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UL?_�|�L?� ì _L ?L| i?|ih �?|L |�i u�** UL4T*i �|) Lu UL?|h@U|tc tL �i ��t| UL?t�_ih |�i U@ti Lu

@| 4Lt| L?i _�tUL?|�?��|)� W? |�i tT@Ui Lu |�i *�4�| Lu UL?|�?�L�t UL?|h@U|tc |�i LT|�4@* UL?|h@U|

�t U�@h@U|ih�3i_� W? |�i UL?|i | Lu @ ��_ih ti| Lu UL?|h@U|t �i Thiti?| @ U*@tt Lu �?Ui?|��i

UL4T@|�M*i UL?|h@U|t ���U� @TThL �4@|it |�i LT|�4@*� A�i ?L? 5�� @h�tit ?@|�h@**) ��i?

�i @hi _i@*�?} ��|� @ 4�*|�_�4i?t�L?@* U�@h@U|ih�t|�U ThLM*i4 ��|� UL�?|ih�@�*�?} �?Ui?|��it

E}��i? M) |�i ULhhi*@|�L? Mi|�ii? |�L tL�hUit Lu @t)44i|h�U �?uLh4@|�L?�� A�ihiuLhic L�h T@Tih

@*tL }��it @ uh@4i�Lh! |L t|�_) 4�*|��U�@h@U|ih�t|�U @_�ihti ti*iU|�L? ThLM*i4t� ì }��i tL4i
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NH\ZRUGV= Vshqfh0Pluuohhv frqglwlrq> pdujlqdo udwh ri vxevwlwxwlrq dqg uhqw lghqwlwlhv> glv0

fuhwh srrolqj1

41 LQWURGXFWLRQ

WKH PDLQ JRDO RI WKLV SDSHU lv wr uhod{ wkh fodvvlfdo Vshqfh0Pluuohhv frqglwlrq
+VPF, zklfk kdv ehhq h{whqvlyho| xvhg lq wkh olwhudwxuh wr fkdudfwhul}h wkh vrox0
wlrq ri wkh dgyhuvh vhohfwlrq sureohp1

� Ilqdqfldo vxssruw iurp FQSt dqg DQHHO +Djahqfld Qdflrqdo gh Hqhujld Ho�hwulfd,1 Suholplqdu|

yhuvlrqv ri wklv sdshu zhuh suhvhqwhg dw wkh Xqlyhuvlw| ri Wrxorxvh/ Srpshx Ideud +Edufhorqd,/ LPSD/

SXF0Ulr/ HSJH0UM/ Xqlyhuvlw| ri Fklfdjr/ wkh Qlqhwhhqwk Phhwlqj ri wkh Eud}loldq Hfrqrphwulf

Vrflhw| dqg wkh Vhyhqwhhqwk Odwlq Dphulfdq Phhwlqj ri wkh Hfrqrphwulf Vrflhw|1 Zh zlvk wr wkdqn

D1 Fkdvvdjqrq/ S1 D1 Fkldssrul/ P1 Kduulv/ M1 M1 Od�rqw/ D1 Pdv0Frohoo/ M1 F1 Urfkhw/ M1 Vfkhlqnpdq/

O1 Vwroh dqg M1 Wluroh/ dv zhoo dv wkh vhplqdu sduwlflsdqwv/ iru xvhixo glvfxvvlrqv dqg vxjjhvwlrqv rq

hduolhu gudiwv ri wklv sdshu1 Zh zrxog olnh wr wkdqn Fdlr Levhq dqg Gdqlho Fkulw| iru khoslqj xv zlwk

wkh qxphulfdo h{dpsohv1

�
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Lq wkh rqh0glphqvlrqdo sdudphwhu fdvh/ wkh VPF lv e| gh�qlwlrq wkh prqr0
wrqlflw| ri wkh pdujlqdo udwh ri vxevwlwxwlrq ehwzhhq wkh ghflvlrq wdnhq e| wkh
djhqw dqg wkh prqh| wudqvihu jlyhq e| wkh sulqflsdo zlwk uhvshfw wr wkh sdudphwhu
+dv|pphwulf lqirupdwlrq,1

Wkh VPF shuplwv wkh vhfrqg rughu dssurdfk iru wkh sureohp dqg pdnhv wkh
ihdvleoh vhw frqyh{= lq wkh suhvhqfh ri srvlwlyh +uhvshfwlyho| qhjdwlyh, VPF/ d
ghflvlrq sdwk lv lpsohphqwdeoh li dqg rqo| li lw lv qrq0ghfuhdvlqj +uhvshfwlyho|
qrq0lqfuhdvlqj, lq wkh sdudphwhu1

Wkh VPF dovr hqdeohv d ixoo fkdudfwhul}dwlrq ri wkh rswlpdo vroxwlrq= li wkh
rswlpdo ghflvlrq lv vwulfwo| prqrwrqh lq wkh sdudphwhu/ wkhq lw vkrxog eh wkh
uhod{hg vroxwlrq15 Pruhryhu/ d pd{lpdo lqwhuydo zkhuh lw lv frqvwdqw lv vxfk wkdw
wkh pdujlqdo yluwxdo vxusoxv ri wkh sulqflsdo +l1h1/ wkh vrfldo vxusoxv plqxv wkh
lqirupdwlrqdo uhqw, vkrxog eh }hur1 Wkhvh surshuwlhv duh vx�flhqw wr surylgh dq
dojrulwkp doorzlqj wkh frpsxwdwlrq ri rswlpdo vroxwlrqv +vhh Ixghqehuj dqg Wluroh
+4<<4, ru Jxhvqhulh dqg Od�rqw +4<;7,,1

