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DOES COLLATERAL AVOID PONZI SCHEMES ?

THIAGO REVIL AND JUAN PABLO TORRES-MARTINEZ

ABSTRACT. In infinite horizon incomplete market economies, Ponzi schemes are avoided and equi-
librium exists when collateral repossession is the only mechanism enforcing borrowers not to en-
tirely default on their promises.

In these economies, we add default enforcement mechanisms that are effective, i.e. induce
payments besides the value of collateral guarantees. We prove that, independently of prices, the
individual’s problem does not have a physically feasible solution when collateral guarantees are not
large enough relative to the effectiveness of the additional enforcement mechanisms. We also show

that this result does not depend on specific types of such mechanisms, as long as they are effective.

KEYwWORDS. Effective default enforcements, Collateral repossession, Individual’s optimality.
JEL classification: D50; D52.

1. INTRODUCTION

In modern financial markets, collateral guarantees play an important role in enforcing borrowers
not to entirely default on their financial promises. These guarantees are used in several credit
operations, from corporate bonds to Collateralized Mortgages Obligations,* allowing markets to
reduce credit risk and increase portfolio diversification. However, to protect investors from the
excess of losses induced by large negative shocks in the value of collateral guarantees, financial
markets may create and implement additional enforcement mechanisms against default. In this
paper, we focus on the theoretical effects of this policy.

In general equilibrium models, the collateralization of financial contracts is mostly addressed
when the only default enforcement mechanism is the seizure of the associated collateral guarantees.?
In infinite horizon models with incomplete markets, and without exogenous debt constraints or
transversality conditions, Araujo, Pdscoa and Torres-Martinez (2002) proved the existence of equi-
librium independently of the choice of physical collateral guarantees. Essentially, when collateral
repossession is the only default enforcement mechanism, non-arbitrage conditions ensure that the
price of the joint operation of taking a loan and constituting the respective collateral requirements

is always non-negative, eliminating Ponzi schemes. In such a context, as the existence of collateral
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requirements rationalize tight debt constraints, computational methods can be used to approximate
equilibrium allocations for any choice of collateral bundles (see Kubler and Schmedders (2003)).

In the economy studied by Araujo, Pdscoa and Torres-Martinez (2002), we add default enforce-
ment mechanisms that are effective, i.e. enforce payments besides the value of the collateral guar-
antees. In this context, if these additional enforcement mechanisms are persistently effective, we
prove our main result: independent of prices, the individual’s problem does not have a physically
feasible solution when collateral requirements are not large enough relative to the effectiveness of
such mechanisms. Regarding the size of these requirements and in order to ensure our result, we
provide upper bounds in terms of the primitives of the economy. Additionally, we only need these
additional mechanisms to become persistently effective in at least one path of uncertainty, even if
the probability of such event is asymptotically zero.

Also, we summarize additional default enforcement mechanisms by their effectiveness on enforcing
additional payments. Thus, we can include several types of mechanisms in our analysis, provided
that their effectiveness is equivalent to either the seizure of a percentage of the remanning debt
or the imposition of a pecuniary default penalty. With this approach, we can focus on the causes
generating the non-existence of a solution for the individual’s problem. In fact, our result does
not depend on specific types of additional enforcement mechanisms, but only on whether these
mechanisms are effective or not.

Previously, Pdscoa and Seghir (2006) have shown that the individual’s problem may not have
a physically feasible solution when the only enforcement mechanism besides collateral repossession
is given by linear utility penalties for default. They provide examples of economies in which those
penalties are harsh, implying in loan values greater than that of the associated collateral require-
ments, which, then, lead to the non-existence of an optimal plan compatible with the available
physical resources.® However, if follows from our main result that the non-existence of a physically
feasible solution for the individual’s problem does not depend on specific types of additional en-
forcement mechanisms. Also, as we show, it is not necessary to ensure that borrowers honor a high
percentage of the original promises, it is sufficient to have collateral requirements that are not large
enough in a context of persistently effective additional enforcement mechanisms.

