identify a large
class of competitive nonlinear pricing games for which the corresponding catalog games
satisfy uniform payoff security automatically. We conclude by showing that the mixed
extension of any uniformly payoff secure catalog game is payoff secure.

A key ingredient in developing our understanding of the relationship between catalogs
and indirect mechanisms is the delegation principle (Page (1999)). This principle provides
a complete characterization of all incentive compatible and individually rational direct
contracting mechanism in terms of catalogs. Here, we shall refer to any such mechanism
(i.e., any incentive compatible and individually rational direct contracting mechanism)
as a competitively viable direct mechanism. Hammond (1979) proved the first delegation
principle, characterizing incentive compatible, direct mechanisms in terms of catalogs for
the single-principal, multi-agent problems, while Page (1999) established the delegation
principle for the polar opposite case of several principals and one privately informed
agent. Sharper results due to Page (1992) and Carlier (2000, 2001) characterize incentive
compatible, direct mechanisms for single-principal, single-agent contracting problems.

In the competitive contracting environment considered here a direct contracting mech-

A product-price catalog for firm 7 is a subset C; of X x D.

5Thus, while the implementation principle guarantees that given any profile of contract catalogs, we
can find in the universe of all possible indirect mechanisms a strategically equivalent profile of indirect
mechanisms, the competitive taxation principle guarantees that given any profile of product-price cata-
logs, we can find in the universe of all possible implementable nonlinear pricing schedules a strategically
equivalent profile of implementable nonlinear pricing schedules.

6Tn general, the agent’s best response mapping is upper semicontinuous in catalog profiles (rather than
continuous), and each firm’s payoff function is upper semicontinuous in contracts (rather than continuous).
The connection between nonexistence of Nash equilibria and lack of continuity in competitive contracting
games was first illustrated via an example by Myerson (1982).

"Reny’s notion of payoff security provides us with a precise way of identifying allowable discontinuities.



anisms is simply a mapping from agent types into firm-contract pairs, specifying for each
possible agent type the firm and the contract the mechanism intends the agent to choose.®
Under a competitively viable direct contracting mechanism the agent will participate in
the mechanism and choose the firm-contract pair intended by the mechanism precisely
because, by design, the mechanism provides no incentives for the agent to do otherwise.
But in a competitive environment, who or what in the economy chooses such a mech-
anism? Such a mechanism would seem to require that firms choose a mediator who in
turn chooses the mechanism - or at least, that firms act cooperatively in choosing the
mechanism. This is precisely where the delegation principle comes into play. It follows
from the delegation principle that the choice of a competitively viable direct contracting
mechanisms can be decentralized. In particular, rather than have the agent report his
type to a centralized contracting mechanism (however such a mechanism is chosen), in-
stead each firm can simply offer the agent a catalog of contracts (i.e., a set of contracts
not indexed by agent types) from which to choose.® Under this scenario, firms compete
via their catalog offerings and agent choice is delegated. More importantly, under this
scenario, firms can easily deduce the agent’s best response mapping - a mapping which au-
tomatically incorporates all the relevant market and agent specific information the agent
might possess. We shall refer to this scenario as anonymous delegated contracting. Given
a particular catalog profile offered by firms, any selection from the best response map-
ping (i.e., any function from agent types into firm-contract pairs summarizing the agent’s
optimal catalog choices) is a competitively viable direct mechanism. What is surprising
is that the converse is also true: given any competitively viable direct mechanism there
exists a unique, minimal catalog profile giving rise to the mechanism via the optimizing
behavior of the agent under anonymous delegated contracting.!® Stated more formally,
by the delegation principle, a direct contracting mechanism is competitively viable if and
only if there is a unique, minimal catalog profile implementing the mechanism.

The fact that competitively viable direct mechanisms can be decentralized via cata-
logs allows us to define the notion of a Nash mechanism. This notion, in turn, provides
us with a general understanding of why the main implication of the classical revelation
principle fails in competitive contracting situations.!! We say that a competitively viable
direct mechanism is Nash if the unique, minimal catalog profile implementing the mech-
anism is a Nash equilibrium for the corresponding catalog game. Conversely, if a Nash
equilibrium catalog profile for a given catalog game is the unique, minimal catalog profile
implementing some competitively viable direct mechanism, then this mechanism is Nash
and we say that the Nash equilibrium catalog profile possesses a Nash mechanism. In
general, if for a given catalog game a Nash equilibrium catalog profile fails to possess a
Nash mechanism, then this Nash catalog profile cannot be implemented via any competi-
tively viable direct mechanism. Such a failure implies that in the competitive contracting
situation represented by the given catalog game attention cannot be restricted to compet-
itively viable direct mechanisms without loss of generality (i.e., the main implication of
the revelation principle fails). Here, we construct two examples of competitive contracting
games illustrating the failure of the “without loss of generality” implication of the classical
revelation principle. Unlike the Martimort-Stole (1997) example, in our example both the
problems of adverse selection and strategic deterrence are present.!? In our first example,
the catalog game has a unique Nash equilibrium catalog profile with no corresponding
Nash mechanism. In our second example, the catalog game has two Nash equilibria, one

8 Thus, here unlike Martimort and Stole (1997) we assume that the agent can contract with one and
only one firm.

9This economic intuition first appears in the seminal paper by Hammond (1979) and underlies his
characterization of direct, incentive compatible mechanisms (see Hammond (1979), Theorem 1, p.266).

10The term minimal means smallest in terms of set inclusion (see Section 6.1 for a formal definition of
minimal).

11The main implication being that “without loss of generality” attention can be restricted to competi-
tively viable direct mechanisms.

12Tn the Martimort-Stole (1997) example the adverse selection problem is eliminated by assuming that
the agent has only one type. Thus, in their example only the problem of strategic deterrence is present.



without a Nash mechanism and one with a Nash mechanism.

Despite the fact that the “without loss of generality” implication of the classical rev-
elation principle fails to hold in competitive situations, it follows from the delegation
and implementation principles that the revelation principle itself still holds in competi-
tive situations. Here, we establish, as a corollary to the delegation and implementation
principles, a competitive revelation principle. While the competitive revelation principle
guarantees that the contract selections generated under any given incentive compatible
profile of indirect contracting mechanisms can be replicated, agent type by agent type, by
some competitively viable direct mechanisms, it does not guarantee - as confirmed by our
examples - that the replicating mechanism is Nash (for the unique, minimal catalog profile
corresponding to the given profile of indirect contracting mechanisms). Thus, the com-
petitive revelation principle does not restore the “without loss of generality” implication
of the classical revelation principle.
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2 Basic Ingredients

2.1 Agent Types and Contracts
‘We shall assume that

(A-1) the set of agent types is given by a probability space, (T, B(T), 1), where T is a
Borel space, B(T) is the Borel o-field in T, and p is a probability measure defined
on B(T).

Recall that a Borel space is a Borel subset of a complete separable metric space. Under
(A-1), multidimensional type descriptions are allowed.

Suppose now that there are m firms indexed by i and j (=1,2,...,m ) and let K be
a set containing all possible contracts that firms can offer to the agent. Elements of K,
denoted by f, can be viewed as describing the relevant characteristics of these contracts.
For each firm ¢ = 1,2,...,m, let K; be a subset of K containing all the contracts that
firm 4 can offer to the agent. The set K;, then, is the i** firm’s feasible set of contracts.

We shall assume that,

(A-2) (i) K is a compact metric space containing an element 0 which we shall agree
denotes “no contracting,” and (ii) for each firm ¢ = 1,2,...,m, the feasible set of
contracts Kj; is a closed subset of K containing the element 0.

In order to take into account the possibility that the agent may wish to abstain from
contracting altogether, we include in our list of feasible contract sets the set Ky given by

Ko == {0}. (1)
Letting T ={0,1,2,...,m}, define the set
K={(,f) e [x K : f € K;}. 2)

A pair (i, f) € K indicates that the agent has chosen contract f € K; from firm i,
while (0,0) = (4, f) € K indicates that the agent has chosen to abstain from contracting
altogether. Note that the set K is a closed subset of the compact metric space I x K.13
Thus, K is a compact metric space.

13Equip I with the discrete metric d§ (-,+) given by

oo [ 1 it
dy (z’z)_{ 0 otherwise.



Examples (Contract Sets)
(1) (Finite Contract Sets) Perhaps the simplest example of a contract set K satisfying
(A-2)(i) is the finite contract set given by a set of the form,

K = {Oaflaf2a--'afq}a

where 0 denotes “no contracting,” and g is some positive integer greater than or equal to
1 denoting the number of contracts.

(2) (Products and Prices) Let X be a compact metric space representing the set of
all products firms can offer and let D be a closed bounded subset of the real numbers
representing the prices firms can charge. Assume that X contains a “no contracting”
choice 0 and that D contains the zero price. The contract set

K:=XxD,

satisfies (A-2)(i), with (0,0) € X x D denoting “no contracting.” Here a contract is
given by a product-price pair, (z,p) € X x D. We shall return to this specification of the
contract set K when we discuss nonlinear pricing.

(3) (Probabilistic Contract Sets) Let Y be a compact metric space containing an el-
ement 0 denoting “no contracting” (for example, ¥ might be the set of contracts given
by X x D in example (2) above) and let A(Y") denote the set of all probability measures
defined on Y. Rather than take as the contract set the set Y, instead we might take as the
contract set the set A(Y). Since Y is compact metric space, so too is A(Y") (see Alipran-
tis and Border (1999), Chapter 14). Moreover, A(Y) automatically contains an element
representing “no contracting,” namely the probability measure assigning probability 1 to
the choice 0 € Y. Thus, the contract set

K :=A(Y),

satisfies (A-2)(i).!* In this example a contract is given by a probability measure f € A(Y).

(4) (State-Contingent Contracts) Let (Z,,n) be a probability space where Z is the
set of all possible states, & is a ¢ -field of events in Z, and 7 is a probability measure.
Consider the contract set K given by a set S-measurable functions defined on the state
space Z taking values in some closed bounded interval, [L, H], where L < 0 < H.'5 In
this example a contract is given by a function f = f(-) € K. Assume that the set of
state-contingent contracts, K, has the following properties:

(i) K contains a function,
0(): Z — [L, H],
such that
0(z) =0 for all z € Z.

(ii) K is sequentially compact for the topology of pointwise convergence on Z, that is,
for any sequence {f"}, in K there is a subsequence {f™*}, in K and a function
f € K such that
™ (2) — f(2) for all z € Z.

(iii) K contains no redundant contracts, that is, if f and f in K are such that
f(2') # f(2') for some 2’ € Z, then

n{ze Z: f(z) # f(z)} > 0.

14Thus, the model we construct here includes as a special case probabilistic contracts. Martimort and
Stole (1997) focus on this particular case.
158ee section 9.1 in the Appendix for the definition of S-measurability.




The uniform boundedness of K (by L and H) together with conditions (ii) and (iii)
imply that K is compact metrizable for the topology of pointwise convergence on Z (see
Proposition 1 in Tulcea (1973)). In particular, under (ii), (iii), and uniform boundedness,

do(f,F) = /Z 17(2) — F(2)| dn(2),

defines a metric on K which generates the topology of pointwise convergence'® and makes
K a compact metric space. Taking as the “no contracting” choice the state-contingent
contract 0(-), contract set K satisfies (A-2)(i).