Wkh txhvwlrq vwxglhg lq wklv sdshu lv= Zkdw kdsshqv zkhq wkh VPF lv qrw
ydolg dq|pruhB Lq wklv fdvh/ wkhuh duh dw ohdvw wzr uhjlrqv lq wkh sodqh ri wkh
sdudphwhu yhuvxv wkh ghflvlrq yduldeoh= wkh srvlwlyh dqg qhjdwlyh vlqjoh furvvlqj
uhjlrqv1 Dq lpsohphqwdeoh ghflvlrq sdwk vkrxog suhvhuyh prqrwrqlflw| lq hdfk
uhjlrq/ dqg lw pd| ru pd| qrw furvv wkh fxuyh wkdw vhsdudwhv wkh wzr uhjlrqv
+wkh iurqwlhu,1 Li wkh ghflvlrq sdwk furvvhv wkh iurqwlhu/ zkdw duh wkh qhfhvvdu|
frqglwlrqv iru wkh lqfhqwlyh frpsdwlelolw|B Iluvw/ wkh ghflvlrq sdwk furvvhv wkh
iurqwlhu lq d X 0vkdshg irup +ru d ehoo0vkdshg irup, ehfdxvh ri wkh prqrwrqlflw|1
Wkhq/ zh suryh wkdw d qhfhvvdu| frqglwlrq lv= li wzr w|shv kdyh wkh vdph ghflvlrq/
wkhq wkhlu pdujlqdo udwh ri vxevwlwxwlrq vkrxog eh wkh vdph1 Lq hfrqrplf whupv/
li wzr w|shv duh srrolqj lq d jlyhq frqwudfw/ wkhq wkh sulqflsdo jxdudqwhhv wuxwk
whoolqj rqo| li wkh pdujlqdo udwh ri vxevwlwxwlrq ri wkh wzr w|shv lv wkh vdph1 Zh
zloo fdoo wklv pdujlqdo frqglwlrq zlwk uhvshfw wr wkh ghflvlrq wkh pdujlqdo udwh ri
vxevwlwxwlrq lghqwlw|1 Pruhryhu/ wkhuh h{lvwv dq dqdorjrxv pdujlqdo frqglwlrq zlwk
uhvshfw wr wkh w|sh/ wkh pdujlqdo uhqw lghqwlw|1 Lq jhqhudo/ wkhvh frqglwlrqv duh qrw
vx�flhqw iru lqfhqwlyh frpsdwlelolw|/ exw wkh| duh vx�flhqw lq d sduwlfxodu vhwxs
wkdw zh zloo h{dplqh16

Zh xvh wkh vhfrqg rughu frqglwlrq ri wkh lqfhqwlyh frpsdwlelolw| +LF, frq0
vwudlqw dqg wkh pdujlqdo udwh ri vxevwlwxwlrq lghqwlw| dv wkh frqvwudlqwv ri wkh
dgyhuvh vhohfwlrq sureohp dqg ghulyh wkh �uvw rughu frqglwlrqv iru wkh rswlpdo
frqwudfw1 Wkh frqvwudlqwv zloo eh erwk ri wkh htxdolw| dqg lqhtxdolw| w|sh dqg rxu
sureohp lv qrw frqfdyh dq|pruh/ exw zh vwloo fdq frpsxwh wkh rswlpdo frqwudfw lq
d sduwlfxodu vhwxs1 Wkhvh frqvwudlqwv lqglfdwh wkdw wkh sulqflsdo kdv wr wdnh fduh ri
zlghu ydulhwlhv ri vwudwhjlf ehkdylru ri wkh djhqw zkr fdq qrz plplf wkh ehkdylru
ri rwkhu w|shv wkdw duh qrw qhdue|1 Pdwkhpdwlfdoo|/ rxu uhvxowv duh h{suhvvhg e|

2Wklv vroxwlrq lv rewdlqhg e| lpsrvlqj wkh �uvw rughu frqglwlrq ri wkh lqfhqwlyh frpsdwlelolw|

frqvwudlqw wr uhgxfh wkh sureohp rqo| wr wkh ghflvlrq yduldeoh1
�Wkh pruh jhqhudo fdvh lv qrw �qlvkhg1 Wkh gl�fxow| ri d frpsohwh fkdudfwhul}dwlrq lv wkdw

hyhq li d ghflvlrq sdwk grhv qrw furvv wkh wzr uhjlrqv/ wkh prqrwrqlflw| frqglwlrq lv qrw vx�flhqw wr

fkdudfwhul}h wkh lpsohphqwdeoh ghflvlrqv1



�

d jhqhudol}hg Odjudqjldq zklfk frqwdlqv whupv rwkhu wkdq wkh �uvw dqg vhfrqg
rughu frqglwlrqv ri wkh LF frqvwudlqwv1 Zh gr qrw jhw lqwr wkh ixoo frpsoh{lw| ri
frqwudfwv= zh mxvw frqvlghu wkh fdvh ri dw prvw rqh glvfrqwlqxlw|1 Krzhyhu/ pdq|
h{dpsohv vkrz wkdw wklv lv hqrxjk wr dssur{lpdwh wkh sulqflsdo*v uhod{hg zhoiduh1

Fkdvvdjqrq dqg Fkldssrul +4<<8, vwxglhg wkh lqvxudqfh pdunhw frpshwlwlyh
htxloleulxp zlwk dgyhuvh vhohfwlrq dqg prudo kd}dug zkhuh wkh VPF lv qrw ydolg1
Krzhyhu/ wkh| vwxglhg wkh wzr0w|sh fdvh dqg wkh vhfrqg rughu dssurdfk uhpdlqv
wuxh lq wkh frqwlqxrxv yhuvlrq ri wkhlu prgho1 Zh zloo xvh wkh vdph lghd ri vlpxo0
wdqhrxv dgyhuvh vhohfwlrq dqg prudo kd}dug wr surylgh wkh h{dpsoh ehorz zlwkrxw
wkh VPF dqg zkhuh wkh vhfrqg rughu dssurdfk lv qrw ydolg1

