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Abstract
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‘best” model according to two criteria and analyze the distribution of the performance statistics. We
compare constant volatility, EWMA and GARCH models using a quadratic utility function and a risk
management measurement as comparison criteria. No model consistently out-performs the benchmark.
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Reality Check for Volatility Models
Ricardo Suganuma

1. INTRODUCTION

No financia analyst would disagree with the statement that volatility estimation is
essential to asset alocation decisions. However if asked what model should be used to
calculate volatility, several answers might be given. The reason for this lack of consensus
on the subject is that there is a notion that different volatility models can result in
considerably different estimates. One of the areas in which these different estimates can
have serious effects is risk management.

Financial ingtitutions are required to measure the risk of their portfolio to fulfill
capital requirements. J. P. Morgan was the first institution to open its risk management
methodology, Riskmetrics, to other financial institutions. Because of this, Riskmetrics
became very influential and it is still considered a benchmark in risk management.
However, two points were frequently criticized: the way Riskmetrics calculates volatility
forecasts and the assumption that assets returns are Normally distributed. J. P. Morgan
proposed using an exponential smoothing with the same smoothing constant for all assets
to caculate volatility and covariances between assets. In the following years, several
articles in practitioners journals and academic papers discussed how appropriate the
exponential weighting moving averages model is for calculating volatility and proposed
other models that would be more suitable for estimating risk. Several of these papers
presented one or more time series trying to demonstrate that an aternative model has a
better performance in forecasting risk. The question that arises in this discussion is if
these “good” forecasts are due to data snooping.

Until recently there was no simple way to test the hypothesis that the performance
of the “best” model is not superior to the performance of the benchmark model. In a
recent paper, White (2000) proposes a method for testing the null hypothesis that the best
model encountered during a specification search has no predictive superiority over a

benchmark.



The objective of this paper is to apply White's Bootstrap Reality Check to the
problem of selecting the “best” volatility model based on utility and value-at-risk
measures. In the next section we discuss volatility estimation in risk management.
Section 3 describes the theory and methodology used in this paper. In Section 4, we
explain the performance statistics used in the hypothesis testing and we apply the White's
Reality Check to a model with one risky asset, S& P500 and one risk free asset, the 3-
month Treasury bill. Section 5 concludes.

2. VOLATILITY M ODELSCOMMONLY USED IN RISK M ANAGEMENT

The notion that not only expected returns, but also risk are important to portfolio
decisions is relatively old and goes back to Markowitz (1952). However only during the
nineties did financial institutions begin the practice of having a daily report of how much
they could loose in an adverse day. The recent experiences of financial failures such as
Proctor and Gamble, Metallgesellschaft, Orange County and Barings and the regulation
requirement to have a system to calculate risk started the discussion on how a financial
ingtitution should measure its exposure to risk.

Vaue-at-Risk is used to measure market risk, i.e. uncertainty of future earnings
resulting from adverse changes in market conditions (prices of assets, exchange rates and
interest rates) and can be defined as “the maximal loss for a given probability over a
given period.” For a given horizon n and confidence level p, the Vaue-at-Risk is the loss
in the market value over the time horizon n that is exceeded with probability 1-p.

According to the Riskmetrics methodology, the Vaue-at-Risk (or VaR) for a
single asset can be expressed as:

VaR = Market value of position x Sensitivity to price move per $ market value

X Adverse price move per period
where adverse price move per period, DP, is

DP:gSt



and g= 1.65, 1.96 or 2.33 for p=10%, 5% and 1%, respectively if the asset return follows
aNormal distribution, and s is the volatility.
Considering that firms hold a portfolio of several assets and the correlations

among the assets affect the loss in market value, the Vaue-at-Risk of a portfolio is
VaR= V *C*V'

where V isthe nrow vector of VaRs for each single asset,

C isthe nxn correlation matrix, and

VT is the transpose of V.

Therefore, the estimation of volatility of the assets' returns and their correlations
is essential to a correct calculation of this measure of market risk. The most common
methods to estimate volatility are: a) the historical/moving average; b) the exponentially
weighted moving average; ¢) GARCH models.

Historical/Rolling Window Moving Average Estimator (MA(n))

The historical or n-period rolling window moving average estimator of the
volatility corresponds to the standard deviation and it is given by the square root of the

expression
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wherersisthe return of the asset at period sand mis the mean return of the asset.