2.2 The Agent’s Utility Function

Let
v(t,-,"): K—R 3)

be the utility function corresponding to a type t € T agent. We shall maintain the
following assumptions throughout:

(A-3) The function v(-,-,-) : T x K — R is such that (i) for each t € T, v(¢,-,-) is
continuous on K, (ii) for each (i, f) € K, v(-,4, f) is B(T)-measurable,!” and (iii)
for each t € T, v(t,4,0) < v(¢,0,0) for all i € {1,2,...,m}.

Note that we allow each agent’s utility to depend not only on the contract but also
on brand name (i.e., the name of the firm with which the agent contracts). However,
by (A-3)(iii) if the agent is to derive any utility from a firm’s brand name beyond the
reservation level, v(¢,0,0), then the agent must enter into a contract with the firm. Also,
note that allowing utility to depend on brand names does not rule out the possibility that
some (or all) types of the agent are completely indifferent to brand names. Finally, note
that if K is finite, then (A-3)(i) (continuity) is satisfied automatically.

2.3 The Firm’s Profit Function
The jth firm’s profit is given by the function,

() TxK— R. (4)
We shall maintain the following assumptions throughout:

(A-4) For j = 1,2,...,m, the profit function 7;(-,-,-) is such that (i) for each ¢t € T,
m;(t,-,) is upper semicontinuous on K, and (ii) m;(,, ) is B(T") x B(K)-measurable
and y-integrably bounded (i.e., there exists a y -integrable function §;(-) : " — R
such that for ¢ a.e.[u], |m;(t,i, f)| < &;(t) for all (4, f) € K).'8

Example (Profit Functions and the Utility Function)

Suppose, as in example (4) above, that the contract set K is given by a set of state-
contingent contracts. Also, suppose that each firm j = 1,2,...,m has conditional prob-
ability beliefs over the states given by 3,(|-), while the agent has conditional probability
beliefs given by ((-|-). Assume that for each event E € S, the functions

§;(El") : T —[0,1] and {(E]") : T — [0, 1]
16 Thus, for any sequence {f"},, C K and f € K, du(f", f) — 0 if and only if

M (w) — f(w) for all w € Q.

17See section 9.1 in the Appendix for the definition of B(T')-measurability.
18Here, B(K) denotes the Borel o-field in the compact metric space K. See section 9.1 in the Appendix
for the definitions of upper semicontinuity and B(T") X B(K)-measurability.
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are B(T)-measurable.
The Utility Function: Let

u(s,+,):TxIx[L,H — R

be such that (i) for each ¢t € T, u(t,-,-) is continuous on I x [L, H|, and (ii) for each
(i,¢) € I x [L, H], u(+,1,c) is B(T)-measurable. Given utility function (-, -,-), the type ¢
agent’s (expected) utility over firm-contract pairs is given by

otisf) = [ (ki f@)sN)
Firm Profit Functions: For j =1,2,...,m, let
ri(,) T xIx[L,H — R

be such that (i) for each t € T, 7;(t,-,-) is upper semicontinuous on I x [L, H], (ii) for
each i € I, rj(-,4,-) is B(T) x B([L, H])-measurable, and (iii) r;(:,-,-) is p-integrably
bounded (i.e., there exists a p-integrable function g;(-) : T'— R such that for ¢ a.e.[u],
Iri(t,i,c)| < g;(t) for all (i,c¢) € I x [L,H])."® Given profit function r;(,-,-), the j*
firm’s (expected) profit over firm-contract pairs is given by

mi(ti, f) = /Z ri(tyi, £(2))B;(dz ).

Specified in this way, the agent’s utility function satisfies (A-3) and each firm’s profit
function satisfies (A-4).

3 Mechanisms

3.1 Direct Contracting Mechanisms

A direct contracting mechanism is a (B(T), B(K))-measurable function

t — (i(t), f (1)) (5)

defined on the set of agent types taking values in K.2® Thus, a direct contracting mech-
anism is a function that specifies for each possible agent type an intended contracting
arrangement for that agent type. For example, under direct contracting mechanism
(2(+), f(*)), it is intended that a type ¢t agent choose contract f(t) from firm i(¢). Whether
or not this happens depends upon the incentives provided by the mechanism.

Given direct contracting mechanism (i(-), f()), if each agent chooses what is intended
for his type, then the j** firm’s expected profit is given by

IL; (i), f()) = /Tﬂj(t,i(t), f(@)du(t), (6)
while a type t agent’s utility is given by

v(t,i(t), £(2))- (7)

Under direct contracting mechanism (i(-), f(-)) the agent will participate in the mechanism
and choose what is intended for his type only if the mechanism does not provide incentives
to do otherwise, that is, only if the mechanism is individually rational and incentive
compatible.

19 B([L, H]) denotes the Borel o-field in the interval [L, H].
203ee section 9.1 in the Appendix for a definiton of (B(T), B(K))-measurability.
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3.2 Competitively Viable Direct Mechanisms

A direct contracting mechanism (i(-), f(-)) is said to be incentive compatible if for all
agent types ¢ and ¢’ in T it is true that

v(t,i(t), £(t)) > v(t, i(t), F(¥)). (®)

Thus a contracting mechanism (i(-), f(+)) is incentive compatible (IC) if for all agent
types t, the mechanism does not provide incentives for the agent to enter into a contract
(i(t"), f(t')) not intended for his type.

A contracting mechanism (i(-), f(-)) is individually rational if for all agent types t in
T it is true that

v(t,i(t), £(£)) = v(t,0,0). 9)
Here, v(t,0,0) is a type t agent’s utility level if the agent abstains from contracting al-
together (i.e., if the agent chooses (0,0) = (¢, f) € K). Thus, a mechanism (i(-), f(-)) is
individually rational (IR) if it is rational for all agent types to participate in the mecha-
nism.

We shall refer to any direct mechanism (i(-), f(-)) satisfying the incentive compatibility
constraints (8) as well as the individual rationality constraints (9) as a competitively viable
direct mechanism (or as a CVD mechanism). Note that because each contract set K; (for
i=0,1,...,m) contains a “no contracting” choice, endogenous participation by firms and
the agent is automatically built into the notion of competitive viability.

4 Catalogs

4.1 Catalogs and Catalog Profiles

For each i = 1,2,...,m, let C; be a nonempty, closed subset of K;. We can think of the
subset C; as representing a catalog of contracts that the i*” firm might offer to the agent.
Fori=0,1,2,...,m, let P¢(K;) denote the collection of all possible catalogs, that is, the
collection of all nonempty, closed subsets of K;.2! Since K; is a compact metric space,
the collection of catalogs, P¢(K;), equipped with the Hausdorff metric h is automatically
a compact metric space (see section 9.1 in the Appendix for the definition of the Hausdorff
metric and a discussion).
If firms compete via catalogs, then their strategy choices can be summarized via a
catalog profile,
(C1,...,Cpn). (10)

Here, the i*" component of the m-tuple (Cy,...,Cy,) is the catalog offered by the i*" firm
to the agent. Let
P:= Pf(Kl) X oo X Pf(Km)

denote the space of all catalog profiles. If P is equipped with the metric hp given by
he ((C1,...,Cm),(Cy,...,Cl)) := max{h(C;,C}) :i=1,2,...,m}, (11)

then the space of catalog profiles (P, hp) is a compact metric space.

4.2 The Agent’s Problem under Anonymous Delegated Contract-

ing
Given m + 1-tuple of catalogs,
(Co,C4,...,Cn),
where Cy = K := {0}, the agent’s choice set is given by
T(Co,Ch,...,Cn) ={G,f) €eK: f € C;}. (12)

2 Note that since Ko = {0}, P¢(Ko) consists of a one nonempty, closed subset, namely the set {0}.
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Given choice (i, f) € T'(Co, C1,...,Cnm), a type t agent’s utility is given by
v(t, 1, f).
The agent’s choice problem under anonymous delegated contracting is given by
max {v(t,s, f) : (¢, f) € T(Co, C1,...,Cm)}- (13)

Note that because the agent can choose to abstain from contracting altogether (by choos-
ing from Cy), participation is endogenously determined.

Under assumptions (A-1)-(A-3), for each t the agent’s choice problem (13) has a solu-
tion. Let

v*(t,Ch, ..., C) == max {v(t, i, f) : (i, f) € T(Co,Ch,...,Cm)} (14)
and
B(t,Ch,...,Cn) == {(i, f) €T(Co,Ch,...,Cm) s v(t,i, f) = v*(t,C1,...,Cm)}.  (15)
The function
V(o) Pp(Ky) % - x Pp(Kp) — R

gives a type t agent’s optimal level of utility as a function of the catalog profile offered
by firms. Thus, v*(¢,-,...,-) expresses a type t agent’s induced preferences over catalog
profiles. The set-valued mapping

(Cl,...,Cm) —>tI>(t,C’1,...,C’m)
is a type t agent’s best response mapping. For each catalog profile
(Cla"'acm) EPf(-[{l) Xoeee X Pf(KM)a

®(t,C4,...,Cp) is a nonempty closed subset of K.

The following Proposition summarizes the continuity and measurability properties of
the mappings, I' and ®, and the optimal utility function, v*.

Proposition (Continuity and measurability properties): Suppose assumptions (A-1)-
(A-3) hold. Then the following statements are true. (a) The choice correspondence
I'(Co,+,...,) is hp-continuous on the space of catalog profiles P (i.e., is continuous
with respect to the metric hp given in(11)), (b) The function v*(-,-,...,-) is such that
v*(t,-,...,-) is hp-continuous on P for each t € T, and v*(-,C,...,Cp) is B(T)-
measurable on T for each (Ci,...,Cp) € P. (c) For each t € T, ®(t,-,...,-) is hp-upper
semicontinuous on P and ®(-,-,...,-) is B(T) x B(P) -measurable on T x P.??

The proof of the Proposition above follows from Propositions 4.1 and 4.2 in Page (1992).
It is easy to show that if K is a finite contract set, then for each t € T, ®(¢,-,..., ) is
hp-continuous on P.

22Here B(P) denotes the Borel o-field in the compact metric space (P, hp). Morcover,
B(P) = B(Ps(K1)) X -+ X B(Pf(Km)),

where B(P¢(K;)) denotes the Borel o-field in the compact metric space (Py(K;),h) (see Aliprantis and
Border (1999) Theorem 4.43, p. 146).
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4.3 Expected Potential Profit under Anonymous Delegated Con-
tracting

For t € T and (Cy,...,Cy) € P, let
w5 (t,C1,...,Cn) = max {m;(t,i, ) : (i, f) € ®(t,C1,...,Cm)}. (16)

The quantity,
W;(t, Cl, ey Cm),

is the maximum profit attainable by firm j given agent type ¢ and catalog profile,
(C1,...,Cm).
Thus, each firm uses as its measure of the potential profit in state
(t,C1,...,Cn) €T X P,

the maximum level of profit attainable in this state (recall that for each agent type t € T,
the agent is indifferent over his possible choices from ® (¢, Cy, . . ., Cy,)). Given assumptions
(A-4)(i) and (A-4)(ii) and given the upper semicontinuity and measurability properties
of the best response mapping (see the Proposition in section 4.2 above), it follows from
Proposition 4.3 in Page (1992) that the potential catalog profit function defined in ex-
pression (16) is upper semicontinuous on P and B(T) x B(P)-measurable on T x P (see
Page (1992), p. 275). Note that if the contract set K is finite, then for each agent type ¢,
the function,

(Cl, .. ,Cm) — W;(t, Cl, . .,Cm),

is automatically hp-continuous on the space of catalog profiles, P.23
Given catalog profile, (Cy,...,Cn,) € P, the j?* firm’s expected potential catalog
profit is given by

1L, (Ch, .., Con) = / 7(t, Cr, .., Co)ds(t). (17)

It follows from Fatou’s Lemma (see Aliprantis and Border (1999), p. 407), that each firm’s
expected potential catalog profit function,

(Cl,...,Cm)—>Hj (Cl,...,Cm),

is hp-upper semicontinuous on P. Moreover, if the contract set K is finite, then each
firm’s expected potential catalog profit function is hp-continuous on P.