H[DPSOH 4= +Rzqhu0pdqdjhu uhodwlrqvkls xqghu prudo kd}dug dqg dgyhuvh
vhohfwlrq,

Vxssrvh wkdw dq rzqhu +wkh sulqflsdo, ri d �up kdv wr kluh d pdqdjhu +wkh
djhqw, wr gholyhu d surgxfw iru klp1 Dvvxph wkdw wkh pdqdjhu fdq fkrrvh ehwzhhq
wzr w|shv ri whfkqrorjlhv dqg wkh pdqdjhu lv pruh ru ohvv surgxfwlyh ghshqglqj rq
klv w|sh dqg rq wkh whfkqrorj| fkrvhq e| klp1 Wkh rzqhu kdv wr ghvljq d uhzdug
vfkhgxoh1

Ohw { eh wkh xqlwv ri rxwsxw/ � wkh pdqdjhu*v surgxfwlylw|/ | wkh zrunhu*v
h�ruw dqg w wkh vdodu|1 Hdfk w|sh ri pdqdjhu kdv d frpsdudwlyh dgydqwdjh lq rqh
ri wkh whfkqrorjlhv1 Pruh suhflvho|/ wkh whfkqrorjlhv duh ghvfulehg e| W 5 iW4> W5j=

W4 = { @ +4� �,|> � 5 �

W5 = { @ �|> � 5 �

zkhuh � @ ^3> 4` lv wkh vhw ri w|shv dqg wkh glvwulexwlrq ri wkh pdqdjhu*v w|sh lv
uhsuhvhqwhg e| d ghqvlw| ixqfwlrq s= � $ U.. 1

Wkh pdqdjhu*v xwlolw| ixqfwlrq lv Y @ w � |5 dqg wkh rzqhu lv ulvn qhxwudo
zlwk xwlolw| ixqfwlrq jlyhq e|= X @ {� w=

Gh�qh dovr wkh pdqdjhu*v xwlolw| ixqfwlrq jlyhq wkh whfkqrorj| fkrlfh dqg dv
d ixqfwlrq ri wkh rxwsxw=

Y +{> w> � m W4, @ w�

�
{

4� �

�5

dqg

Y +{> w> � m W5, @ w�

�
{

�

�5

=

Lw lv fohdu wkdw Y +{> w> � m W4, � Y +{> w> �> W5, li dqg rqo| li � � 4@5 / l1h1/
wkh orz +kljk, w|shv kdyh frpsdudwlyh dgydqwdjh lq whfkqrorj| W4 +W5,1 Lw iroorzv
wkdw wkh pdqdjhuv zlwk fkdudfwhulvwlf � forvh wr 3 +uhvshfwlyho| 4, duh vshfldolvwv
lq whfkqrorj| W4 +uhvshfwlyho| W5,1 Zh dovr vd| wkdw w|shv � forvh wr 4@5 duh
jhqhudolvwv +wkh| duh wkh edg w|shv,1



e

Wkh sulqflsdo*v sureohp lv wr pd{lpl}h klv h{shfwhg xwlolw| ryhu doo wkh frq0
wudfwv i{+�,> w+�,j jlyhq wkh sduwlflsdwlrq frqvwudlqwv dqg/ lq wkh fdvh ri dv|pphwulf
lqirupdwlrq/ wkh lqfhqwlyh frpsdwlelolw| frqvwudlqwv/ l1h1/

pd{
i{+�,>w+�,j

H�^{+�,� w+�,`

vxemhfw wr lqfhqwlyh frpsdwlelolw| dqg sduwlflsdwlrq frqvwudlqwv +zkhuh wkh pdq0
djhu*v uhvhuydwlrq xwlolw| lv }hur,1

Ghshqglqj rq wkh lqirupdwlrqdo vwuxfwxuh/ zh kdyh gl�huhqw sureohpv=

4, Vhfrqg Ehvw zlwk wkh whfkqrorj| fkrlfh lqirupdwlrq= � lv qrw revhuydeoh/ exw W
lv revhuydeoh dqg yhul�deoh1 Lq wklv fdvh wkh rswlpdo frqwudfw fdq eh frqwlqjhqw
rqo| rq wkh whfkqrorj| fkrlfh1 Wkhuhiruh/ wkh rzqhu ghvljqv wzr w|shv ri frqwudfwv
+rqh iru hdfk fkrvhq whfkqrorj|,�

+{l+�,> wl+�,,
�l@4>5
�5^3>4`

vxfk wkdw lw vdwlv�hv/ iru hdfk l @ 4> 5/

+LFl, � 5 duj pd{
a�5^3>4`

Y +{l+a�,> wl+a�,> � m Wl, ; � 5 ^3> 4`=

Wkh pdqdjhu zlwk surgxfwlylw| � fkrrvhv W4 +W5, li dqg rqo| li

Y +{4+�,> w4+�,> � m W4, � +�,Y +{5+�,> w5+�,> � m W5,

dqg wkh rzqhu kdv wr wdnh wklv odvw lqhtxdolw| lqwr frqvlghudwlrq wr frpsxwh klv
h{shfwhg xwlolw|1

Krzhyhu/ vlqfh wkh w|sh � kdv d frpsdudwlyh dgydqwdjh lq W4 +W5, li dqg rqo|
li � � +�, 4@5/ wkhq/ lq htxloleulxp/ wkh rswlpdo frqwudfw vkrxog lqgxfh w|sh
� � +�,45 wr fkrrvh W4 +W5, zkhq wkh glvwulexwlrq lv v|pphwulf zlwk uhvshfw wr
4@51 Wkhuhiruh/ wkh hpsor|hu zloo ghvljq i{4> w4j +i{5> w5j,/ vkxwwlqj grzq hdfk
w|sh � ? +A, 4@5 lq htxloleulxp/ l1h1/ wkh LU zloo qrw krog iru wklv w|sh1 Wklv
lpsolhv wkdw w|sh 4@5 zloo kdyh }hur uhqw lq htxloleulxp1 Zh fdq vd| wkdw wkh
rzqhu zloo xvh wkh whfkqrorj| fkrlfh dv d vljqdo ri wkh pdqdjhu*v w|sh +vlqfh kh
fdq frqwuro wklv fkrlfh,1