In infinite horizon economies with collateral repossession here studied, the mere presence of
additional effective enforcement mechanisms does not eliminate the existence of equilibria. In fact,
if non-arbitrage conditions ensure that the difference between the value of the collateral requirements
and that of the associated loan is always non-negative, then, arguments analogous to those made by
Araujo, Pdscoa and Torres-Martinez (2002) imply equilibrium existence. However, in such a context,
we claim that the choice of collateral guarantees becomes relevant to ensure the non-negativity of
the difference above.

The remainder of the paper is organized as follows: Section 2 presents an infinite horizon economy

with assets subject to default, where, in addition to collateral repossession, other effective default

3Since the additional enforcement mechanism that these authors study may become effective only when these
penalties are harsh, they impose upper bounds on utility penalties to ensure the existence of equilibrium (see Theorem
4.1 in Péscoa and Seghir (2006)).
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enforcement mechanisms exist. In Section 3 we show our main result. Finally, we discuss exten-
sions of our results and its implications to finite horizon models, even when agents have bounded

rationality.

2. MODEL

Consider a discrete time, infinite horizon economy with uncertainty and symmetric information.
Let S be the set of states of nature and F, the information available at period ¢ € T := NU {0}.
F; is a partition of S, and if ¢’ > ¢, make Fy finer than F;. Summarizing the uncertainty structure,
define an event-tree as D = {(t,0) € T x 2% : t € T, 0 € F;}, where a pair £ := (t,0) € D is called a
node and #(€) := ¢ is the associated period of time. For simplicity, at ¢ = 0 there is no information,
Fo := S, and there is only one node, &.

A node ¢ = (t,4') is a successor of £ = (t,), denoted by £ > &, if ¢ > t and ¢’ C 9. given
¢ € D, the set of its successors is given by the subtree D(§) := {u € D : p > &}. Also, for
each § # &, since Fy(¢y is finer than Fy¢)_q, there is only one predecessor £~. We define £ as an
immediate successor of £ when it is in the set £ :={£' € D : & > &, t(&) = (&) + 1}.

Given k € NU {400}, we call path of uncertainty any set of nodes (u,;n € N,n < k) C D in
which every fi,41 is an immediate successor of p,, for each n < k. A set B C D does not have finite
paths when for any k € N and for each path of uncertainty (un;n € Nyn < k) C B, there exists
n € B such that n € u;'.

At each node £ in the event-tree D there is a non-empty and finite set of commodities, L. These
commodities may be traded in a competitive market at unitary prices pe = (p(e1))ier € RJLF by a
non-empty set of consumers and, at the same time, may depreciate from a node to its successors.
Along the event-tree, this depreciation follows a technology represented by a family of matrices with
non-negative entries, (Y¢)eep, where Ye := ((Ye)i,r),yenxr. For each (1,1') € L x L, (Ye)ur is
the amount of commodity [ obtained at £ if one unit of commodity I’ is consumed at £~. Also, let
We € Ri be the aggregate physical resources up to node &, while W = (W¢)¢ep is the plan of such
resources.

There is a finite set of real assets J(£) at each node £ € D. Each j € J(§) is short-lived, has
promises A, ;) € Ri +U{0} at p € £, and is traded in competitive markets by a unitary price
q(¢,5) € Ry. Note that, the non-triviality of financial promises implies that its market value take into
account all the commodities prices. This assumption may be intuitively understood as an indexation
for asset payments using a price index of a referential bundle that may vary with the uncertainty
of the economy. Thus, independently of prices, when at least a percentage of original promises is
honored by borrowers, lenders maintain a minimal purchase power for every commodity.

Assets are subject to credit risk, thus, in order to limit lenders’ losses, borrowers are burdened
to constitute physical collateral guarantees. For every unit of an asset j € J(£) sold, borrowers
must establish—and may consume—a bundle C(¢ ;) € R% \ {0} that will be seized by the market
in case of default. For the sake of notation, let J(D) := {({,j) € D x UpepJ(1) : j € J(§)} and

JH(D) :=={(p,j) € D x UyepJ(n) : (n~,j) € J(D)}.
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Furthermore, additional default enforcement mechanisms may exist. We let financial markets

recover, at each (u,j) € JT(D), amounts of payments F{, ;)(p,) that may be higher, in case of