5 Competitive Contracting, Catalog Games, and Nash
Equilibrium

A catalog game is given by (Pf(Kj), Hj);.":l where the set of catalogs, Pf(Kj), is the j"
firm’s contracting strategy set and II; is the jt* firm’s expected potential catalog profit
function, given in expression (17).

Definition (Nash Equilibrium for Catalog Games)

A catalog profile
(Cf, .. ,C:n) (S Pf(Kl) X -+ X Pf(Km)

is a Nash equilibrium for the catalog game (Pf(Kj),Hj);;l if forall =1,2,...,m

Hj(C;, Cij) > Hj(Cj, Cij)fOT all Cj S Pf(Kj).

23This follows from the continuity of m;(t,+,,+) on the finite set K and from the hp-continuity of
®(t,,...,-) on the finite set P.
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Two questions now arise: First, in analyzing competitive contracting situations can
we restrict attention, without loss of generality, to catalog games? Second, in general, do
catalog games have Nash equilibria?

The answer to the first question is not obvious. Besides catalogs, firms have avail-
able other types of contracting strategies. These other types of strategies fall into two
broad categories: (i) direct contracting mechanisms (discussed above) and (ii) indirect
contracting mechanisms (discussed in Section 6.2 below). Thus, in order to answer the
first question we must have a clear and precise understanding of how catalogs, direct
mechanisms, and indirect mechanisms are related. The delegation and implementation
principles, presented in the next section, provide just such an understanding. In particu-
lar, the delegation principle provides a complete characterization of competitively viable
direct mechanisms in terms of catalogs, while the implementation principle provides a
complete characterization of incentive compatible indirect mechanisms in terms of cat-
alogs. By the implementation principle we will be able to conclude that, in general, in
competitive contracting situations attention can be restricted to catalog games without
loss of generality. An important refinement of the implementation principle is the compet-
itive taxation principle. This principle, also presented in the next section, establishes the
strategic equivalence of nonlinear pricing schedules (a particular class of indirect mecha-
nisms) and product-price catalogs (a particular class of catalogs).

The second question - the existence question for catalog games - is also difficult. It is
difficult for two reasons: (i) in catalog games, strategy spaces (i.e., spaces of catalogs) are
not vector spaces, and (ii) catalog games are often discontinuous. We are able to overcome
the first difficulty by moving to mixed strategies and we are able to overcome the second
difficulty by using a beautiful existence result due to Reny (1999).

6 Three Principles

6.1 The Delegation Principle and Nash Mechanisms

In this section, we state the delegation principle. This principle provides a complete
characterization of competitively viable direct contracting mechanisms in terms of catalog
profiles.?? By the delegation principle, all competitively viable direct mechanisms can be
decentralized via catalogs. This fact makes possible the introduction of the notion of
a Nash mechanism, and this notion in turn facilitates a general understanding of why
the “without loss of generality” implication of revelation principle fails in competitive
situations. We begin with a formal statement of the delegation principle.

6.1.1 The Delegation Principle

Theorem 1 (The Delegation Principle)
Suppose assumptions (A-1)-(A-3) hold. Let

(@), f():T—K
be a direct contracting mechanism. The following statements are equivalent:

1. The direct contracting mechanism, (i(-), f(-)), is competitively viable, that is, (i(-), f(-))
satisfies the incentive compatibility constraints (8) and the individual rationality con-
straints (9).

2. There ezists a unique, minimal catalog profile (Ci,...,Cp) € P implementing
(2(:), f(+)), that is, there exists a catalog profile (C1,...,Cn) € P such that
(a) (i(t), f(t)) € ®(t,C1,...,Cp) forallt €T,

24The delegation principle is proved in Page (1999). For the convenience of the reader we include a
proof in section 9.2 of the Appendix.
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and

(b) for all other catalog profiles (C1,...,Ch,) € P,
if (i(t), f(t)) € ®(¢,C4,...,Ch) forallt € T,
then for j =1,...,m such that i(t) = j for somet € T,
C; CC.

According to the delegation principle, a direct mechanism, (i(-), f(:)), is competi-
tively viable if and only if it is a (measurable) selection from the best response mapping,
t — ®(t,C4,...,Cp), for some unique, minimal catalog profile (Ci,...,Cp) € P, and
therefore, if and only if

v(t,i(t), f(t)) = max {v(t,4, f) : (¢, f) € T'(Co, Cy,...,Cp)} forallt €T,

for some unique, minimal catalog profile (Cy,...,Cy,). By part 2(b) of the delegation
principle, the unique, minimal catalog profile (Ci,...,Cy,) implementing (i(-), f()) is
minimal in the sense that under any other implementing profile (Cy,...,C},), it must
be true that C; C C’; for all firms j attracting some participation under the mechanism
(i(), f(-))-%
We shall denote by
(Cq,...,Cm) (18)

the set of all (measurable) selections from the best response mapping,
t— tI>(t,C’1,.. .,Cm).

By the Kuratowski - Ryll-Nardzewski Selection Theorem (see Aliprantis and Border
(1999), p. 567), for any catalog profile,

(Cl,...,Cm)EP,

the set of competitively viable mechanisms, 3(C4,. .., Cp,), is nonempty.

6.1.2 Nash Mechanisms

By the delegation principle, any competitively viable direct mechanism (i(-), f(-)) can be
decentralized via a unique, minimal catalog profile (Cy,...,Cy,) € P. This fact allows
us to define the notion of a Nash mechanism.

Definition (Nash Mechanisms)

We say that a competitively viable direct mechanism (i(-), () is Nash if the
corresponding unique, minimal catalog profile (C1,...,Cp) implementing
(2(-), f()) is a Nash equilibrium for the catalog game (Pf(Kj),Hj);.":l .

Thus, if a Nash catalog profile (C1,...,Cy,) for the catalog game (Pf(Kj),Hj);';l is
such that (C,...,Cy,) is the unique, minimal catalog profile implementing some com-
petitively viable direct mechanism (i(-), f(+)), then (i(-), f(-)) is Nash. However, as the
examples we construct in Section 7 will show, it is possible for a catalog game to possess a
Nash equilibrium catalog profile with no corresponding Nash mechanism - and therefore,
a Nash equilibrium catalog profile which cannot be implemented by any competitively
viable direct mechanism. Such a Nash equilibrium catalog profile must naturally contain
contracts - not chosen by any agent type - which serve only to deter defections by com-
petitors. The fact that some catalog games have Nash equilibria with no corresponding
Nash mechanisms means that in analyzing competitive contracting situations, attention
cannot be restricted to competitively viable direct mechanisms without loss of generality.

251f under mechanism (i(-), f(+)) firm j’ attracts no participation (i.c., i(t) # j’ for all ¢ € T), then
C;» = {(0,0)}, but nothing conclusive can be said about the relationship between the catalogs C;/ and
C’J’, in the implementing profiles (C1,...,Cn) and (C4,...,C},).
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6.2 The Implementation Principle

In competitive contracting situations, catalogs allow the firm to simultaneously address
the problems of deterrence and adverse selection. The question that now arises is this:
relative to the universe of all indirect mechanisms, is there any loss of generality caused by
firms restricting attention to catalogs? The answer to this question is no - and is provided
to us by the implementation principle.

6.2.1 Strategic Competition via Indirect Contracting Mechanisms

Let M denote the set of all possible messages the agent can send to firms. An indirect
contracting mechanism is a pair,
(Mjagj('))a
where M; C M is the j** firm’s message space and g;(+) : M; — K; is the j!* firm’s
message function specifying for each message m; € M; sent by the agent to firm j, a
contract selection g;(m;) from the j** firm’s feasible set of contracts K. If firms compete
via indirect contracting mechanisms, then their strategy choices are given by a profile of
indirect contracting mechanisms,

((M1,91()); -, (Mo, g (-))) - (19)

6.2.2 Indirect Contracting Mechanisms and Agent Choice

In order to take into account the possibility that the agent may wish to abstain from
contracting altogether, we include in our list of indirect mechanisms the mechanism,

(Mo, go(-))
where (20)
M() = {mo} and go(mo) =0.

Given m + 1-tuple of indirect mechanisms,

((MOa 90('))5 (Mla gl('))a R (Mma gm())) )

the agent’s choice set is given by
U(Mo, My,...,Mp):={(i,m) eI x M : m € M;}, (21)

where I = {0,1,2,...,m}.26 Given choice (i,m) € ¥(My, My, ..., M,,), a type t agent’s
utility is given by

U(ta 7:5 g’t(m))
6.2.3 The Implementation Principle

Extending the definition of incentive compatibility given in Rochet (1985)%7 to the com-
petitive case, a profile of indirect contracting mechanisms,

((MI; gl('))7 R (Mma gm())) )

is said to be incentive compatible if and only if there exists a function,

t — (i(t), m(t)), (22)

26Recall that firms are indexed by 4 and j.
278ee, in particular, expression (11) on page 118 of Rochet (1985).
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such that

(i) t — (i(2), giry(m(t))) is (B(T), B(K))-measurable,

(ii) for all t € T, (i(t), m(t)) € U( My, M, ..., My), and (23)

(iii) for all ¢t € T,
v(t,i(t), gir) (m(t))) = max {v(t, 1, gi(m)) : (i,m) € Y(Mo, My,..., My,)}.

We shall refer to any function (i(-), m(-)) satisfying conditions (i)-(iii) in expression (23) as
a message selection from (M1, 91(:)), .-, (Mm, gm(+))) (see section 7.3.1 in the Appendix
for a discussion of conditions sufficient to guarantee the existence of message selections).

‘We now state our main result on the relationship between incentive compatible profiles
of indirect contracting mechanisms and contract catalogs.

Theorem 2 (The Implementation Principle)
Suppose assumptions (A-1)-(A-3) hold. Then the following statements are true:

1. For each incentive compatible profile of indirect contracting mechanisms,

((Mla 91('))5 EEEE) (Mna gn())) )

there exists a unique, minimal catalog profile,
(Cy,...,Cp) €P,
such that for each message selection,
@), m' (),

from ((My,91(-)), .., (Mn, gn(+))), there exists a competitively viable direct contract-
ing mechanisms

(i), f(-)) € E(Cr, - .., Cn),
such that

(i(t), £(t)) = (¢'(2), 9irty(m/(t)) for allt € T.
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2. For each profile of catalogs,
(Cla"'aCn) € Pa

there exists an incentive compatible profile of indirect contracting mechanisms,
((Mla gl())a LR (M’na gn())) 3
such that for each competitively viable direct contracting mechanism
(Z()a f()) € E(Ctla vy Cn)a
there exists a message selection
@'(-),m (1)),
from ((Mh gl())a LR (M’lu gn())) ’
such that
(i(8), £() = (¢'(8), vty (M (1)) for all t € T.