Frqglwlrqdo rq hdfk whfkqrorj|/ wkh sulqflsdo*v sureohp lv jrlqj wr eh d vwdq0
gdug dgyhuvh vhohfwlrq zlwk wkh VPF1 Wkh rswlpdo ghflvlrq lv jrlqj wr eh X 0vkdshg
dqg kdv wkh vdph surshuwlhv ri vhsdudwlqj ru frqwlqxrxv srrolqj htxloleulxp1 Lq
Vhfwlrq 7/ zh zloo h{solflwo| frpsxwh wkh vroxwlrq dqg lqwurgxfh orwwhulhv lq wkh
whfkqrorj| fkrlfh wr lpsuryh wkh h{shfwhg sur�w ri wkh rzqhu17

5, Vhfrqg Ehvw zlwkrxw wkh whfkqrorj| fkrlfh lqirupdwlrq= qhlwkhu � qru W duh re0
vhuydeoh1 Lq wklv fdvh wkh rswlpdo frqwudfw fdq qrw eh frqwlqjhqw rq wkh whfkqrorj|/

eWkh lqwxlwlrq khuh lv wkdw e| xvlqj orwwhulhv wkh sulqflsdo fdq wkuhdwhq wkh ulvn dyhuvh djhqw dqg

h{wudfw pruh uhqw iurp klp1 Zh zloo vkrz wkdw orwwhulhv rq wkh surgxfwlrq fkrlfh gr qrw khos1
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l1h1/ wkh rzqhu fdq qrw xvh wkh whfkqrorj| fkrlfh dv d vljqdo ri pdqdjhu*v w|sh1
Wkhuhiruh/ wkh rzqhu zloo idfh d pdqdjhu wkdw kdv wkh iroorzlqj xwlolw| ixqfwlrq=

Y +{> w> �, @

;AAA?AAA=
w�

�
{

4� �

�5

> li � 5 ^3> 4@5`

w�

�
{

�

�5

> rwkhuzlvh

Lw lv hdv| wr vhh wkdw wkh ghulydwlyh ri wkh pdujlqdo udwh ri vxevwlwxwlrq zlwk
uhvshfw wr wkh w|sh fkdqjhv lwv vljq h{dfwo| dw w|sh 4@51 Wkhuhiruh/ wkh sulqflsdo*v
sureohp grhv qrw kdyh wkh VPF1

Dv zh h{sodlqhg deryh/ zh kdyh wr frqvlghu qrz wkh pdujlqdo udwh ri vxevwl0
wxwlrq lghqwlw| wr fkdudfwhul}h wkh vroxwlrq1 Lq wklv fdvh/ wklv lghqwlw| lv htxlydohqw
wr wkh v|pphwu| zlwk uhvshfw wr 425/ l1h1/ lpsohphqwdeoh ghflvlrqv duh jrlqj wr eh
X 0vkdshg v|pphwulf zlwk uhvshfw wr 425 +vhh Vhfwlrq 7 iru wkh ghwdlov,1 Lq sdu0
wlfxodu/ wkh rswlpdo ghflvlrq zloo dovr kdyh wklv surshuw|1 Vlqfh wkh rzqhu fdq qrw
vhh wkh whfkqrorj| fkrlfh/ kh zloo qhyhu nqrz wklv fkrlfh lq htxloleulxp ehfdxvh
iru hdfk rxwsxw ghflvlrq/ wkhuh duh h{dfwo| wzr w|shv ri pdqdjhuv xvlqj gl�huhqw
whfkqrorjlhv dqg gholyhulqj lw +wklv lv zkdw zh fdoo d glvfuhwh srrolqj htxloleulxp,1

Wkh lpsrvvlelolw| ri revhuylqj wkh fkrlfh pdgh e| wkh djhqw wudqvirupv
wkh elglphqvlrqdo vhfrqg ehvw sureohp +lq +W> �,, zlwk lqirupdwlrq lqwr d rqh0
glphqvlrqdo sureohp +rqo| lq �, zlwkrxw wkh VPF1 Zh fdq xvh wklv phwkrg wr
jhqhudwh vhyhudo h{dpsohv1 Wkh nh| srlqw lv wkdw wkhuh lv d _frxqwhuydlolqj% h�hfw
ehwzhhq whfkqrorj| fkrlfh dqg surgxfwlylw|= wkh sulqflsdo jxdudqwhhv wuxwk whoolqj
rqo| li kh htxdol}hv pdujlqdo xwlolwlhv ri wkh djhqwv wkdw fkrrvh wkh vdph rxwsxw1