:3)
default, than the value of depreciated collateral guarantees. In these payments, we allow generality
in the additional enforcements by representing them through mechanisms that may seize: a fixed
percentage of the remaining debt, A(, ;), and/or the market value of a given bundle of resources,
PuY(u,j)- These mechanisms may be intuitively interpreted as a probability that the judicial system
imposes the entire payment of the remaining debt, and a real pecuniary default penalty. More

formally, for every unit of asset j € J(£), each borrower pays at each p € €7 an amount
Fy gy (pu) = min{pu Ay, PuYuClein } + Ay [PuAiug) = PuYuCres] ™
+min{puy (), (1= M) Pudoug) = Pu¥uCienl ™
where (X(,.) Y(u.i)) € [0,1] x (RE, U{0}) is the effectiveness of additional enforcement mechanisms
on asset j at node u, and, for any z € R, [2]* := max{z,0}.

Regarding the additional enforcement mechanisms above, we do not intend to explicitly model
how the market imposes on borrowers additional payments besides the value of collateral guaran-
tees. We summarize such mechanisms by their effectiveness. This approach allows us to include
in our analysis economic (i.e. those induced by legal contracts) and non-economic (e.g. moral
sanctions, loss of reputations) default enforcement mechanisms, provided that these mechanisms
may be summarized by a vector of effectiveness. Most importantly, with this approach, it is possi-

ble to focus on the consequences of the effectiveness of such mechanisms on the individual’s decision.

DEFINITION. Given (u,j) € JT (D), additional enforcement mechanisms are effective on asset j at
node p when both (A ), Y(u,j)) and A, ;) are non-zero vectors. Additional enforcement mecha-

nisms are persistently effective in a path of uncertainty ©, if for any u € O, there is j € J(u™) on

which additional enforcement mechanisms are effective at .

For any path of uncertainty © := (u,;n € N) in which additional enforcement mechanisms are
persistently effective, define Eff (©) C D(u1) as the maximal connected set containing © and having,
at each u € Eff(0©), at least one j € J(p~) on which additional enforcement mechanisms are effective
at u.* Note that, given (u,j) € J*(D), those definitions above not only depend on the parameters
(A(u.j)» Y(u,j))> but also on the non-triviality of the original promises. Thus, effective additional
enforcement mechanisms means that, in the case of default, a strictly positive amount of resources
is seized besides the depreciated collateral value.

In contrast to any equilibrium model, we focus in the non-existence of a physically feasible solution
for the individual’s problem and its relationship with the existence of opportunities to implement
Ponzi schemes. For these reasons, it is sufficient to assume that there is an infinitely lived agent,
namely 7, who perfectly foresees both market prices and the effectiveness of additional enforcement
mechanisms.

4A set B C D is connected when, for each pair (&, 1) € B x B, such that p > &, the (only) path of uncertainty

connecting & to p is contained in B. Given £ € D, a set B C D(§) is maximal relative to a property (A) when there
is no other subset of D(§) containing itself and satisfying (A).
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Agent i has physical endowments (wé)ge D € Rf *L and preferences represented by a utility
function U" : RY*" — R, U{+00}. As commodities may be durable, we denote by W¢ the cumulated
endowments of agent ¢ up to node £ (including wé) Let z¢ € Rf_ be a bundle of autonomous
consumption at node & (i.e. non-collateralized commodities). Also, let 6(¢ ;) and ¢(¢ ;) be quantities

. . J(D)
of asset j € J(&) purchased and sold at the same node. Given (p,q) € II := RJDFXL x R, a plan
(@,0,90) = ((ze,00c.5) P(e.))i € € D, j € J(§)) € B 1= RYF x RY™P) x RYP)

is budget feasible for agent i at prices (p, ¢) when

(1) Peo(eo —wh) + P60 Y. CleonPieon + O Qo) o) — Pleoiy) < 0,
j€J(€o) j€J(&o)
(2) pelwe —wi) +pe Y, Cepeen+ Y, Uen e — e
jeJ () je(®)

<peYere- + Y (0eYeCle o) + Fleny ) Oe ) — 2e-0)) » Y6 > &

JEJ(ET)
Also, (x,0,¢) € E is physically feasible if x¢ + Zje]
given (p,q) € II, the objective of agent 4 is to maximize the utility of his consumption, U ’((mé +

©) Cie.jype,) < We, for any £ € D. Finally,
Yicae) Ce.g)Pe jy)een), choosing a budget feasible plan (27, 6", ¢") € E.