By construction (see expression (49) in the proof of the implementation principle given
in the Appendix), the unique, minimal catalog profile, (Cy,...,Cy,) € P, corresponding
to the indirect contracting mechanism,

(M1, 91());s -+ » (Mim; m(-))) 5

is such that given any message selection (¢'(-), m'(:)) from

(M1, 91());s -+ » (Mim; m(-))) 5

(il(')’ gl’()(ml())) € Z(C’la reey Cm)
Thus, by construction, the unique, minimal catalog profile, (Cy,...,Cy,), corresponding
to ((Mlagl('))’ LN (Mm7gm())) is such that

for all competitively viable mechanisms, (i(-), f(-)) € ¥(C4,...,Cnp), and
for all message selections, (¢/(-),m'()), (24)
U(ta i(t)a f(t)) = v(ta il(t)ﬂ 9i'(t) (m,(t))) forall ¢ € T.

Moreover, even if we drop the measurability condition (i) in expression (23), and require
only that message selections satisfy conditions (ii) and (iii), expression (24) remains valid.

6.2.4 A Corollary: The Competitive Revelation Principle

The implementation principle, together with the delegation principle, imply that the
revelation principle holds in competitive contracting situations. In particular, we can
state the following competitive revelation principle as a corollary to the delegation and
implementation principles:

Corollary 3 (The Competitive Revelation Principle)
Suppose assumptions (A-1)-(A-3) hold. Then the following statements are true:

1. Given any incentive compatible profile of indirect contracting mechanisms,

((Mla 91('))5 R (Mn’ gn())) )

and any message selection,
@), m'()),
from ((My,91(-)), .., (Mpn, gn("))), there exists a competitively viable direct contract-
ing mechanisms,
(@), £()),

such that
(i(t), £(t)) = (¢ (2), 9irty (' (¢)) for allt € T.
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2. Given any competitively viable direct contracting mechanisms,
(i), £()),
there exists an incentive compatible profile of indirect contracting mechanisms,

((Mla 91('))5 EEEE) (Mna gn())) )

and a message selection,
(@'(-),m' (")),
such that
(i(t), £(t)) = ('(t), gir 1y (M/ (1)) for all t € T.

Part 1 of the competitive revelation principle guarantees that the contract selections
generated by any message selection corresponding to any given incentive compatible profile
of indirect contracting mechanisms can be replicated, agent type by agent type, by some
competitively viable direct mechanisms. However, part 1 of the competitive revelation
does not guarantee that the replicating mechanism is Nash for the unique, minimal cat-
alog profile corresponding to the given profile of indirect contracting mechanisms. Thus,
the competitive revelation principle does not imply that in modeling and analyzing com-
petitive contracting situations attention can be restricted to competitively viable direct
mechanisms without loss of generality.

The proof of part 1 of the competitive revelation principle follows immediately from
part 1 of the implementation principle. For the proof of part 2 of the competitive revelation
principle, consider the following:

Let

(Cl,...,Cm) eP

be the unique, minimal catalog profile corresponding to the given competitively viable
direct mechanism
(i(-), £(-))-

For each j = 1,...,m, let the j** firm’s indirect contracting mechanism be given by
(Cj ) €j ())a
where
ej(): Cj — K;
is the identity mapping, and Cj, the 4" firm’s message space, is given by the j** com-
ponent of the unique, minimal catalog profile implementing (i(-), f(-)). To complete the
proof, observe that the set of all message selections from the indirect mechanism

((Cla 61(~)), RS (Cma em()))

is equal to the set,

¥ (Cy,y...,Cn),

of all competitively viable direct mechanism corresponding to the catalog profile (Cy, ..., Cy,) .

6.3 The Competitive Taxation Principle

While the implementation principle tells us that relative to the universe of all possible
indirect mechanisms, no loss of generality is imposed by restricting attention to catalogs,
the competitive taxation principle tells us that relative to the universe of implementable
nonlinear pricing schedules (i.e., a particular class of indirect mechanisms), there is a
particular class of catalogs (i.e., product-price catalogs) strategically equivalent to the
class of implementable nonlinear pricing mechanisms. More importantly for applications,
the competitive taxation principle shows us precisely how to extract from any given pro-
file of product-price catalogs the corresponding unique profile of strategically equivalent
nonlinear pricing schedules - and conversely, how to construct from any given profile of im-
plementable nonlinear pricing schedules the corresponding unique profile of strategically
equivalent product-price catalogs.
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6.3.1 Strategic Competition via Nonlinear Pricing Schedules

In order to analyze strategic competition via nonlinear pricing schedules we must explicitly
introduce price. To begin, assume that the set of all possible contracts is given by

K =X x D. (25)

Elements of X can be viewed as describing the relevant characteristics of contracts, while
elements of D specify price. Thus, for example, we might assume that X is a closed
bounded subset of RY where each vector = (z1,...,21) € X describes the characteristics
of a particular sales contract such as quantity, quality, and location, while D is a closed
bounded interval in R.

For each firmi =1, 2,...,m, the feasible set of contracts, Kj, is a subset of K := X x D.
‘We shall assume that

(A-2)* (i) X is a compact metric space, containing an element 0 which we shall agree
denotes “no contracting,” (ii) D is a closed bounded subset of R containing 0, and
(iif) for each firm ¢ = 1,2,...,m, K; is a closed subset of K := X x D containing
(0,0).

Given our more detailed specification of K, the “no contracting” set, Ky, is now given
by Ko :={(0,0)}, and the set K is given by

K:={(i,z,p) € I x X x D : (z,p) € K},

where, as before, I = {0,1,2,...,m}.
We shall assume that each agent’s utility function satisfies the following assumptions:

(A-3)* The function v(-,-,-,-) : T X K — R is such that (i) for each ¢t € T, v(¢,-,-,")
is continuous on K, (ii) for each (i,z,p) € K, the function v(-,i,z,p) is B(T)-
measurable, (iii) for each t € T, v(t,4,0,0) < v(¢,0,0,0) for all 7 € {1,2,...,m},
and (iv) for each ¢ € T and each (i,z,p), (i,z,p") in K with p’ > p, v(¢,4,z,p") <
v(t, Z" x7p).

Note that (A-3)* modifies (A-3) by adding the assumption that the agent’s utility is
strictly decreasing in price.

Example (A Finite Contract Set) A useful example is provided by case in which the
sets X and D are finite. For example, let

X: {0’1525"'Q}’
where () is some large positive integer, and let
D ={o0,.01,.02,..., P},

where P is some large integer multiple of .01. Here, each = € X represents quantity
in discrete units and each p € D represents price in dollars and cents. In this case,
assumptions (A-2)*(i) and (A-3)* (i) are satisfied automatically.

Definition (Implementable Nonlinear Pricing Schedules)
An implementable nonlinear pricing schedule is a pair, (X;,p;(-)), where X; is a

nonempty, closed subset of X representing the j** firm’s product line, and p;(-) is
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a real-valued, lower semicontinuous function,?® defined on X; taking

values in the set of prices D such that
graph{p;(-)} :={(z,p) € X x D : p=pj;(2)} C Kj.

If firms compete via nonlinear pricing schedules, then their strategy choices are given
by a profile of nonlinear pricing schedules,

(X1,21()); -5 (Xm; P (1)) - (26)

6.3.2 Nonlinear Pricing Schedules and Agent Choice

In order to take into account the possibility that the agent may wish to abstain from
contracting altogether, we include in our list of schedules the schedule,

(Xo,p0(+))
where (27)
Xo := {0} and py(0) := 0.

Given m + 1-tuple of nonlinear pricing schedules,

((X0,20(-)); (X1,21())5 -+ (Xom; (1))

the agent’s choice set is given by
AXo, X1, o, X)) ={((,x) e I x X : z € X}, (28)

where I = {0,1,2,...,m}.2° Given choice (i,z) € A(Xo, X1,...,Xm), a type t agent’s
utility is given by
U(t,i,l‘,pi(l‘))-

6.3.3 The Competitive Taxation Principle

We now state our main result on the relationship between catalogs and nonlinear pricing
schedules.

Theorem 4 (The Competitive Tazation Principle)
Suppose assumptions (A-1),(A-2)*, and (A-3)* hold. Then the following statements
are true:

1. For each profile of catalogs,
(C1,...,Cn),

there exists a unique, minimal profile of implementable nonlinear pricing schedules,

((X1,p1(')), EEEE) (Xm;pm())) )

such that for all direct contracting mechanisms,

((-);2(),p(-)) €X(Cy;...,Cm),
we have for allt € T,
(i(t)ax(t)ap(t)) = (Z(Z)am(t)ﬂpz(t)(x(t))) ’
z(t) € Xi(t)-

28Gee section 9.1 in the Appendix for a definition of lower semicontinuity.
29 Again, recall that firms are indexed by i and j.
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2. For each profile of implementable nonlinear pricing schedules,

((X1,p1(')), EEEE) (Xm;pm())) )

there exists a unique, minimal catalog profile,
(C1,...,Cn),
such that for all direct contracting mechanisms,

(i(-),z(),p(-)) € X (Cy,...,Cm),
we have for allt € T,
(i(t),.’lﬁ(t),p(t)) = (Z(Z)ax(t)apz(t)(x(t))) ’
z(t) € Xi(t)-

It follows from the competitive taxation principle and the delegation principle that
given any competitively viable direct contracting mechanisms there is a unique profile of
implementable nonlinear pricing schedules which implements the mechanism. Conversely,
given any profile of implementable nonlinear pricing schedules,

((Xlapl('))a R (Xmapm())) )

with corresponding unique, minimal catalog profile,
(C1,...,Cpn),

there exists a unique set of direct mechanisms, ¥ (Cy, ..., C,,), such that each mechanism,
(i(-),z(-),p(-)) € X(C1,...,Cp), is uniquely implemented by the profile of nonlinear
pricing schedules, ((X1,21(:)); -+ -5 (Xm; Pm(+)))-

Part 1 of the competitive taxation principle is established in Page (1999).3° Moreover,
Page (1999) shows that given any catalog profile, (C1,...,Cy,), the profile of nonlinear
pricing schedules,

((Xlﬂpl(.))ﬂ R (Xmapm())) )

which uniquely implements the catalog profile must be such that for each j, the product
line, X}, is closed and the pricing function, p;(-), lower semicontinuous. Thus for each
firm, closedness of the product line, X}, and lower semicontinuity of the pricing function,
p;(+), are necessary conditions for implementation.

7 Two Examples

In this section, we present two examples of competitive contracting games illustrating
the failure of the “without loss of generality” implication of the revelation principle in
competitive situations. In our first example, we construct a catalog game with a unique
Nash equilibrium catalog profile - but a profile which does not possess a corresponding
Nash mechanism. Our second example is constructed by altering the catalog game in our
first example to obtain a game with two Nash equilibrium catalog profiles - one with a
Nash mechanism and one without.