Dqrwkhu h{dpsoh wr eh frqvlghuhg lq wklv sdshu lv d qdwxudo h{whqvlrq ri
qrqolqhdu sulflqj prghov vwxglhg e| Pxvvd dqg Urvhq +4<:;, dqg Pdvnlq dqg
Uloh| +4<;7, zkhuh wkh VPF lv uhod{hg1 Vxssrvh wkdw d prqrsrolvw idfhv gl�huhqw
w|shv ri ghpdqg zlwk �qlwh hodvwlflw|1 Pruh suhflvho|/ wkh ghpdqgv duh olqhdu/ wkh
pdunhw vl}h lv ghfuhdvlqj lq wkh w|sh dqg wkh pd{lpxp sulfh zkhuh wkhuh h{lvwv
srvlwlyh ghpdqg lv lqfuhdvlqj lq wkh w|sh1 Wklv phdqv wkdw wkh pdunhw iru wkh orz
w|shv +lq wkh vhqvh ri zloolqjqhvv wr sd| iru wkh jrrg, lv wkh odujh rqh1 Lq wklv fdvh
wkh VPF idlov wr krog dqg wkh rswlpdo frqwudfw lv jrlqj wr eh qrq0ghfuhdvlqj iru
wkh orz w|shv dqg qrq0lqfuhdvlqj iru wkh kljk w|shv +d ehoo0vkdshg fxuyh,1 Wkh
uhdvrq lv wkdw wkh prqrsrolvw zdqwv wr h{wudfw wkh pd{lpdo uhqw dv lq wkh vlqjoh
furvvlqj fdvh/ exw qrz kh kdv wr ghdo zlwk wkh wudgh0r� ehwzhhq wkh vl}h ri wkh
pdunhw dqg wkh frqvxphu*v zloolqjqhvv wr sd|= kh zloo h{wudfw ohvv uhqw iurp orz
w|shv ehfdxvh kh zdqwv wr vhoo wkh jrrg pruh dqg dw wkh vdph wlph kh zdqwv wr
h{wudfw wkh uhqw ri kljk w|shv zlwkrxw euhdnlqj wkh LF frqvwudlqwv1 Wkhuhiruh/ wkh
frqglwlrq lv wkdw orz dqg kljk w|sh frqvxphuv wkdw duh srrolqj lq wkh vdph txdolw|
ru txdqwlw| kdyh wr kdyh wkh vdph pdujlqdo ydoxdwlrq +wkh frpshwlwlyh sulfh, iru
wkh jrrg/ l1h1/ lq htxloleulxp wkh| duh wuhdwhg dv wkh vdph1 Wklv ohdgv wr d glvfuhwh
srrolqj htxloleulxp djdlq1 Wkh vdph dvshfwv ri frxqwhuydlolqj dqg elglphqvlrqdo
fkdudfwhulvwlf sureohp duh uhshdwhg khuh1

Wkhuh duh vrph frqwulexwlrqv rq wkh olwhudwxuh ri pxowl0fkdudfwhulvwlf dqg
pxowl0ghflvlrq sureohp= PfDihh dqg PfPloodq +4<;;, jlyhv d jhqhudol}dwlrq ri wkh



S

VPF zklfk lv hqrxjk wr lpso| d vwurqj vwuxfwxuh rq wkh djhqw*v xwlolw| ixqfwlrq1
Pdwwkhzv dqg Prruh +4<;:, vwxglhv wkh fdvh ri zkhq wkhuh duh pruh ghflvlrq ydul0
deohv wkdq fkdudfwhulvwlfv1 Dupvwurqj +4<<8, fkdudfwhul}hg wkh rswlpdo vroxwlrq
ri d vshfl�f prgho ri pxowlsurgxfw qrqolqhdu sulflqj1 Kh vkrzhg wkdw exqfklqj
lv frpprq lq wklv fdvh1 Rxu sdshu dovr dgguhvvhv wklv txhvwlrq1 Pruh uhfhqwo|/
Urfkhw dqg Fkrq�h +4<<:, vwxglhv wkh lurqlqj sulqflsoh lq d pxowlglphqvlrqdo qrq0
olqhdu sulflqj prgho1

Zh dovr dqdo|}h d uhjxodwlrq prgho d od Od�rqw dqg Wluroh +4<<6,1 Lq wkhlu
edvlf prgho/ wkh frvw ixqfwlrq ghshqgv rq d qrq revhuydeoh sdudphwhu +wkh h�0
flhqf|, dqg wkh h�ruw ri wkh �up*v pdqdjhu lq fxwwlqj frvwv1 Wkh frvw ixqfwlrq lv
rqh0glphqvlrqdo lq wkh vhqvh wkdw wkhuh lv mxvw rqh vrxufh ri dfwlylw| wkdw doorzv wkh
pdqdjhu wr fxw frvw1 Vxssrvh/ krzhyhu/ wkdw wkhuh duh wzr nlqgv ri dfwlylwlhv wkdw
wkh pdqdjhu hpsor|v wr fxw frvw dqg wkh uhjxodwru fdq rqo| revhuyh wkh djjuhjdwh
frvw/ l1h1/ wkhuh duh wzr vxe0frvwv wkdw duh qrw revhuydeoh e| wkh uhjxodwru dqg
wkh vxp ri wkhp duh frqwudfwloh1 Pruhryhu/ wkhvh dfwlylwlhv duh vxevwlwxwhv lq wkh
pdqdjhu*v srlqw ri ylhz +l1h1/ wkh pdqdjhu*v glvxwlolw| ri h�ruw kdv srvlwlyh furvv
ghulydwlyh, dqg wkhuh lv d ghfuhdvlqj uhodwlrq ehwzhhq wkh sdudphwhuv wkdw fkdudf0
whul}h wkh vxe0frvwv1 Zh vkrz wkdw wklv nlqg ri lqwhudfwlrq zloo uhvxow lq qrq0vlqjoh
furvvlqj dqg djdlq zh zloo kdyh wkh vdph nlqg ri phvvdjh wkdw zh h{sodlqhg lq wkh
h{dpsohv deryh1

Ilqdoo|/ zh vwxg| d oderu frqwudfw zkhuh zrunhuv kdyh d yhfwru ri wzr fkdu0
dfwhulvwlfv +xqnqrzq wr wkh �up, wkdw duh pl{hg lq d yhul�deoh vljqdo +vfkrrolqj,1
Wklv h{dpsoh iroorzv/ lq vslulw/ Fdydoor/ Khfnpdq dqg Kvhh +4<<;,1 Wkh �up lv
d sur�w pd{lpl}hu dqg lwv whfkqrorj| ghshqgv rq wklv yhfwru ri fkdudfwhulvwlfv=
rqh ri wkh fkdudfwhulvwlfv kdv d pxowlsolfdwlyh h�hfw ryhu wkh zrunhu*v h�ruw dqg
wkh rwkhu rqh lv frqvwdqw1 Wkhuh lv d frq�lfw ri lqwhuhvw ehwzhhq wkh �up dqg wkh
zrunhu ehfdxvh h�ruw lv frvwo| +dqg qrw revhuydeoh, dqg wkh zrunhuv*v delolwlhv duh
qrw wrwdoo| fdswxuhg e| wkh vljqdo1 Wklv lv d vwdqgdug dgyhuvh vhohfwlrq sureohp1
Krzhyhu/ ghshqglqj rq wkh sdudphwhuv ri wkh prgho/ wkh VPF grhv qrw krog1 Lq
wklv fdvh/ glvfuhwh srrolqj htxloleulxp pd| dsshdu/ dqg lqglfdwhv wkdw gl�huhqw
zrunhuv zlwk uhvshfw wr wkh sur�oh ri fkdudfwhulvwlfv pd| eh wuhdwhg dv wkh vdph
lq htxloleulxp1