3. ENFORCEMENT MECHANISMS AND THE SIZE OF COLLATERAL BUNDLES

In this section, we prove our main result: in contrast to the polar case studied by Araujo, Pascoa
and Torres-Martinez (2002), the market choice of collateral bundles becomes relevant when there are
persistently effective additional enforcement mechanisms besides collateral repossession. To achieve

our objective, we impose the following hypotheses.
ASSUMPTION Al. For any & € D, W} > 0.

ASSUMPTION A2. Given z = (z¢) € RY*P, define Ui(z) = > ¢eD ug(z¢), where for any & € D, the

function ué : Ri — Ry is concave, continuous and strictly increasing. Also, U*(W) is finite.?

Given n € D, let Q(n) be the set of assets j € J(n) on which additional enforcement mech-
anisms are effective at some node p € nt. Note that, given a path of uncertainty ©, in which

additional enforcement mechanisms are persistently effective, if Eff(©) does not have finite paths,
then Q(n) # 0, Vn € Eff(©).

5Note that, as utilities are finite when evaluated in aggregate physical resources, the non-negativity of functions
u?() implies that, in any physical feasible allocation, agent’s ¢ utility is finite. Also, the concavity of the functions
(Ué)&ED implies that U® is concave. Thus, for any ¢ > 1, U*(cW) is also finite. In fact, U*(0.5W) < +oo and,
therefore, by concavity, U*(W) > 7UH0.5W) + (1 — 1)U (o W), where 7 = 22=2 ¢ (0,1), which implies that

20—1
Ui(oW) < 4o0.
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THEOREM. Under Assumptions A1-A2, suppose that additional enforcement mechanisms are persis-
tently effective in a path of uncertainty © and that Eff(©) does not have finite paths. Independently
of the prices (p, q) € 11, there are strictly positive upper bounds, (V,),cea (o), such that if

in ||Ce i v v Eff(©
jmin, 1Cwmplls < ¥y, n € Eff(0),
then agent i’s problem does not have a physically feasible solution.

PROOF. To shorten the notation, given z = (z1,...,2m,) € R, let |z|lx := 31" 25 and [|2]|lmax ==
maxi<s<m Zs.- Fix 0 > 1. Given n € Eff(©), define

Ty = -(7)m and  m, = n(oWa) = (W)
miner Wy o[ Wy [lmax
Also, for each n € Eff(©),
T, = jénﬂi(ri,) min {)\(,L,j)ﬂu rlréllr} Ay + 1, rlrélg Yuil) » T Ilrélil A(u,j,l)}

pent
is strictly positive, where A, ;) (resp. Y j,;)) denotes the l-th coordinate of A, jy (resp. y(u j))-
Thus, suppose that, at each n € Eff(0), min;cqeu,) [|Cy.jlls < ¥y = %’
Assume that, for some (p,q) € II, there is an optimal budget and physically-feasible solu-
tion (2%, 0%, ¢') € E for agent i’s problem. It follows from Lemma 2 (see Appendix) that there
are, for every € D, multipliers ’y,i? € R, and non-pecuniary returns (super-gradients) v¢ €

n
oul <x§] + 2 ieam 0(77’.7')@7(;17,]')) such that,% for each j € J(n),

(3) Vpn = vh+ > VpaYa
e
(4) Ty = D VF ) (P)-
pnent

Also, the family of multipliers (%i,)ne p can always be constructed to satisfy (see Lemma 2)

(5) YWy <y [ o+ D0 Clapeln ) | < D un(Wa),
neD JEI (M) neD

where the last inequality follows from Assumption A2 jointly with the physical feasibility of i’s con-
sumption. Moreover, it is possible to find lower and upper bounds for 'yf,pn at each n € D. Assump-
tion Al and equation (5) ensure that 7}7”1977”2 <m,. Given n € D, let cf, = xi, + ZjeJ(n) C(n’j)apﬁl

be the consumption bundle chosen by agent i at . Using equation (3), we have that
771'71017(01/[/77 — c;) > U%(UWW — ci,) > u;(UW,,) — uﬁ,(c;) > u;(aWn) — u;(Wn) > 0.