The advantages of this estimator are that it is very simple to calculate and that
except for the window size it does not involve any kind of estimation. The size n is
critical when one considers the effect of an extremely high or low observation in the

sense that the smaller the size of the window, the bigger the effect on volatility.

Exponential Weighted Moving Averages Estimator (EWMA( ))



This type of volatility estimator is commonly used in risk management
calculations and is given by the square root of

S, =1S2+@-1)r, - m?

where | is the decay factor, also known as the smoothing constant. In this method, the
weights are geometrically declining, so the most recent observation has more weight
compared to older ones. This weighting scheme helps to capture the dynamic properties
of the data. Riskmetrics proposes the use of a common decay factor for all assets for a
given periodicity. The smoothing constants are 0.94 for daily data and 0.97 for monthly
data. By using the same constant decay factor, it smplifies the calculations of large-scale
covariance matrices and eliminates the estimation aspect of problem. One drawback is
that the h-period ahead (h>0) forecast is the same as the 1-period ahead forecast.

GARCH(p,q) Models

Created by Engle (1982) and Bollerdev (1986), the GARCH family of models
became very popular in financia applications. The GARCH(1,1) is the most successful
gpecification. The general formulae for the conditional variance is

2
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As can be noted, the EWMA model is a specia case of the IGARCH(1,1) model,
with w equal to zero. Even though GARCH is considered the model that best captures the
dynamic nature of volatility, the computational complexity involved in its estimation,
especialy when dealing with covariance matrix estimates of several assets, is pointed to

as the reason why it is less used in risk management than the exponential smoothing
method.

Considering that the models above are used for estimating risk, the issue is that
different ways to estimate volatility can lead to very different Vaue-at-Risk calculations.



Therefore, the natural thing to ask is which model is the “best” one. We present below
some arguments used to answer this question:

"In the "historical model”, al variations are due only to differences in samples. A
smaller sample size yields a less precise estimate, the larger the sample the more
accurate the estimate... Now, whether we are using 30-day or 60-day voldtility,
and whether we are taking the sample period to be in 1989 or in 1995, we are till
estimating the same thing: the unconditional volatility of the time series. Thisisa
number, a constant, underlying the whole series. So variation in the n-period
historic volatility model, which we perceive as variation over time, is consigned
to sample error aone... Hence the historica modd is taking no account of the
dynamic properties of the model." [Alexander (1996, p.236)].

"Concerning volatility estimation ... it doesn't make much sense to compare the
models, for the simple reason that Arch estimation is much more complicated
and unstable.” [Longerstaey and Zangani in Risk Magazine, January 1995, p.31].

"Given GARCH modes extra complexity and reative smal predictive
improvement for the majority of risk management users, we have elected to
calculate the volatility and correlations ... using exponential moving
averages." [Riskmetrics — Technical Document(1995)].

"We should expect the Arch model to be superior to the exponentia method
because of the implicit weighting of the observations and the effective length of
the moving window are chosen by the data" [Lawrence and Robinson, Risk
Magazine, January 1995, p.26].

However, in order to select the best volatility model, the problem of data
snooping possibly arises. For example, in the Riskmetrics — Technical Document, the

statement

"[after] an extensive experimentation and analysis, we found the optimal decay
factor for daily volatility to be 0.94 while for monthly volatility the optimal
decay factor is0.97."

IS Very suspicious.

The data snooping problem can be summarized in the following sentence

"Whenever a ‘good’ forecasting modd is obtained by an extensive
specification search, there is dways the danger that the observed good
performance results not from the actual forecasting ability, but is instead just
luck." [White (2000), p.1097].



3. THEORY AND M ETHODOL OGY
The Bootstrap Principle

Suppose that, given a functional f;, one wishes to determine that value tp of t that
solves an equation such as

E{ft(Fo,Fl)lFo} :O,

where F=Fq denotes the population distribution function and F =F; is the distribution
function of the sample. To obtain an approximate solution to this population equation,
one can use

E{ ft(Fl,Fz) |F1} :O,

where F,, denotes the distribution function of a sample drawn from F;. Its solution {, isa

function of the sample values. f, and the last expression are called the "bootstrap

estimators’ of tp and the population equation, respectively. In the bootstrap approach,
inference is based on a sample of n random (i.i.d.) observations of the population.

Samples drawn from the sample are used for inference.