Wkh sdshu lv rujdql}hg dv iroorzv1 Lq Vhfwlrq 5 zh suhvhqw wkh dgyhuvh vhohf0
wlrq prgho1 Lq Vhfwlrq 6 zh jlyh qhfhvvdu| frqglwlrqv iru wkh vroxwlrq ri dgyhuvh
vhohfwlrq sureohpv zlwkrxw wkh VPF1 Vhfwlrq 7 suhvhqwv vrph h{dpsohv1 Vhfwlrq
8 jlyhv wkh �qdo frqfoxvlrqv dqg wkh Dsshqgl{ D frqwdlqv wkh surriv1

51 WKH DGYHUVH VHOHFWLRQ PRGHO

Wkh uhodwlrqvkls ehwzhhq wkh sulqflsdo dqg wkh djhqw+v, lqyroyhv rqo| wzr
w|shv ri yduldeohv= Wkh �uvw w|sh lv dvvrfldwhg zlwk d ghflvlrq +ru dfwlrq, yduldeoh
+ghqrwhg e| {, zklfk lv revhuydeoh1 Wkh yduldeoh ri wkh vhfrqg w|sh +ghqrwhg e|
w, jhqhudoo| kdv wkh phdqlqj ri prqh| wudqvihu iurp wkh sulqflsdo wr wkh djhqw1

Wkh sulqflsdo dqg wkh djhqw lqwhudfw wkurxjk wkhvh wzr yduldeohv dqg wkh
dv|pphwu| ri lqirupdwlrq fdq eh ghvfulehg dv iroorzv= wkhuh lv d rqh0glphqvlrqdo



.

sdudphwhu � zklfk lv nqrzq wr wkh djhqw dqg xqrevhuydeoh wr wkh sulqflsdo1 Wklv
sdudphwhu ehorqjv wr vrph frpsdfw lqwhuydo � @ ^�> �` � U1 Wkh sulqflsdo kdv
vrph d sulrul suredelolw| glvwulexwlrq rq � zklfk lv dvvrfldwhg wr d frqwlqxrxv
ghqvlw| s= � $ U..1 Zh fdq lqwhusuhw wklv ixqfwlrq dv wkh sulqflsdo*v vxemhfwlyh
dvvhvvphqw ri wkh suredelolw| ri � zkhq wkhuh lv rqo| rqh djhqw ru wkh remhfwlyh
glvwulexwlrq ri wkhlu w|shv zkhq wkhuh duh pdq| djhqwv1

Wkh sulqflsdo*v xwlolw| ixqfwlrq lv X = L�U�� $ U/ zkhuh L � U lv dq lqwhuydo/
X+{> w> �, @ x+{> �,�w dqg x lv F6 1 Wkh djhqw*v xwlolw| ixqfwlrq lv Y = L�U�� $ U

vxfk wkdw Y +{> w> �, @ y+{> �, . w dqg y lv F61
D phfkdqlvp +frqwudfw ru doorfdwlrq, lv d sdlu ri ixqfwlrqv +{> w,=� $ U

51 D
phfkdqlvp fdq eh ylhzhg dv d surfhgxuh jlylqj wkh ghflvlrq wr wkh sulqflsdo zkr
frpplwv klpvhoi wr d ghflvlrq uxoh uhodwlqj wkh fkrlfh ri { dqg w wr phvvdjhv vhqw
e| wkh djhqw1 E| wkh uhyhodwlrq sulqflsoh +vhh Ixghqehuj dqg Wluroh +4<<4,,/ dq|
phfkdqlvp fdq eh plplfnhg e| d gluhfw wuxwkixo rqh lq wkh vhqvh wkdw wkhuh lv qr
orvv ri zhoiduh wr wkh sulqflsdo1

D ghflvlrq ixqfwlrq {= � $ L lv lpsohphqwdeoh li wkhuh h{lvwv d prqh| wudqvihu
ixqfwlrq w= � $ U wkdw vdwlv�hv wkh lqfhqwlyh frpsdwlelolw| frqvwudlqw= iru doo
+�> a�, 5 �5/

+LF, Y +{+�,> w+�,> �, � Y +{+a�,> w+a�,> �,=

Zh zloo vd| lq wklv fdvh wkdw wkh doorfdwlrq +{> w, lv lpsohphqwdeoh ru vdwlv�hv
wuxwk whoolqj/ ru wkdw { lpsohphqwv w1 Lq rwkhu zrugv/ wkh dqqrxqfhphqw ri wkh
wuxwk lv dq rswlpdo vwudwhj| iru wkh djhqw zkdwhyhu wkh wuxwk pd| eh1

Zh vd| wkdw dq doorfdwlrq +{> w, vdwlv�hv wkh lqglylgxdo0udwlrqdolw| frqvwudlqw
li iru doo � 5 �/

+LU, Y +{+�,> w+�,> �, � 3=

Dq lpsohphqwdeoh doorfdwlrq wkdw vdwlv�hv wkh LU frqvwudlqw lv fdoohg ihdvleoh1
Zh dvvxph wkdw wkh djhqw*v uhvhuydwlrq xwlolw| lv lqghshqghqw ri klv w|sh8 dqg/
zlwkrxw orvv ri jhqhudolw|/ zh qrupdol}h lw dv }hur1