7.1 Example 1
7.1.1 Basic Ingredients

Suppose there are two contracts, f4 and fg, so that, K := {0, fa, f}, and assume that
there are two firms with
K;:= {05 anfB} for i = 152

30For the convenience of the reader we include a proof of part 1 of the competitive taxation principle
in section 9.4 of the Appendix.
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The space of catalog profiles is given by

P = Py(K) x P;(K),
where

Pf(K) = {{O} ) {fA} ’ {fB} ) {OafA} 3 {OafB} 3 {fA,fB} ) {OaanfB}} .

Suppose also that there are three agent types,
T := {tl, tQ, tg} s

having equal probabilities. Thus,

p(t) = p(tz) = p(ts) = 3

The agent’s ranking of firm-contract pairs, given by the agent’s utility function, is as
follows:
Utility Ranking:

v(t1, (2, fB)) > v(t1, (1, fa)) > v(t1, (1, fB)) > v(t1,(0,0)) > v(t1, (2, fa)),
v(t2, (1, fa)) > v(t2, (2, fB)) > v(t2; (2, fa)) > v(t2, (0,0)) > v(t2, (1, fB)), (29)
v(ts, (2, fa)) > v(ts, (1, fB)) > v(ts, (2, fB)) > v(ts, (0,0)) > v(ts, (1, fa))-
Recall that by (A-3)(iii), for all agent types ¢,
v(t, (1,0)) < v(t,(0,0)) and v(t, (2,0)) < v(t, (0,0)).

Thus, we need only consider the catalog game played over the collection of catalogs given

by
{{0} ’ {fA} ) {fB} ’ {anfB}} .

Profit functions are specified as follows:
Firm 1’s Profit:

Forallte T,
7"-l(ta (]-a fA)) =6 and 7"-l(ta (]-a fB)) = 35
while (30)
1 (ta (27 fA)) =M1 (t7 (2a fB)) =0,
and
m1(t, (0,0)) = 71 (¢, (1,0)) = m1(¢,(2,0)) = 0.
Firm 2’s Profit:
Forallte T,
7T2(t5 (25 fB)) =6 and 71'2(t, (25 fA)) = 35
while (31)
7r2(ta (17 fA)) = 7r2(t7 (la fB)) =0,
and

7T2(ta (05 0)) = 7T2(ta (]-a 0)) = 7T2(ta (25 0)) =0.
Thus, firm 1 makes more profit selling contract f4, while firm 2 makes more profit selling

contract fp. Each firm makes zero profit if the agent chooses a contract from the other
firm.
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7.1.2 Best Responses and Expected Profits

With these basic ingredients in hand we can compute the agent’s type-dependent best

responses to each catalog profile offered by firms, and with these best responses (the

selections from the best response mapping), we can compute each firm’s expected profit

given the prevailing catalog profile. Using these expected profit numbers, we can then

construct the payoff matrix corresponding to catalog game. Here, we will carry out only

some sample calculations to indicate how the entries in the payoff matrix are obtained.
Suppose firm 1 offers catalog

Cl = {fAﬂfB}’

and firm 2 offers catalog
Co={fa, fB}-

Using the utility ordering given in expression (29), we can easily compute the agent’s best
responses to catalog profile, (C1,C2) = ({fa, fB},{fa, fB}) . We obtain

q)(tl’ {anfB} ’ {anfB}) = {(QafB)}
®(ta, {fa, fB}, {fa, fB}) ={(1, fa)}
O(t3, {fa, fB} , {fa, fB}) ={(2, fa)}-

Note that the best response mapping
t — ®(t,{fa, fB}.{fa, fB})

is single-valued. Thus, there is only one (measurable) selection from the best response
mapping (i.e., there is only one competitively viable direct mechanism corresponding to
catalog profile ({fa, fs},{fa, fB})), and it is given by

(QafB) ift = tla
(Z(t)af(t)) = { (lﬂfA) ift:tZa
(27 fA) ift = t3.

Given catalog profile ({fa, fB},{fa, fB}), firm 1’s expected profit is given by

IL({fa, fB},{fa, fB}) = m1(t1, (2, fB))p(t1) + m1(ta, (1, fa)) u(t2) + ma(ts, (2, fa))n(ts),
while firm 2’s expected profit is given by

o({fa, fB},{fa, fB}) = ma(ts, (2, fB))u(ts) + ma(be, (1, fa))u(ta) + wa(ts, (2, fa))u(ts).
Recalling that u(t1) = pu(t2) = p(ts) = + and using the numbers in expressions (30) and

(31), we obtain
Hl({an fB} 3 {an fB}) =2

and
H2({an fB} ) {fA, fB}) = 3.
7.1.3 The Payoff Matrix

Computing the expected profits for all possible catalog profiles, we obtain the following
payoff matrix.

|<— Firm 2 —>|

{0} {fa} {fB} {fa.[fB}

{0y [00)] [02)] [06)] [0,5)
; {fa} [40)] (41 [24) [23) (32)
Firm 1 {5} [20)] [0,2) [@4) [©5)
! {fa, f5} (B0 (@D B2 [@3T

Payoff Matrix for Example 1
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Note that Ty ({fa, fB},{f4a, fB}) and U>({f4, fB},{fa, fB}) computed above give us the
entries, (2, 3), for the fourth row and fourth column of the payoff matrix - the expected
profits which result if firm 1 offers catalog C; = {fa, fp} and firm 2 offers catalog Cy =

{fa, fB}.

In this catalog game,

(C1,C2) = ({fa, fB} , {fa; fBY).

with corresponding payoff (2, 3), is the unique Nash equilibrium catalog profile (marked
by * in the payoff matrix above). Corresponding to this catalog profile there is only one
competitively viable direct mechanism. It is given by

(27fB) ift= t1,
(i(1), f(8) = { (1, fa) if t =1o, (33)
(2, fa) if t =ts.

For 7 =1,2, let
T; ={teT:i(t)=j}.

The unique, minimal catalog profile implementing the mechanism in expression (33) is

given by
{f@) :t e}, {f(t): t € T2}).
By inspection of expression (33), we obtain

{fa} ={f(t):teTa}

and

{fa, fB} ={f(t) : t € To}.

Thus, the unique, minimal implementing catalog profile corresponding to the mechanism

in expression (33) is
({fa},{fa, fB}),

and this is not a Nash equilibrium for the catalog game with payoff matrix given in
expression (32). We can conclude therefore that the Nash catalog profile,

({an fB} ) {an fB})a

has no corresponding Nash mechanism, and cannot be implemented via any competitively
viable direct mechanism. Note that contract fp in firm 1’s catalog is not chosen by any
agent type.

7.2 Example 2
7.2.1 Altering Example 1

Suppose we change the definition of firm 2’s profit function as follows:

Forallte T,
7T2(ta (2’ fB)) =3 ari?l”m(ta (25 fA)) =3,
7r2(t’ (17 fA)) = W?i(tﬂ (la fB)) =0,
ma(t, (0,0)) = ma(t, (1,0)) = ma(¢,(2,0)) =0.

(34)

Thus, in this example, contracts f4 and fp are equally profitable for firm 2. Leaving all
the other ingredients in example 1 unchanged, with this change in firm 2’s profit function,
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we obtain the following payoff matrix.

|<— Firm 2 —>|

{0y {fa} {f} {/a,[/B}
{oy [©0)] [02) [(03) [(0.3)

: (a1 @0 @D @2 [E2r (35)
ree 1| | (e 20 @32 @ [03)
L | fa gy B0 @D BD (@227

Payoff Matrix for Example 2

7.2.2 Nash Equilibria

In this catalog game, there are two Nash equilibrium catalog profiles (each marked by *
in the payoff matrix above),

({fa, fB},{fa, fB}) with corresponding payoff (2, 2),
and

({£4}{f4, f5}) with corresponding payoff (2,2).

As in example 1, the only competitively viable direct mechanism corresponding to Nash
catalog profile ({fa, fe},{fa, fB}) is given by

(27fB) ift = tla
(i(t)a f(t)) = (1’ fA) if t =1, (36)
(2, fa) if t =13,

and this mechanism, as we showed in example 1, cannot be used to implement this catalog
profile. However, observe that this mechanism is a Nash mechanism for the other Nash
catalog profile, ({fa},{fa, fs})- To see this recall from example 1 that

{fa} ={f(t): teT1}

and

{fa, fB}={f(t) : t € T},

where
T;={teT:i(t)=j}.

Thus, the unique, minimal catalog profile implementing the competitively viable direct
mechanism in expression (36) is given by

({f(@®):teTa}, {f() : t € To}) = ({fa}, {fa, fB});

and thus in example 2, this mechanism is a Nash mechanism.

8 Nonlinear Pricing Games and Nash Equilibrium

In this section, we consider the problem of existence of Nash equilibrium for competitive
nonlinear pricing games. Due to the unusual nature of each firm’s strategy set, the
existence problem is difficult. In particular, each firm must choose not only a pricing
function (i.e., a function which assigns to each product a price) but also a product line
(i.e., a set of products upon which the pricing function is defined). By the competitive
taxation principle any noncooperative game played over implementable nonlinear pricing
schedules is strategically equivalent to a much simpler game played over product-price
catalogs. Thus, in order to resolve the existence issue for nonlinear pricing games, we need
only consider catalog games played over product-price catalogs. However, as mentioned
previously, even for the simpler catalog game, proving existence of a Nash equilibrium
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is not straightforward. First, because the space of catalogs (a compact metric space) is
not a vector space, the usual method of proving existence via a fixed point argument
is not available for catalog games. Thus, in order to address the existence question, we
must introduce mixed strategies (or probabilistic strategies) over catalogs and consider
the mixed extension of the catalog game.?! Second, because in general the agent’s best
response mapping is upper semicontinuous in catalog profiles (rather than continuous),
and because each firm’s profit function is upper semicontinuous in contracts (rather than
continuous), except in the case of finitely many contracts, the mixed extension of the
catalog game is oftentimes discontinuous. Our proof of the existence of a Nash equilibrium
for the mixed extension of the catalog game rests upon a recent result due to Reny (1999)
on existence of Nash equilibria in discontinuous games. In particular, for mixed catalog
games satisfying Reny’s condition of payoff security, we deduce the existence of a Nash
equilibrium via Reny’s existence result for payoff secure, upper semicontinuous games.
Then, applying our existence result for mixed catalog games to mixed catalog games played
over product-price catalogs, we are able deduce, via the competitive taxation principle,
the existence of a Nash equilibrium for the mixed extension of the nonlinear pricing game.
More importantly, we address the issue of which catalog games possess payoff secure mixed
extensions.. We begin by introducing the notion of uniform payoff security, a condition
implying payoff security. We then identify a large class of competitive nonlinear pricing
games for which the corresponding catalog games satisfy uniform payoff security. We
conclude by showing that the mixed extension of any uniformly payoff secure catalog
game is payoff secure.