Therefore, ’7%”]%,”2 > m, and, at every node n € Eff(©), since (1) # 0 and minjcqe,) [|Ciyj)lls <
U, there exists j € {(n) such that

(6) Vviv(pnc(n,j) —qmj) < VZIPWC(W-,J') - Z WZF(u7j)(p#) <0,

pent

6Given a concave function f: X CR™ - RU{—o0}, at any = € X, the super-differential of f, 8f(x), is defined
as the set of points p € X, called super-gradients, such that f(y) — f(z) < p(y — z), Vy € X.
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where the last inequality follows from the definition of the upper bound of collateral requirements.
Finally, using the Lemma 1 in the Appendix, we conclude that agent i’s problem does not have a

solution, contradicting the optimality of (z¢, 8, ¢*) € E under prices (p, q) € II. O

Note that, by construction, upper bounds on collateral requirements, (‘I’n)neEﬁ‘((—)), depend only
on the primitives of the economy and, for computational objectives, can be easily found.

Also, given any plan of prices, when collateral requirements are not high enough in the sense of
the Theorem above, either there is no solution for individual’s problem or the associated optimal
plans are not physically feasible. In fact, there are cases in which a solution for individual’s problem
exists independently of the size of collateral bundles. More precisely, it is always possible to find
strictly positive prices (p,q) € II such that, for any (£, j) € J(D), p¢C(¢ j) — q(e.;) > 0. Therefore, at
prices (p, q), the set of budget feasible allocations is compact in the product topology and, when U*®
is continuous, there is a solution for agent i’s problem. However, when collateral guarantees satisfy
the conditions of the Theorem above, our main result ensure that this solution is not physically

feasible.

REMARK (ON THE GENERALITY OF OUR APPROACH). Along our model, since debt contracts are
pooled into derivatives following a trivial passthrough structure, we identify primary (debt) with
secondary (investment) markets. Essentially, this identification is possible because the amount of
payments besides the value of collateral guarantees (per unit of asset sold) is the same for each
borrower and does not depend on the history of default.

Suppose that, at each node and for each agent, the amounts of loans, the access to credit markets
and/or the available endowments depend on the previous payments. In turn, this new framework
may create endogenous incentives to pay amounts larger than the depreciated value of collateral
requirements. Also, suppose that the model is convez” and that agents perfectly foresee the pay-
ments of derivatives. That is, analogous to the specification of functions (F(, ;))(.,j)es+ (D), lenders
advance the percentage of the remaining debt payed after the seizure of collateral guarantees. In
this context, we claim that our main result still holds. In fact, independently of how enforcement
mechanism induce additional payments, Lemma 1 holds. Thus, to remake our arguments we only
need that optimal allocations satisfy inequalities (3)-(5). But, given the convexity of the model and

using the same techniques of Lemma 2, these inequalities are valid.

4. ABOUT FINITE LIVED AGENTS AND BOUNDED RATIONALITY

In collateralized financial markets, we prove that when infinite-lived agents are rational—in the
sense that they perfect foresight future prices and effectiveness of default enforcement mechanisms—
any persistently effective additional mechanisms jointly with not large enough collateral guarantees

imply in the non-existence of a physically feasible solution for individual’s problem.

"That is, objective functions still satisfy Assumption A2 and, given prices, the set of budget feasible allocations is

convex.
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On the other hand, our main result may not hold for finite horizon economies. In fact, the
scarcity of collateral requirements may ensure the existence of equilibrium in these economies when
agents are rational, even with additional effective enforcements. Thus, without loss of equilibrium
existence, other effective default enforcements may be added to the seminal model of passtrough
securities of Geanakoplos and Zame (2002) or to the Steinert and Torres-Martinez’s (2007) model
of Collateralized Loan Obligations.

Allowing weaker requirements of rationality, Daher, Martins-da-Rocha, P&scoa and Vailakis
(2006) show that the collateralization of debts solves the problems associated to the existence of
temporary equilibrium in a two-period economy with default, even in the presence of utility penal-
ties. The main idea is that, independently of the support of individual beliefs about future prices
and future states of nature, borrowers hold collateral requirements and to foreclosure their debts it
is always possible to deliver only the depreciated value of these bundles. Thus, errors in forecasts of
future prices do not induce solvency problems in the economy. However, this is a particularity of the
additional enforcement mechanism given by utility penalties, as any agent may choose to internalize
the associated penalties when his resources are insufficient to honor his financial obligations. In
fact, when agents are finite-lived and take into account expectations about the future effectiveness
of additional enforcement mechanisms here addressed, individual’s problem may not have a solution.
Intuitively, errors in future forecasts of the effectiveness of additional enforcements still may lead to
solvency problems.