Wkh sulqflsdo*v +ru wkh dgyhuvh vhohfwlrq, sureohp lv wr fkrrvh d ihdvleoh door0
fdwlrq zlwk wkh kljkhvw h{shfwhg sd|r�/ l1h1/ wkh sulqflsdo pd{lpl}hv klv h{shfwhg
xwlolw| vxemhfw wr wkh djhqw*v LU dqg LF frqvwudlqwv=

pd{
{>w

H�^X+{+�,> w+�,> �,`

v1w1

Y +{+�,> w+�,> �, � Y +{+a�,> w+a�,> �,> ; +�> a�, 5 �5+LF,

Y +{+�,> w+�,> �, � 3> ; � 5 �+LU,

DZh gr wklv iru vlpsolflw|1 Krzhyhu/ zh fdq frqvlghu wkh fdvh zkhuh wkh djhqw*v uhvhuydwlrq

xwlolw| ghshqgv rq wkh w|sh1 Vhh Pdjjl dqg Urguljxh}0Foduh +4<<8,/ iru lqvwdqfh1



H

zkhuh H� lv wkh h{shfwdwlrq rshudwru zlwk uhvshfw wr wkh sulru1

GHILQLWLRQ 4= Ohw F eh wkh vhw ri doo f�dgo�dj ghflvlrqv/ l1h1/ wkh vsdfh ri doo
{= � $ U uljkw frqwlqxrxv dqg vxfk wkdw olp

��$�
��?�

{+��, h{lvwv iru hdfk � 5 � +dqg/ lq

wklv fdvh/ lw zloo eh ghqrwhg e| {�+�,,/ zlwk wkh srlqwzlvh olplw wrsrorj| dw hyhu|
frqwlqxrxv sdudphwhu ri wkh olplw ghflvlrq ixqfwlrq +wklv lv wkh zhdn wrsrorj| lq
wkh glvwulexwlrqdo vhqvh 0 vhh Uxglq +4<:7,,1

Ehorz zh suhvhqw wkh fodvvlfdo �uvw dqg vhfrqg rughu frqglwlrqv ri wkh lqfhqwlyh
frqvwudlqwv h{whqghg wr f�dgo�dj ghflvlrqv1 Doo wkh surriv duh suhvhqwhg lq Dsshqgl{
D1

OHPPD 4= +Wkh �uvw dqg vhfrqg rughu frqglwlrqv ri wkh LF frqvwudlqw,

+l, Ohw { eh d erxqghg ghflvlrq vxfk wkdw wkh vhw ri lwv glvfrqwlqxlw| srlqwv
kdv }hur Ohehvjxh phdvxuh1 Li w lpsohphqwv {/ wkhq wkh djhqw*v ydoxh +ru uhqw,
ixqfwlrq ri { lv jlyhq e|9

Y{+�, @ y+{+�,> �, . w+�, @ Y{+�, .

] �

�

y�+{+��,> ��,g��> ;� 5 �=

+ll, Li { lv d erxqghg f�dgo�dj lpsohphqwdeoh ghflvlrq/ wkhq { lv qrq0ghfuhdvlqj
+uhvs1 qrq0lqfuhdvlqj, rq wkh uhjlrq zkhuh y{� A 3 +uhvs1 y{� ? 3,1

Ohppd 4 +l, vkrzv wkdw iru hdfk lpsohphqwdeoh f�dgo�dj {/ wkhuh h{lvwv d xqltxh
+h{fhsw e| d frqvwdqw Y{+�,, f�dgo�dj prqh| wudqvihu wkdw lpsohphqwv {/ gh�qhg e|

w+�, @ Y{+�,� y+{+�,> �,> ;� 5 �=

Wkhq/ zh gh�qh

�{+�> a�, @ Y +{+�,> w+�,> �,� Y +{+a�,> w+a�,> �,

@

] a�

�

� ] {+a�,

{+��,

y{�+�{> ��,g�{

�
g��

dqg/ diwhu dq lqwhjudwlrq e| sduwv/ wkh yluwxdo vxusoxv +l1h1/ wkh vrfldo vxusoxv plqxv
wkh lqirupdwlrqdo uhqw, wlphv wkh suredelolw| lv

i+{+�,> �, @
�
x+{+�,> �, . y+{+�,> �, .

+S +�,� 4,

s+�,
y�+{+�,> �,� Y{+�,

�
s+�,

zkhuh S +�, @
U �

�
s+��,g�� lv wkh fxpxodwlyh glvwulexwlrq1

SWkh vxe0lqgh{ lq wkh ixqfwlrq uhsuhvhqwv wkh sduwldo ghulydwlyh ri wkh ixqfwlrq zlwk uhvshfw wr

wkdw vxe0lqgh{1 Dovr/ wkh vxshulru rughu ghulydwlyh zloo eh uhsuhvhqwhg lq d pxowl0lqgh{ qrwdwlrq1



b

Li y� � 3/ wkhq wkh uhqw ixqfwlrq Y{ dvvxphv lwv plqlpxp dw �/ dqg vlqfh
prqh| wudqvihu lv frvwo| iru wkh sulqflsdo/ wkh LU frqvwudlqw zloo eh elqglqj dw wkh
rswlpdo frqwudfw lq �/ l1h1/ Y{+�, @ 31 Li y� � 3/ Y{+�, @ 3 dqg

i+{+�,> �, @
�
x+{+�,> �, . y+{+�,> �, .