8.1 Mixed Catalog Strategies

For each firm ¢ = 1,2,...,m, let A(P¢(K;)) denote the set of all probability measures
defined on the feasible set of catalogs, Ps(K;). The strategy set A(Pf(Kj)) is the jt*
firm’s mixed (or probabilistic) catalog strategy set. A mixed catalog strategy for firm j
is a probability measure A\; € A(Pf(K;)) having the following interpretation: if firm j
chooses strategy A; € A(Pf(Kj;)), then given any Borel measurable subset of catalogs,
E €B(P¢(Kj)), the probability that a catalog C € E will be selected under strategy A;
is A;(E). Since the feasible set of catalogs, Ps(Kj), equipped the Hausdorff metric, is a
compact metric space, the mixed catalog strategy set A(Py(Kj)) is convex, compact, and
metrizable for the topology of weak convergence of measures (see Aliprantis and Border
(1999), Chapter 14).
If firms choose mixed strategy profile

(A1, .ey Am) € A(Pf(K1)) x -+ x A(Pf(Kp)),

then the jt* firm’s expected payoff is given by

Fy Oy A) = / IL (Ch, .., Co) M(dCY) - - Am(dC).  (37)

Py (K1) XX Pg(Km)
Following the terminology of Reny (1999), the game (A(Pf(K. j)),Fj);nzl represents

the mixed extension of the underlying catalog game (P(Kj), Hj);nzl . We shall refer to

the game (A(Py(Kj)), Fj);"zl as the mixed catalog game. Note that for each firm j the
expected payoff function,

(Al,...,Am)—)Fj ()\1,---,)\m)7

31Tt would be very difficult to define the mixed extension of the game played over nonlinear pricing
schedules. This would involve defining, for each firm j, probability measures on the set of pairs, (X;,p;(-)).
The competitive taxation principle, by making it possible to move from nonlinear pricing schedules to
catalogs and back again, allows us to consider, without loss of generality, the simpler game played over
catalogs, where it is much easier to define the mixed extension.
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is multilinear and upper semicontinuous on the strategy space A(Py(K1))x: - -xA(Pp(Kp,))
(see Aliprantis and Border (1999), Theorem 14.5, p. 479). Also, note that if the underly-
ing contract set K is finite, then each firm’s expected payoff function is multilinear and
continuous.

8.2 Mixed Catalog Games, Payoff Security, and the Existence of
Nash Equilibrium

Definition (Nash Equilibrium for Mixed Catalog Games)

A strategy profile
Ay oy A) € A(PHKL) X -+ % APy (Knm)

is a Nash equilibrium for the mized catalog game
(A(Pr(K;)), Fy) sy

if forall j =1,2,...,m

Fj (A}, X55) = Fj (A, A7) for all \j € A(Pr(K;)). (38)

If
( Ta""’\:n)EA(Pf(Kl))X"'XA(Pf(Km))a

is a Nash equilibrium for the mixed catalog game (A(Pf(Kj)), Fj);."zl , then for all j =
1,...,m,

ng’?z{Kj)Fj (Cj’ )\_j) B AjeAn(lli’]ﬁKj))Fj ()\j’ )\_j) =5 ()\j’)\_j) ’ (39)

where
F; (Cj,A—y) = /C II; (Cj, C—j) A—;(dC_;).

Thus, for each j =1,...,m,

A <arg Cjenlljfli(Kj)Fj (C’j,)\ij)> =1 (40)

From the perspective of the jt* firm, if the mixed catalog strategy, )\;, is the jt* firm’s
part of a Nash equilibrium, then it will choose with probability 1 a catalog that maximizes
F; (Cj, /\ij) over the j*" firms feasible set of catalogs, Ps(K;) - and thus will choose an
optimal catalog given the mixed strategies, A* j» of the other firms.32

We begin by stating a condition, called payoff security, introduced by Reny (1999).
This condition is crucial to the existence of a Nash equilibrium in games with discontinuous

payoffs such as the mixed catalog game.

Payoff Security (Mixed Strategies): We say that the mized catalog game, (A(Ps(Kj)), Fj);."=1 ,
is payoff secure if for every mized strategy profile

(M-, X)) € A(Pr(EL)) % -+ x A(Pr(Km)),

32Here,
(Ajy)‘*_]) = ()‘*7" 'lA;—17Aj7A;+17" -1)‘:71)7
C_;=(C1,...,Cj-1,Cj41,...,Cm),
and

A_(dC_;) = [Ty Mi(dCs).
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and every € > 0 there exists a § > 0 and mized strategies \; € A(Pr(Kj)), j =
1,...,m, such that
Fy (A A—g) 2 5 (X5, X25) —e

for all (m —1)-tuples of mized strategies A_; € Bs(\__;).

Here, Bs(\_;) is an open ball of radius § centered at A_;

; in the metric space of
probability measures,

A_j(Pr(K_j)) = A(Pf(K1)) X -+ x A(Pp(Kj-1)) X A(Ps(Kj41)) X -+ x A(Pp(Km)).

Thus, the mixed catalog game is payoff secure if starting at any mixed strategy profile,
( Tyevns )\;n) , each firm j has a mixed strategy, /\;, it can move to in order to preserve an
expected payoff of Fj (X}, X_;) —¢ if other firms begin to deviate from their mixed strate-
gies, /\'_j, by moving to other mixed strategies in a neighborhood of /\'_j. Note that if the
underlying contract space K is finite, then the mixed catalog game, (A(Pf(Kj)), Fj);nzl ,
automatically satisfies payoff security. Moreover, the mixed catalog game will satisfy
payoff security if for each firm j and each mixed strategy A\; € A(Ps(Kj)), the function
F; (\;,-) is continuous on A_;(Ps(K_;)).

The proof of our existence result follows directly from Proposition 5.1 and Corollary
5.2 in Reny (1999).

Theorem 5 (Ezistence of Nash Equilibrium,)

Suppose assumptions (A-1),(A-2), (A-3), and (A-4) hold. If the mized catalog game,
(A(Pf(Kj)),Fj);';l, is payoff secure, then it has a Nash equilibrium, (A],...,A}) €
A(Py(Ky)) X -+ X A(Pg(Kp)).

It follows from the competitive taxation principle that each nonlinear pricing schedule,
(Xj,p;(+)), is uniquely indexed by a product-price catalog C; € Ps(K;). Thus, the mixed
catalog game, (A(Pf(Kj)), Fj);n=1 , played over product-price catalogs can be viewed as
the mixed extension of the nonlinear pricing game played over the index set, P¢(K;) x
-++ X P§(Kp,). If under the Nash equilibrium profile of mixed strategies,

(AL -5 Am)

product-price catalog profile (C1,...,Cy,) is chosen, then this is equivalent to choosing
the profile of nonlinear pricing schedules,

(X1,p1()); -+ s (X, P () 5

uniquely indexed by (C4,...,C,,). Moreover, from the perspective of the jt* firm any
catalog, say C}, selected under mixed strategy \; € A(Py(Kj)) is such that

Fj(C5,2%;) = | max  Fj (Cj,A2;) =

o Fj (A, A%5) = Fj (A5, A%5)

max

A EA(Py(K;))
Thus, if (X7, pj(+)) is the nonlinear pricing schedule uniquely indexed by C7, then (X7, p;(-))
is optimal (in an expected sense) against all the nonlinear pricing schedules which might
emerge under the mixed catalog strategies, \* ;» adopted by the 4" firm’s competitors.

8.3 A Class of Payoff Secure Competitive Nonlinear Pricing Games

In this subsection, we introduce the notion of uniform payoff security and we identify a
class of product-price catalog games such that each game in this class is uniformly payoff
secure. We then show that the mixed extension of any catalog game from this class is
payoff secure. We begin by defining the notion of uniform payoff security.
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Uniform Payoff Security (Pure Strategies): We say that the catalog game, (P¢(K}),I1;)

is uniformly payoff secure if for every catalog C} and € > 0, there ezists a § > 0
and a catalog @ € Ps(K;), j=1,...,m, such that

I, (G5, CL;) 211, (G}, Cy) —e.

for all (m —1)-tuples of catalogs C’_; and C_; such that hp_; (C_;,C_;) < 6.

Here, hp_, (C”;,C_;) is defined as

—j
hp_j ( /—j’ C_j) = max{h(C{,Cz) i 7é ]},
and defines a metric on the space of partial catalog profiles,
Pp(K_j) := Pg(K1) x -+ X Pp(Kj_1) X Pr(Kj41) X -+ X P(Kp).

Tt is easy to see that if a catalog games satisfies uniform payoff security, then it automat-
ically satisfies payoff security.
Next, suppose that the agent’s utility is given by

’U(t, (i,x,p)) = U(t,i,l‘) - D (41)
and that the jth firm’s profit function is given by
m(t, 1, 2,p) == (p — ¢;(2)) I;(4), (42)

where

L[ lifi=j,
Ii(1) = { 0 otherwise.

We will assume that u(-, -, -) is continuous in (%, ) and measurable in ¢ and that u(¢,4,0) <
u(t,0,0), and we will assume that for each i € I, the family of functions

U, = {u(t,i,") : t € T},

is equicontinuous. Thus, given any € > 0, there is a § > 0 such that if dx (z,2") < 6, then
|u(t, i, z) — u(t,i,2")| < € for all ¢ € T. Moreover, we will assume that each firm’s cost
function, c;(-) is bounded and lower semicontinuous. Thus, the agent’s utility function
satisfies (A-3)* and each firm’s profit function satisfies (A-4). Note that each firm’s profit
function does not depend directly on the agent’s type.

We now have our main result on the uniform payoff security for the class of product-
price catalog games described above.

Theorem 6 (Price-Linear, Product-Price Catalog Games Are Uniformly Payoff Secure)

If (Pf(Kj),Hj);ll is a product-price catalog game satisfying assumptions (A-1),(A-
2)*, (A-8)*, and (A-4) such that the agent’s utility function is given by (41) and each
firm’s profit function is given by (42), then (Ps(Kj), Hj)gnzl is uniformly payoff secure.

In fact, it turns out that the mixed extension (A(Pf(Kj)), Fj);n=1 of any uniformly
payoff secure catalog game, (Pf(Kj), Hj);n=1 is payoff secure. Thus, the mixed extension
of any price-linear, product-price catalog game satisfying (A-1),(A-2)*, (A-3)*, and (A-4)
is payoff secure, and therefore, by Theorem 4, has a Nash equilibrium.

Theorem 7 (Price-Linear, Mized Product-Price Catalog Games Are Payoff Secure)

If (Pf(Kj),Hj);nzl is a product-price catalog game satisfying assumptions (A-1),(A-
2)*, (A-8)*, and (A-4) with agent utility function given by (41) and profit functions given
by (42), then the mized extension, (A(Py(Kj)), Fy)iL,, of (Pr(K;),1L;)7, is payoff se-
cure.
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Under our definition of expected potential profit (see expression (16) above), each firm
in computing expected potential profit assumes that whenever the agent is indifferent
between the firm’s catalog and the catalogs of one or more other firms, the agent will
choose the firm’s catalog (i.e., each firm assumes that ties will be broken in the firm’s
favor). Other tie breaking rules are possible. For example, we might assume in the case
of ties that the agent chooses between firms randomly, with equal probability. However,
under such a tie breaking rule, upper semicontinuity of the expected potential profit
function is lost. With the loss of upper semicontinuity, payoff security no longer sufficient
to guarantee the existence of a Nash equilibrium for the mixed catalog game via Reny’s
result (see Reny (1999, Corollary 5.2). Instead, we must show that the mixed catalog
game is better-reply secure - a notion also introduced in Reny (1999). The mixed catalog
game, (A(Pf(Kj)), Fj);nzl , is said to be better-reply secure if whenever

(AL ) (FL L -5 M) - FL (AL, -2 A))
is in the closure of the graph of
()\17---;)\m)—)Fj()\la---;)\m)a

and
()‘Il”)‘;n) € A(Pf(Kl)) Xoee X A(Pf(Km))

is not a Nash equilibrium, then some firm j can secure a payoff strictly greater than
Fj(A e A)-
Thus, for some & > 0, there exists A; € A(Pf(Kj)) and 6 > 0 such that
Fj()‘_ly'/a)‘—j) > FJ( Ila'--a)‘;n)Jrs

for all (m — 1)-tuples of mixed strategies A_; € Bs(A_;). As before, Bs(A_;) is an open
ball of radius § centered at )\'_j in the metric space of probability measures,

A—j(Ps(K—j)) = A(Ps(K1)) X - - X A(Pf(Kj-1)) X A(Pp(Kjt1)) X - X A(Py(Kmm))-
In Monteiro and Page (2002), we show that under the random tie-breaking rule described

above, any mixed catalog game, (A(Pf(Kj)),Fj);":l, corresponding to a price-linear,

product-price catalog game, (P¢(Kj), Hj)j:l , is better-reply secure.