Our analysis also holds when long-lived real assets are available for trading. Essentially, non-
arbitrage conditions associated to individual’s problem are still valid (see Araujo, Pdscoa and Torres-
Martinez (2007)). Finally, if we want collateral requirements to became endogenous, as in Geanako-
plos and Zame (2002), a pool of financial contracts can be offered at each node, with the same real
promises but with different associated collateral bundles. Thus, the choice of financial contracts
traded by borrowers induce an endogenous choice of the associated collateral. However, it is impor-
tant to be careful with the size of the available collateral requirements, since individual’s optimality

may become incompatible with commodity market feasibility.

APPENDIX

In a context of collateralized assets and linear utility penalties for default, Pdscoa and Seghir (2006) show
that Ponzi schemes could be implemented if there exists a subtree D(&) such that for every node p in it
there is always some asset j € J(u) whose price exceeds the respective collateral value, p,.C(, ;) — q(u,5) < 0
(see Remark 3.1 in Pédscoa and Seghir (2006)). In such event, the individual’s problem does not have a
finite solution. In our context, weaker conditions ensure the non-existence of a solution for the individual’s

problem.

LEMMA 1. Assume that, given x € RiXD, if U'(x) is finite, then U'(y) > U'(x) for any y > x. Suppose
that additional enforcement mechanisms are persistently effective in a path © = (un;n € N) such that, for
any n € Eff(O), there exists j € J(n) for which py,C, ;) — Gen,5) < 0. Then, agent i’s individual problem does

not have a finite solution, otherwise, Ponzi schemes could be implemented.
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PROOF. Assume there is a budget feasible plan for agent i, (z¢, 6%, %), that gives a finite optimum. Under
the monotonicity condition stated in the Lemma, p, > 0 for every node n € D. For each n € Eff(©), let
J' ) ={j € J(1) : puClu,j) — A(n,j) < 0}. Now, consider the allocation (z¢,0¢, ¢)ecn, with

((Iuaeuaﬂou)§ (O, ‘P(n,j)))ugEﬂ(e),neEﬂ(@) = ((SUL,@L,QOL); (9;7S0én,j))> Vi€ Jmn)\ J! (n)

pEER(©), nEER(O)

and
Pmni) = 9021773') +d,, Vn € Ef(O),Vje Jl("7)7
) 1 )
Ty = :cz,,,l) + ET AT Z (q(mj) _pnC(n,j)) On, VI € L, if the noden = p1,
(# )p(n,l) JeIi(m
; 1
Tp = (gt #L) porn) > (@) = PuCln)) 6y
7jedt(n)
1

——— Y PyA@) 8y, Y EEF(O)\ {m}, VI € L,
(#L)p(n,l) JeI ()

where the plan (d,),cEsm(o) is chosen in such form that the following conditions hold,

(7) Z (q(m,j) - me(um’)) 0 > 0,
Jj€Jt (1)
(8) Z (q(nﬂj) - pnC(mj)) oy > Z A 0y—, VY € EE(O)\ {u}.
eI (n) jeJt(n™)

By the definition of Eff(0), it follows that (x¢, 8¢, p¢)eep is budget feasible at prices (p, q). Moreover,
equations above show that Ponzi schemes are possible at prices (p,q) because agent ¢ increases his borrow-
ing at node p1 and, depending on the realization of the uncertainty, he pays his future commitments either
by using new credit—at the nodes in which there is effectiveness—or by delivering depreciated collateral
guarantees—for the nodes p ¢ Eff(©) such that ¢~ € Eff(©). Finally, it follows that (z¢,0¢, @¢)eep im-
proves the utility level of agent i, contradicting the optimality of (¢, 6%, ©*). a

The following result and its demonstration are analogous to Proposition 1 in Araujo, Pdscoa and Torres-

Martinez (2007). However, as slight modifications are necessary we present the whole proof for the readers.