Sationary Bootstrap

Assumethat {X,, n1 Z} isastrictly stationary and weskly dependent time series.
Suppose that mis a parameter of the joint distribution of this series and we are interested
in making inferences about this parameter based on an estimator Ty (X). The stationary
bootstrap method of P& R(1994) allow us to approximate the distribution of Ty. Let X' be
randomly selected form the original series, X 1, = Xj1. Let X', be randomly selected, with
probability q from the original series and, with probability 1-q be the next observation of

the original series?, i.e., X » = X1+1.We repeat this procedure until we obtain X 1, ..., X' n.

! Note that this method is equivalent to the moving block bootstrap method proposed by Kuensch (1989),
except that the block Iengths are random with mean length 1/q.



Proposition 1 (P&R (1994)): Conditional on X1, ..., Xn, X 1, ..., X n iS stationary.
Proof: see P&R (1994, p.1304).

White's Bootstrap Reality Check

Suppose that we want to make a forecast for P periods from Rto T and our
interest here is to test a hypothesis about a vector of moments, E(f), where f = f(Z,b*), for

arandom vector Z and pseudo-true parametersb”, and the statistic to be used is

frt (0)=F(Z+1,b) and the observed data is generated by{Z}, a strong a-mixing sequence
with marginal distributions identical to the distribution of Z.

Now, assume that we have | different specification under consideration. Our task
is to choose the model with the best value for the selection criteria and the null hypothesis

is that no model has a superior performance than the benchmark model, that is

Ho: max E(f,)£0

k=1..,1

Under certain regularity condition [West (1996)],

Pllz(f ) E(f))%ﬂ@ N(O,W)
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assuming that Egi f(Z,b*)H: Oor limn/R=0.
eﬂb u T®¥
Moreover,
1/2(f _ 3 o)
max P (f- E(f))®ie v max{z,},
where Z is a vector with components Zc, k =1, ..., |, distributed as N(O,W).



Therefore, we can approximate the P-value for the test of the null hypothesis
based on the value of our predictive model selection criterion (White's Reality Check
P-Vaue). The problem is that the distribution of the extreme value of a vector of
correlated Normals for the general case is not known. White (2000) proposes the use of
the stationary bootstrap to handle dependent processes.

The purpose of this paper is to test if some volatility model performs better than
the model used in the benchmark methodology Vaue-at-Risk, i.e, EWMA with decay
factor | = 0.94 for daily returns. To do this, we need to define our performance statistics,

which are based on a quadratic utility function and VaR coverage.

Utility Based Performance Statistics

The idea of using utility functions to evaluate models is not new. West et al
(1996) use a quadratic utility function to compare forecasts of exchange rate volatility
and Engle and Mezrich (1997) propose a quadratic utility function to evaluate different
volatility models used in Vaue-at-Risk calculations.

We assume that the investor has a quadratic time-independent additive utility
function and there are only two assets, a risky asset and a risk free asset. Therefore, the

agent will solve the following problem:

Max EiU+1 © E; (VVt+1 —-0.51 V\/tfl), (31)
subject to

Wit = Wit Fean + (LW ), (3.2

where E; is the expectation at t+1, Uy is the utility a t+1, Wi+ is the return of the
portfolio at t+1, | isa constant associated with the degree of relative risk aversion, wi is
the weight of the risky asset in the portfolio, rw is the return of this asset at t+1 and rfi1
isthe return on the risk free asset in t+1.

From the first order conditions, we obtain



_ Et{ytﬂ - yt+1rf t+1}
Wt+1= >
Et Yin

(3.3)

where Vi = It - I, 1.6 the excess return of the risky asset.
Assuming that E; i re1 = 0, asin West et al (1996), and that rf = rgy1, i.e the

risk free is constant, and denoting m+1 = E; yi+1 and hyq the conditional variance of Y+

given the information at t, we have

1 ma
Wit = - (34)
| rle+1 + ht+l

Thus, the realized utility in period t+1 is given by

1 . 1 ,
Upt = T (-1 1) Yo — 05 T Vs 4 14- 051 12 (36)
I ng,, +hy, l (m+1 + ht+l)
or,
i +1Yt+1 " I'r Py
PR LRSS LO N, ST Y (37)
| Math, 2
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As can be seen, it is sufficient for our analysis to use only the term in brackets,

08 -lr ?
o t+1y2t+l(1 f )_05 %yzﬁl (38)
M, + Ny (e, + )

Ut+1

since the other terms are common to all volatility estimators.