9 Appendix

9.1 Some Definitions
9.1.1 Measurability

A function f(-) defined on the measurable space (Z,S) taking values in some closed
bounded interval [L, H] is S-measurable on Z if and only if for each Borel measurable
subset F of [L, H]| (i.e., for each E € B([L, H]))

{z€eZ: f(2) e E} €S.

Given (i, f) € K, the real-valued function v(-,%, f) is B(T)-measurable on T if and
only if for each Borel measurable subset, E, of the real numbers (i.e., E € B(R)),

{t e T:v(t,i, f) € E} € B(T).

The real-valued profit function 7;(:,-,-) defined on 7' x K is B(T") x B(K)-measurable
if and only if for each Borel measurable subset, F, of the real numbers,

{4, f) e T xK:7;(t,4, f) € E} € B(T) x B(K).
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Here, B(T') x B(K) denotes the product o-field in T x K.
A direct contracting mechanism

t — (i(t), f (1))
is a (B(T), B(K))-measurable if and only if for each subset E € B(K),

{teT: (i(t), f(t)) € E} € B(T).

9.1.2 The Hausdorff Metric

Let d be the metric on K and define d(f,C) := infpcc d(f, f') for f € K and C a non-
empty closed subset of K. For i =0,1,...,m, and Pf(K;) the collection of all nonempty,
closed subsets of K; C K the Hausdorff metric h on Py(K;) is defined as follows:

h(C,C’") := max {supfec daif,c", SUp 1o aif’, C’)} ,
for C and C’ in P¢(Kj).

For i = 0,1,...,m convergence in catalogs, i.e., convergence in the compact metric
space (Pf(Kj;), h), can be characterized via the notions of limes inferior and limes superior.
Let {C,},, be a sequence in P(Kj;). The limes inferior of this sequence, denoted by
Li(C,), is defined as follows: f € Li(C,) if and only if there is a sequence {f,},, in
K; such that f, € C, for all n and f,, — f. The limes superior, denoted by Ls(C,),
is defined as follows: f € Ls(C,) if and only if there is a subsequence {f,,}, in K;
such that f,, € Cp,, for all k and f,, — f. A catalog C € Py(K;) is said to be the
limit of catalogs {Cy}, if Ls(C,) = C = Li(C,) . Moreover, h(C,,C) — 0 (ie., the
sequence {C,}, converges to C € P¢(K;) under the Hausdorff metric k) if and only if
Ls(C,) = C = Li(C,) (see Aliprantis and Border (1999), sections 3.14-3.16).

9.1.3 Measurability and Upper Semicontinuity of ®

The mapping ®(-,-,...,) defined on T' X P is B(T) x B(P)-measurable if and only if for
each closed subset F' of K the set,

{#,C1y...,Cn) €T X P :®(t,Cy,...,C) N F #£ 0},

is contained in the product o-field, B(T) x B(P) . For each t € T, the best response
mapping,®(t,-,...,), is hp-upper semicontinuous on P if and only if for each closed
subset F' of K the set,

{(C1,..-,Cn) €P:®(t,Cy,...,Cp) N F #£ 0},
is hp-closed in P.

9.1.4 Continuity and Semicontinuity in Metric Spaces

Let X and Y be metric spaces and let g(-) : X — Y be a function. The function g(-) is
continuous if and only if for each sequence {z"}, in X converging to z € X,

lim g(2") = g(z).

If g(-) : X — [—00, 00] is a mapping from X into the extended reals, then g(-) is upper
semicontinuous if and only if for each sequence {z"}, in X converging to z € X,

limsup g(z") < g(z),
n
or equivalently, if and only if for each a € (—o0, 00) the set,

{zeX:g(z) >a},
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is closed.
The function g(-) : X — [—00,00] is lower semicontinuous if and only if for each
sequence {z"}, in X converging to z € X,

lim inf g(z™) > g(z),
or equivalently, if and only if for each a € (—o0, ) the set,
{zeX:g(x)<a},

is closed.

9.2 Proof of Theorem 1 (The Delegation Principle)

1 = 2 Let (i(-), f(-)) be a competitively viable direct mechanism. For ¢ = 0,1,...,m,
define

T, :={teT:it) =i}, (43)
and for i such that T; # 0, let
R, :={feK:f=f(t) forsometeT;} (44)
Now define .

where ¢l denotes closure.
It follows directly from definition (45) that

(i(t), £(£)) € T(Co, C1, ..., Cp) forall t € T .

Thus, we have
v(t,i(t), f(t)) < v*(t,Ch,...,Cp) for all t € T.

Suppose now that for some agent type ¢’
(i), f(t) <v*(,Ch,...,Chn). (46)
Inequality (46) implies that for agent type #', there is a 2-tuple
(@', f") e T(Cy, Cy,...,Cn)

such that
ot i), ft')) <o, ). (47)

Thus, f’ € Cy where Cy is as defined in (45). By assumption (A-3)(iii), if f' =0, then
we have a contradiction since

o(t,i(t), () = v(t',0,0) > v(t', ', 0).
Suppose now that f’ # 0. By the definition of the catalog (45) and the continuity of utility

v(t,-,-) on K (see (A-3)(i)), there exits some agent type ¢ € Tj such that (i(%), f(?)) is
sufficiently close to (i, f’) so that

o(t',i(t), fF(t) <v(t',i(2), £(£))- (48)

But inequality (48) contradicts the assumed competitive viability of the mechanism (i(-), f(-)).
We must conclude, therefore, that

u(t, i(t), f(t)) = v*(t,C1,...,Cm) for all t € T,
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implying that
(i(t), f(¢)) € ®(¢,C1,...,Cp) for all t € T,

where the C; are the catalogs defined in (45).
Suppose now that for some other catalog profile (Cj,...,Cl.) € P, it true that

(i(t), f(t)) € ®(t,Cy,...,C),) for all t € T.

We want to show that this implies that C; C C; for all j = 1,...,m such that i(t) = j
for some ¢ € T. Suppose not. Then for some j' = 1,...,m, there exists f’ € C; such
that f' ¢ C7,. Since Cj, is closed, given the construction of the catalog Cj: (see(45)),
there exists ¢’ € T} such that f(t') € Cjy = Cjr, sufficiently close to f’ € Cj/ is also not
contained in C%, (i.e., f(t') ¢ Cj,). But this implies that

(i), f(t) ¢ (', C1, ..., ),
a contradiction.
The proof that 2 = 1 is straightforward and thus omitted. H
9.3 Proof of Theorem 2 (The Implementation Principle)
9.3.1 The Existence of Message Selection

In this subsection, we identify a set of conditions (not the only set) sufficient to guarantee
the existence of a message selection.
First, recall that a profile of indirect contracting mechanisms,

((MI; gl('))7 R (Mma gm())) )

is said to be incentive compatible if and only if there exists a function,

t — (i(t), m(t)),
called a message selection such that
(i) t = (i(t), gie) (m(1))) is (B(T), B(K))-measurable,
(ii) for all t € T, (i(t), m(t)) € ¥(My, My, ..., M,,), and
(iif) for all £ € T,
v(t, i(t), i (m(t))) = max {v(t, i, gi(m)) : (3, m) € (Mo, My, ..., My,)}.

To begin, assume that the space of all possible messages M is a metric space. Next,
assume that the profile of indirect contracting mechanisms,

(M1, 91()); -+ » (Mim; gm(-))) 5

is such that (a) each firm’s message space, M, is a compact subset of M, and (b) each
firm’s message function,
9;(-) : M;j — Kj,

is upper semicontinuous. We shall refer to any profile of indirect contracting mechanisms
satisfying (a) and (b) as an upper semicontinuous profile.

It follows from Theorem 2 in Himmelberg, Parthasarathy, and VanVleck (1976) that
corresponding to any upper semicontinuous profile of indirect mechanisms there exists at
least one (B(T'), By)-measurable message selection,

t — (i(t), m(t)) € (Mo, M,..., M),
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such that
v(t,i(t), gir) (m(t))) = max {v(t, i, g;(m)) : (i,m) € U(Mo, My, ..., Mpn)}.

Here, By denotes the Borel o-field in the compact metric space ¥(My, M1, ..., My) C
I x M. A message selection (i(-),m(-)) is (B(T), By)-measurable if and only if for each
subset E € By,

{t €T : (i(t),m(t)) € E} € B(T).

Given any upper semicontinuous profile of indirect mechanisms the function,
t — (i(t), 9icey (M(2))),

is (B(T), B(K))-measurable for any (B(T), By)-measurable message selection. Also, un-
der assumptions (A-3), the function,

U(t, ,g()()) : ‘I’(Mo, Ml; feey Mm) — R,
is upper semicontinuous, and the function,
V(590 () : T x ¥ (Mo, My, ..., Mp) — R,

is B(T') x By-measurable.

9.3.2 Proof of the Implementation Principle

Proof of part 1: Let
((Mla gl('))a E) (Mm’ gm())) )

be a profile of incentive compatible indirect contracting mechanisms. For each j =
1,...,m, define
Cj :=cl{gj(m) : m e M;}, (49)

where “cl” denotes closure. It suffices to show that for all t € T,

max {v(¢,4, ) : (4, f) € [(Co,Ch,-..,Cn)} 50)
= max {v(t,%,9;(m)) : (i,m) € ¥( Mo, M1,...,M,)}.

First observe that by the definition of the catalogs given in expression (49), we have for
allt €T,
max {U(t, ia f) : (7’7 f) € F(COa Cla teey Cm)}

> max {v(t, i,g;(m)) : (i,m) € U( My, My,...,My)}.