LeEMMA 2. Let (p,q) € I and fir a budget and physically feasible plan z* = (z°,0°,0) € E. Under
Assumptions A1 and A2, if 2° gives a finite optimal for agent i’s problem at prices (p,q), then for every

n € D, the function uln is super-differentiable at the point ci, = :ti]—f—z C’(n,j)gofn’j), there are multipliers

J€J(n)
’y% € Ry4 and super-gradients ’U% € Bui, (ci,) such that, for each j € J(n),

(9) 'Yri;pn > U:; + Z 'YZPMYW
pent
(10) Tl = Y Yl (w)-
pent

Also, the plan of multipliers (v,)nep satisfy
(11) TpaWy <D up(cr)-
neD

PROOF. Given T € N, define Dy = {n € D : t() = T} and D" = {n € D :n € J;_, Dx}. For any n € D,
let Z(n) = RY x Ri(") X Ri(”). For convenience of notations, let zg- =0¢€ Z(&y), where Z(&;) = RY.
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Consider the optimization problem:

max ). u, (wn + 2 e Cw,y‘)s@(n,j))

neDT
o 2y = (@, 0y, on) € Z(n) vn e DT,
(P7) " 94 (2, 2y~ 5, q) < 0, VneDT,
T+ icim ConPmin < 2Wn, Ve DY,
Zn = 0, Vne Dr,

where the inequality gf7 (20, 2,-3P,q) < 0 represent the budget constraint, that is, inequality (1) or (2) of
our model. It follows from the existence of an optimal individual plan at prices (p,q) that there exists a
solution for (P*T), namely (z;;"), cpr.®

Given n € D, define the concave function v} : R” x R7M x RV — RU {—o0} as

Vi (2) = uy (mn +2ieam) C(w‘)‘P(n,j)) if 2y + 350 Cni)Plng) = 05

(N —00 otherwise. 7
where 2, = (4, 0, ¢n). It follows that, for any 7> 1, =z vi(2hT) < > meD vi(2}).°

For each n € D and 7, € Ry, define £,(-,v;p,q) : Z(n) x Z(n~) — R as

L3y (zn 2= 105 22 @) = Vi (20) = Vo Gy (20, 29— 5, )-

Given (T,n) € N x D, define the set =7 (1) as the family of allocations (x,, 8y, ¢,) € Z(n) that satisfies

Ty + Z Canpemi < 2Wy,
Jj€J(n)

(w”lve”lvw’ﬂ) = 0, 1f77 € Dr.

Let 27 := IT,epr ET(n). Tt follows from Rockafellar (1997, Theorem 28.3), that there exist non-negative
multipliers ('yf,’T)nE pr such that the following saddle point property holds,

i i, T i 8T _i,T _i,T =T
(12) Z ‘C’n(z”lv an,% y Py q) S Z ‘Cn(zn 7217, 777] ) Dy Q)v V(Z”I)nEDT €= )
neDT neDT
and ;" g5, (2", 257, q) = 0.

8In fact, define a new problem (PT),

max > oub (ffn + 3 ieam) C(mj)so(mj))

neDT
2y := (T, O, n) € Z(n) vn e DT,
(PHT) 94 (2ns 2,30, Q) < 0, VneDT,
s.t. Ty + ZjeJ(n) CaniPmg < 2Wy, V€ DT,
zp = 0, Vn € Dr,
If qu,H=0 then 6, ;) =0.

Under Assumption A2 the objective function on (Pi’T) is continuous, and the set of admissible allocations is compact
in HneDT Z(n). Note that, to ensure this it is necessary to have non-zero collateral requirements, otherwise, long
and short positions are unbounded.

Thus, there is a solution (z,i{T)nEDT. Moreover, this solution for (P“T) is also an optimal choice for (P*7T).
Essentially, the existence of a finite optimum at prices (p, q) for the agent #’s problem ensure that, when d(n,5) =0,
the payments F(u,j)(pu) must be equal zero, for each 1 € nT. Thus, when 4(n,5) = 0, choosing positives amounts of
0(y,;) does not induce any gains.