The expression above can be ssmplified by assuming that the investor faces a
mean-variance utility maximization problem, i.e., max E{Uw1 © E; (Wi1) — 0.5 1 E(Wisa-
E¢(W1))? subject to constraint (2.2). In this case, the optimal portfolio weight of the risky
asset is given by



1My

Wis1= —

Iy,

and the realized utility is

2 X

Ut+1 = 1? Mu1¥e - 1 rnzﬂ(ytﬂ m+l) y+ Is.

| § h.y 2 r12+1 b

Again, it is sufficient for our analysis to use only the following term

0 rr]+1yt+l _ 05 m2+1
h+l (ht+1)

> (Ves1-Mir).

Ut+1

Our utility-based performance statistic is

where

fre1 © ut+1(yt+1' 6k,t )' Uiy (yt+l’ 60& )

VaR Coverage Based Performance Statistics

(34)

(3.7)

(38)

The idea behind the coverage statistics is that given a series of volatility forecasts,
the Value-at-Risk estimates should ideally cover (1-p) percent of the observed losses. If

we assume that the investor is holding a portfolio with only one asset, the one-day

holding period VaR would be calculated using

VaR = Market value of position x Sensitivity to price move per $ market value

X Adverse price move per day

To simplify the exposition, suppose that the asset in consideration is a stock or a

market index implying that the sengitivity to a price move is one and we normalize the
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value of the portfolio so that the market value of the portfolio is equal to one. In this case,

the VaR for one day is the same as the adverse price move per day
DP =gst.

Assuming Normality, g should be 1.645 for p = 5%, say. However, given the

strong empirical evidence that returns do not follow a Gaussian distribution, we propose

the following method to calculate the value of g using the last d days of the in-sample
period:

inf g
10 T-P ~
std” é-t:T-P-d+1:|‘{yt <-0s j,t}: P

where 1{ .} isthe indicator function.

That is, find the inf of g such that if we compare the realized returns and the
estimated adverse price move, given by product of the factor g and the estimated
volatility, only in 5% of the times the return is less than estimated adverse move. In other
words, we select the smallest g necessary to “cover” the loss 95% of the times.

Once we have estimated g we can use it to define a mean square error type
performance criterior’:

A

fk,t+1 - (]{yt+l <- @\k,tﬂ} - p)z + (]{yt+l <- g’\SAo,t+1} - p)z.

4. Testing the Performance of Volatility Models

The data are the daily closing prices of the S& P500 Index and the 3-month T-bills
from January 1, 1988 to April 8, 1998. The stock index data is transformed into rate of
returns using the log-differences. Figure 1 presents the closing price and daily returns on
S& P500 and figure 2 the interest rate on 3-month Treasury Bills.

2 To the best of our knowledge, this type of criterion, mean square error of the coverage rate, has not been
discussed in the literature.
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The prediction window used is P = 504 days, and the number of resamples
is 1000. We use eleven different models: EWMA with | = 0.94, 0.97 and 0.99, MA with
5, 10, 22, 43, 126, 252 and 504 day windows and a GARCH(1,1). All the models were
estimated assuming the mean return to be zero®, as in White(1997b). However, in order to
use our utility-based performance measure, we need later to assume that the mean was
equal to its unconditional value of the in-sample period. This procedure was followed in
order to minimize the effect of the estimation of the mean, so our focus is only on the
volatility forecasts. We use the EWMA (I =0.94) model as our benchmark. The
parameters for the GARCH(1,1) model are kept constant and equal to their in-sample
period values, removing any estimation aspect of the volatility forecasts. The probability
g of the stationary bootstrap was set equal to 0.1. The out-of-sample volatility forecasts
are presented in figures 3 to 6. As expected, EIWMA models with a higher decay factor
are smoother than the one with small | (Figure 4). The same is true for MA models with
greater n (Figureb). The similarity of some models can be noticed in figure 6. The
similarity between EWMA (0.94) and GARCH(1,1) is not surprising, since the estimated

value for b in the GARCH equation is close to 0.94 and the sum of a and b iscloseto 1.