Let (i(-),m(-))) be a message selection for (M1,91()),- -, (Mm, gm(*))) . We have for all
teT,

v(t,z’(t),gi(t)(m(t))) = max {v(t, 4, g;(m)) : (¢, m) € U (Mo, My,..., Mp)}.
Suppose that for some ¢ € T and (¢, f') € T(Co, C1,...,Chn)
o(t', ', f1) > v, i), giery(m(t')))-

Given the definition of catalogs in expression (49) and given the continuity of the utility
function v(t',-,-) on K, it follows that for some m’ € My,

ot 7, g (M) > v(t',i(t), gicery (m(¥))),
a contradiction. Thus, equality (50) holds for all ¢ € T, and thus,

(Z(), gl()(m())) €Y (Cla sy C'm) .
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Uniqueness of catalogs follows directly from the definition given in expression (49). Mini-
mality follows from the proof of minimality given in the proof of the delegation principle.
Proof of part 2: Let
(Cl,...,Cm) eP

be a catalog profile. For each j = 1,...,m, let the j** firm’s indirect contracting mecha-
nism be given by
(Cj 1 €5 ())a

where

ej(1): Cj — K;
is simply the identity mapping. To complete the proof, observe that the set of all message
selections from the indirect mechanism

((017 61(')), SRR (Cm’ e’m()))

is equal to

Z(Cla"'acm)a

the set of all competitively viable direct mechanism corresponding to the catalog profile

(C1,...,Cp). 1

9.4 Proof of Theorem 3 (The Competitive Taxation Principle)

Proof of part 1: For j = 0,1,2,...m, let projxC; denote the projection of catalog C;
onto X. The closed set X, := projxC; is the j** firm’s product line. Now define the j**
firm’s nonlinear pricing schedule,

p;(-) : projxC; — D,

as follows: for z € projxCj (i.e., z an element of the projection of catalog C; onto X),
define

pj(z) ==min{p € D : (z,p) € C;}. (51)

For each firm j = 1,2,...,m, p;(z) is the minimum price the agent can pay for goods x
from firm j given catalog C;.33 Since each consumer’s utility is strictly decreasing in price
(see (A-3)*(iv)), if the agent chooses to purchase goods z from firm j's catalog (i.e., if
the agent chooses to purchase z € projxCj;), then the agent will also choose to pay price
pj(x) (i-e., the agent will choose (z,p;(z)) € C; from firm j’s catalog).

By construction, the nonlinear pricing schedule (X, p;(:)), corresponding to catalog
Cj;, is minimal in the sense that,

X; :==projxCj; and pj(z) := min{p € D : (z,p) € C;} for = € projxC;.

Thus, for each j, (X;,p;(-)) is unique for the catalog C;. Moreover, by construction p;(-)
is lower semicontinuous and

graph{p;(-)} C K;.
To show that

for each competitively viable direct mechanism, (i(-), z(:),p(-)) € E(C4, - .., Cn),
z(t) € Xy and p;)(2(t)) = p(t) for all agent types ¢ € T,

observe that for

(i), 2(-), p(-)) € X(Ch, ..., Crm),
(z(t),p(t)) € Cyy) for all t € T

Thus, 2(t) € Xj) for all ¢, and by construction, the nonlinear pricing schedules are such
that
Pi(t)(z(t)) < p(t) for all agent types t € T'.

33Recall that for 5 =0, po(0) = 0.
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If for some agent type t’ € T,
iy (z(t')) < p(t'),

then, because the agent’s utility is strictly decreasing in price, we would have for the type

t' agent
U(t/a i(tl)a x(tl)api(t’) (.’B(t/))) > v(tla i(t/)a l‘(t/),p(t/))
(i.e., the type t’ agent would choose
(x(t,)’pl(t’)(x(tl)) € Ci(tl)ﬂ
rather than
(@(t),p(t") € Ciw)

as intended by the mechanism), and thus we would have

(@), z(t),p(t) ¢ @', C1, ..., C),

a contradiction.
Proof of part 2: Let

((Xlapl('))a R (Xmapm())) )

be a profile of nonlinear pricing schedules. For each j = 1,...,m, define

Cj := cl{graph{p;(’)}}, (52)
where “cl” denotes closure. Now let (i(+), z(-),p(:)) € (C4,...,Cp). For allt € T

(z(),p(1)) € Ciy-

Thus, for all ¢ € T', 2(t) € X;(). To show that p(t) = p;)(z(t)) for all £ € T', consider the
following: First, observe that since the agent’s utility is strictly decreasing in price, we
have for allt € T

p(t) =min {p € D: (z(t),p) € Cir) } ,
otherwise, for some ' € T, (i(t'), z(t'),p(t")) ¢ ®(t',C1,...,Ch). Second, observe that by
the definition of the catalog given in expression (52), (2(t), i) (z(t))) € Cy) forall t € T.
Thus, p(t) < pi)(2(t)) for all ¢ € T. Now suppose that for some ¢’ € T', p(t') < p;)(2(t')).
Since (z(t'),p(t')) € Cjw), by the definition of the catalogs, there exists a sequence,

{(z™,p™)},, contained in C;yy := cl {graph {pi)(-)} } such that (z™,p™) — (z(¢'), p(t')).
Again, by the definition of C;(y, piw)(2™) = p™ for all n. Thus, we have

lim py(pry () = liminf piy) (2™) = p(t').

By the lower semicontinuity of p;)(-) on Xy, p(t') > pyry(x(t')). Thus, we have a
contradiction. We must conclude, therefore, that p(t) = p;()(z(t)) for all £ € T..
Uniqueness and minimality follow by construction. ll

9.5 Proof of Theorem 5 (Uniform Payoff Security for Price-Linear,
Product-Price Catalog Games)

Let C7 be a catalog and € > 0 be given. By the equicontinuity of the sets Uj;, there exists
a 6 > 0 such that

max;>s d((z;,p)), (z},p])) < § implies that
|U(t,j, xj) —Pj — (u (taja l‘;) —p;)} < % forallte T.

Define a new catalog C7, as follows:

Ci. ={(z,p—¢): (z,p) € C{,p—c1(z) 2} U{(0,0)}.

38



Let (Cy,...,Cy) and be (D, ..., Dy,) be catalog profiles such that

QISI}aéth (Cj,Dj) < 6.

and consider firm 1. Let
(7’()5 xl()ap()) €X (Cf’ 025 ey Cm)

be such that
/T (p(t) — cr (2 ()11 (i(2))) du(t) = L (CT, Ca; - - ., Cy)-

Given the properties of the Hausdorff metric,

h(Cj,D;) < 6 for j > 2 implies that
for any (xj,pj)j22 € (Ds,...,Dp),
there exists a (x;f,p;‘)jZQ € (Cay...,Cp)
such that
max;>2 {d((z;,p;), (=}, p}))} <6.

Moreover, since

(i(-),z1(),p(-)) € B(CT, Co, ..., Crm),
for all j € I and for all (z},pj) € D;, we have
u(t,4,25) — P} < ult,i(t), z(t) —p(t) +e = u(t,i(t), z(t) — (p(t) — ).

Therefore, for agent types
teTy ={teT:i(t)=1}

we have
(i(t),z(t),p(t) — €) € ®(t, Cy,, Ca, - .., Cr).
Thus
I (C1., C2, ..., Cm) > [ (p(t) — € — er(z(8))) 1 (i(2))dp (2)
> [ (p(t) — er(z(1))) L1 (i(t)dp () — €
=T (CT,DQ,...,Dm) —E&.
|

9.6 Proof of Theorem 5 (Payoff Security for Price-Linear, Mixed
Product-Price Catalog Games)

Let
(X{, R )‘:n) € A(Pf(Kl)) Xoeee X A(Pf(Km))a

be any mixed strategy profile and consider firm 1. Firm 1’s expected payoff is given by

R (A %) ::/ Ty (Ci, ..., Co) MA(dCY) - - A% (dC)-

Pf(Kl)X---XPf(Km)

Let €* > 0 be given, We will show that there exists a mixed strategy A} and a § > 0
such that if

Py = fg X ... X fi, € Bs(ALy)

then
Fl (/\115/1‘25"")U’m) ZFl( T""a/\:n)_E*'
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for some As before, Bs(A*;) is an open ball of radius § centered at A\*; in the metric
space of probability measures,

A_1(Py(K-1)) := A(Pf(K2)) X - X A(Pf(Kpm))-
First let € > 0 be given and choose catalog C; € Pf(Ki) so that

Fl(Cf’/\;aa)‘;)Z max Fl(Cla/\;a"'a)‘:;l)_E'

C1€Pf(Ky)
Since
clérzl;f]%(Kl)Fl (C1, A5y s A) —e > FL (M, .., \,) — &,
we have
Fi(CT,5,..,A0) = Fi(M\],...,\,) — €. (53)

By UPS (uniform payoff security) property of the catalog game, given C; and £ > 0, there
exists 6 > 0 and C; such for all C’ ; and C_; with C”; € Bs(C_1)

I, (Cy,C" ) > I, (CF,C_1) —e.

Now observe that the collection of open balls,

{B% (C_l)}cflepf(Kfl) ,

where each open ball, B s (C-1), has radius g > 0 and is centered at C_1, forms an open

cover of the compact metric space Pf(K_1). Thus, there is a finite subcover of Ps(K_1),
denoted by

{B,(C")}

heH

where H ={1,2,...,h*}.
Because A\’ ; is a finite measure on P;(K_;), for each h we can choose a radius 7 such
that

g<rh<5,

such that
\*1(8B,, (C"})) =0 for all h.

Here, 8B,, (C",) denotes the boundary of the open ball B,, (C%,).
Now let B,,(C",) denote the closed ball of radius r, centered at C",. Because
B,,(Ch,) c Bs(C",), by UPS we have for each h

I, (6’1, C"_1> > 11, (Cy,C_1) — ¢ for all C”_; and C_; contained in B,, (C";). (54)
By the upper semicontinuity of II; on the compact metric space,
Py(K1) x -+ X Py(Km),
for each h € H, there exists C*% such that

C—leBrh (Cﬁl)

Therefore, by (54) and (55) we have

I (6‘1, C”_1> > I1,(Cf, C*h) — ¢ for all O, € By, (C1,). (56)
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Define

h*
Dl = Eh (Cil)a D2 :ETz(Czl) \E""I(Cll)’ . "Dh* = E"'h* (Cﬁ*l) \ U E”'h(ctﬁl)'
h=1

Thus,
S, (6'1,0'_1> dp_y (CLy) = Yhey [pn Th (6'1,0'_1> dp_y (CLy)

> S0 fon (I4(CF,Ch) — ) du_y (C—1)
= S L (CF, C)u_y (D) —¢

= Shot I (CE, C2 )y (D)
+(F1 ()‘Ta)‘;aﬂ)‘:n) _26_(F1 ()\T’)\;7’)\:n)_€))

> S TL(CF, C*)u_y (DY)
F(FL (A5 -, AL) — 26— F1 (CF, 05, L)

= S (G, Ch)uy (DY)
+<F1( EN ) — 26— S0 [T (CF, Cg) dAY, (0_1))

> YL I (G, Oy (D)
+ (B OG5, A) = 26 = 00 [ I (G, C24) dA, (C-))

=Y het I (CF, Cuy (D)
* oy * h* * * *
+ (B 0,25, A) = 26 = X4, T (CF, X, (D7)
> F1 (A, A3, A,) — 26 — b* Iy | maxy, |u_y (D) — X%, (D")].
Since the boundary of D" has measure zero for all h, for any € > 0 we can choose a
Y. > 0 such that if p_; € B,_(AZ;), then
by (D*) = A1 (DY) <6,

(see Ash (1972), Theorem 4.5.1(c), p. 196). Thus, we have for all u_, € B,_(\*,),

Fi(Cr,p_y) :/

10, (61,0'_1> du_y (C1) > Fy (ML, .., M%) — 3e.
Pr(K_1)
Let A} € A(Pf(K1)) be such that

MG =1.

Then we have

Fy(Ny Hgy ey ) 2 i (N, A%) = 3¢ for all p_y € B, (A",).
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