9Note that, otherwise, agent ¢ improve his utility in D choosing the allocation (z:,’T)neDT in the sub-tree DT,

without making any (physical or financial) trade after the nodes with date T



THIAGO REVIL AND JUAN PABLO TORRES-MARTINEZ 11

Claim A. For eachn € D, the sequence (V,@’T)th(n) is bounded. Moreover, given T € N, for anyn € DT~}
vp(an) = vn(z) < | 1 Vign @) + D 1 Vagu(pa) | < (an —2) + Y. vi(z), Va, € ET(n),
pent ¢eD\DT—1
where, for any n € D, the vector (Vlgf](p, q), Vggﬁ, (p,q)) is defined by
Viga®,a) = (Pay @ (01Cni) = dni))seain) »
Vagy(0, ) = (=paYo, (Fu)seatn) (0nYoaClng) = Fini))iesn) -
Proof. Given ¢t < T, substitute the following allocation in Inequality (12)
_ { (W;,0,0), VneD,

Zn =
K (0,0,0), VpeDT\ D
We have:
(13) W PaWy < 3 vn(zy™) <) vy (an).
n€Dy neDT neD

Assumptions Al ensure that, for each n € D, mincr W(inyl) > 0. Also, Assumption A2 implies that
lpnlls > 0, guaranteing the first result.
On the other hand, given (z,),cpr € E", using (12), we have that
> LGz P ) < va(z)-
neDT nebD

Thus, fix p € DT" and a, € 7 (). If we evaluate inequality above in

_{ z, Y #u,
Zy =

ay, forn=yp,
we obtain
(14)  vulaw) =7 guan zu-i0 @) — D> W gz auipd) Svu(z) + > va(z)-
nept neD\DT—-1

Since functions (gg( ;ip,q); € € D) are affine, we have
9, 2,—50,0) = Vigu(p,q) - ap — puwy + V29, (0, @) - 2,
gn(znrauipq) = Vigy(p,q) - 2 — powy + Vagn(p,@) - au, ¥y € pt.
Also, budget feasibility of (z;),ep at prices (p, q) ensure that,
—puwj + Vag(p,q) - 2 < —Vigh(p,q) - 2,
Vigy(p,q) - 2y — powy, < —Vagn(p,q) - 2., V€ pt.
Therefore,

T i i 0T i i 0T i T i i
m gu(a#,zu_;p, q) + Tn gn(znaau;p7 q) < Tn vlgn(pv q) + Z o ngu(pv q) ' (a”’l - 2:,,]).
nept pent

Using (14), we conclude the proof. X

Since D is countable and, for any node 7, the sequence (fy%’T)TZt(n) is bounded, using Tychonoff Theorem
(see Aliprantis and Border (1999, Theorem 2.57)), there is a common subsequence (T;)ren C N and non-

negative multipliers, (*yf]),,e D, such that, for each n € D, limy_ fyf,‘T’f = %i] and

Yo gy (2 2031y q) = 0,
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where the last equation follows from the strictly monotonicity of u,@ Moreover, it follows from the Claim
above that, for any n € D,
(15) S vipaWi < S v, vezo,

neDy nebD

Vg (. d) + > 1 V20u(p ) | - (an —2), Y ay € T (p).
pent

(16)  vylan) = vy(=n)

IN

Therefore, equation (11) follows and, as the plan (z})yep is physically feasible,

Vg, @) + > 1. Vagu(p,q) | €0 (Vf; - 6Z(n)) (2n)-
pent
where 67, : RY x R7(M x RY™M — R U {—oo} satisfies 0z(m(2) = 0, when z > 0 and dz(,)(2) = —oo,
otherwise. It follows by Theorem 23.8 and 23.9 in Rockafellar (1997), that there exists v}, € duj(c}) and
ki € 087y (4, 01, @b such that
(17) WVign (@) + D ¥ V204, q) = (v3,0, (Cinjyvy)iesm) + Fo-
ment
Notice that, by definition, for each z > 0,k € 09z, (2) < 0 < k(y—2), Vy > 0, therefore, /si, > 0. Thus,

the inequalities stated in the lemma hold from equation (17). On the other hand, strictly monotonicity of

function ui,, ensure that v; > 0 and, therefore, it follows from (9), that fy% is strictly positive. O
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