3 For daily returns the mean of the excess return on the S& P500 index is close to zero. By assuming that it
is zero we avoid the uncertainty related to its estimation, which is not likely to improve our analysis in
terms of reduction in bias.
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Figure3

Volatility Forecasts
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Figure5

Moving Averages Forecasts
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Figure7

MA, EWMA and GARCH Forecasts

2.57

=
o
1

— MA(43)

= GARCH(1,1)

V\""\VK EWMA(.94)

L]

in % per day

-
1

0.5 1

WELTSS TSI G SIS ESS PSP S

The best model according to our utility-based performance measure presents a
nominal or naive P-value of 0.013. This P-value corresponds to the situation where the
Bootstrap Reality Check is applied to the best model only. For the White's Reality Check,
the P-value is 0.8409 and, therefore, the best model according to our performance
measure does not outperform the benchmark. If we had based our inference on the naive
P-value, we would have accepted the hypothesis that it has a better predictive ability than
the benchmark. The evolution of the P-value as we add new models is presented in figure

8.
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Figure8

Evolution of Reality Check P-Values
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We use the last 504 observations of the in-sample period to find the coverage

factor g. Table 1 presents the values for each different volatility estimation method.

Tablel
Model g
EWMA(0.94) 1.599
EWMA(0.97) 1.643
EWMA(0.99) 1.588
MA(5) 1.648
MA(10) 1.578
MA(22) 1.725
MA(43) 1.693
MA(126) 1.584
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MA (256) 1.573
MA (504) 1.6

GARCH(1,1) 1.403

The White's Bootstrap Reality Check P-value is 0.939 and the best mode
according to the VaR coverage criterion has no predictive superiority over the
benchmark. The naive P-value of the best model is 0.08. Again, if we had considered the
“best” model by itself the result would be misleading. The evolution of the P-value as we

add new models is presented in figure 9.

Evolution of Reality Check P-Values
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o
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Model
5. FINAL CONSIDERATIONS
Asset adlocation decisions and Value-at-Risk calculations rely strongly on
volatility estimates. Volatility measures such as rolling window, EWMA and GARCH

are commonly used in practice. We have used the White’'s Bootstrap Reality Check to

verify if one model out-performs the benchmark over a class of re-sampled time-series
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data. The test was based on re-sampling the data using stationary bootstrapping. We
compared constant volatility, EWMA and GARCH models using a quadratic utility
function and a risk management measurement as comparison criteria. No model
consistently out-performs the benchmark. This helps to explain the observation that
practitioners seem to prefer ssmple models like constant volatility rather more complex
models such as GARCH.
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Apendix A Specification Seach Using the Bootstrap Reality Check

1. Compute parameters estimates and performance vaues for the benchmark model, for

~

example, in the case of the utility-based performance measure, h, ., ° uo(yr+l At). Then,

caculate the parameters estimates and performance values for the first mode,

19T

My © ul(yr+1|At). From this calculate f,; © My, - hy,, and f o, ° P Q fi
Using the stationary bootstrap, compute f,; © P'léLR fAlfi ,i=1..,B SetV,° P'f ad
v, ° Py, - f,),i=1,...,B. Compare the sample value of ¥/ to the percentiles of V.

2. Compute, for the second modd, ﬁzmo uz(yrﬂAt). From this form

. " " 10T f*

: - o } .
far © N - Mo and f2,t+l °P lé f2,t+1' and f2,i °P A g 20 =1..,B. Set

*

v, ° max{P ', V,} and V7, © max{P}(F;, - f,)V;}}, i=1, ....B. Now, compare the
sample value of V, to the percentiles of V,; to test if the best of the two models

outperforms the benchmark.
3. Repeat the procedure in 2 for k=3, ... |, to test if the best of the model analysed so far

beats the benchmark by comparing the sample value of V, ° max{P‘lfk ,\7,(_1} to
\7k| © maX{P_l(fk*,i - f_l)!vl:-],i}-
4. Sort the values of of V,; and denotethemas V|, V| (), ..., Vi (g - Find M such that

Vi £V, <V, (g . The Bootstrap Reality P-Value is Prc = 1-M/B.

Apendix B Notation and Terms

In the description of the Reality Check test, P represents the prediction window and, in
the description of Value-at-Risk, ?P represents the adverse price move.

In the utility fuction, | represents the coefficient of risk tolerance, whereas, in the
EWMA model, | isthe smoothing constant.

In the GARCH model, w corresponds to the constant in the variance equation, wheress,
in the portfolio allocation problem, w represents the optimal weight of risky asset.