S +�,

s+�,
y�+{+�,> �,

�
s+�,=

Rwkhuzlvh/ Y{ fdq dvvxph lwv plqlpxp dw vrph srlqw lq � ghshqglqj rq { +h{fhsw
lq vshfldo fdvhv vxfk dv wkh h{dpsoh lq wkh lqwurgxfwlrq zkhuh wklv srlqw lv 4@5
iru hyhu| ghflvlrq {,1 Wkhuhiruh/ lq wkh jhqhudo fdvh rqh pljkw qhhg d Odjudqjh
pxowlsolhu iru wkh LU frqvwudlqw lq wkh sureohp wkdw iroorzv1 Iru wkh vdnh ri
vlpsolflw|/ ohw xv dvvxph wkdw y� kdv d frqvwdqw +srvlwlyh, vljq +vhh uhpdun 6 diwhu
Wkhruhp 7*,1

Wkh sulqflsdo*v rswlpl}dwlrq surjudp ehfrphv

pd{
{5F

H�

�i+{+�,> �,
s+�,

�
v1w1 �{+�> a�, � 3> ;�> a� 5 �=+S,

Li zh ljqruh wkh LF frqvwudlqw/ wkhq wkh sureohp lv fdoohg uhod{hg dqg vr lv lwv
vroxwlrq +�uvw rughu dssurdfk,1 Wkh �uvw rughu frqglwlrq ri wkh uhod{hg sureohp
lv jlyhq e|

i{+{+�,> �, @ 3> iru doo � 5 �

zkhq {+�, lv lq wkh lqwhulru ri L1
Lw lv zhoo nqrzq lq wkh olwhudwxuh ri dgyhuvh vhohfwlrq sureohpv wkdw d vx�flhqw

frqglwlrq iru lpsohphqwdwlrq lv wkh frqvwdqw vljq ri wkh sduwldo ghulydwlyh ri wkh
pdujlqdo udwh ri vxevwlwxwlrq zlwk uhvshfw wr wkh sdudphwhu=

+FV., C�

�
Y{
Yw

�
@ y{� A 3 rq L ��>

ru

+FV�, C�

�
Y{
Yw

�
@ y{� ? 3 rq L ��=

Wklv lv nqrzq dv wkh Vshqfh0Pluuohhv Frqglwlrq +VPF, ru vruwlqj frqglwlrq dqg
lw lpsolhv wkdw wkh lqgl�huhqfh fxuyhv ri wzr gl�huhqw w|shv furvv rqo| rqh wlph1

Lq wkh suhvhqfh ri FV. +uhvshfwlyho| FV�,/ lw lv hdv| wr vkrz +vhh wkh surri ri
Ohppd 4, wkdw li d f�dgo�dj ghflvlrq lv qrq0ghfuhdvlqj +uhvshfwlyho| qrq0lqfuhdvlqj,/
wkhq lw lv lpsohphqwdeoh1 Wkhuhiruh/ wkh dgyhuvh vhohfwlrq sureohp lv htxlydohqw
wr

pd{
{5F

H�

�i+{+�,> �,
s+�,

�
v1w1 { lv qrq0ghfuhdvlqj +uhvshfwlyho| qrq0lqfuhdvlqj,=
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Wklv surjudp lv nqrzq dv wkh vhfrqg rughu dssurdfk ehfdxvh/ xqghu wkh VPF/
wkh prqrwrqlflw| ri wkh ghflvlrq lv htxlydohqw wr wkh orfdo vhfrqg rughu frqglwlrq
ri wkh LF frqvwudlqw1 Xvlqj wkh Kdplowrqldq dssurdfk/ dv lq Jxhvqhulh dqg Od�rqw
+4<;7,/ rqh fdq rewdlq d ixoo fkdudfwhul}dwlrq ri wkh vroxwlrq1

61 UHOD[LQJ WKH VSHQFH0PLUUOHHV FRQGLWLRQ

Qrz zh zloo lqwurgxfh d qdwxudo jhqhudol}dwlrq ri wkh VPF1 Dvvxpswlrq D4
ehorz vhsdudwhv wkh sodqh +�> {, lqwr wzr uhjlrqv= FV. dqg FV�1

DVVXPSWLRQ D4= y{�+{> �, @ 3 gh�qhv d ixqfwlrq {3 ri � rq �> y{5� ? 3 dqg
y{�5 � 3 rq L ��1

E| wkh Lpsolflw Ixqfwlrq Wkhruhp dqg D4/ {3 lv F4 dqg lqfuhdvlqj=

b{3+�, @ �
y{�5+{3+�,>�,

y{5�+{3+�,>�,
=

Pruhryhu/ li { ? {3+�,/ y{�+{> �, A 3 +FV., dqg li { A {3+�,/ y{�+{> �, ? 3 +FV�,/
iru doo � 5 � +vhh �jxuh 4 ehorz,1 Wkhuhiruh/ wkh dvvxpswlrq D4 jhqhudol}hv wkh
VPF/ ehfdxvh � � L lv vhsdudwhg lqwr wzr sduwv= deryh +uhvshfwlyho| ehorz, {3/
y{� ? +uhvshfwlyho| A, 3 rq L ��1

Fkdqjlqj wkh vljq ri { ru �/ wkhuh duh wkuhh rwkhu htxlydohqw fdvhv= y{5� A 3
dqg y{�5 � 3/ zlwk {3 lqfuhdvlqj dqg uhyhuwlqj wkh uhjlrqv zkhuh y{� A 3 dqg
y{� ? 3> y{5� ? 3 dqg y{�5 � 3 +vhh H{dpsoh 5,> y{5� A 3 dqg y{�5 � 3 +vhh
H{dpsoh 7,/ iru wkh uhvshfwlyh fdvhv zkhuh {3 lv ghfuhdvlqj1

ILJXUH 41� Wkh fxuyh {31

Zh fdq uhod{ wkh vhfrqg sduw ri D4= lqvwhdg ri dvvxplqj wkdw {3 lv lqfuhdvlqj/
{3 frxog kdyh d �qlwh qxpehu ri shdnv1 Krzhyhu/ wkh dqdo|vlv zrxog eh pruh
gl�fxow zlwkrxw dq| vxevwdqwldo jdlq lq wkh uhvxowv1

Wkh qh{w wkhruhp zloo jlyh qhfhvvdu| frqglwlrqv iru lpsohphqwdelolw|1 Iluvw/
zh vd| wkdw { lv uljkw lqfuhdvlqj dw � 5 � li {+�, ? {+� . �,/ iru hyhu| vx�flhqwo|
vpdoo � A 31 Dqdorjrxvo|/ zh gh�qh ohiw lqfuhdvlqj dqg uljkw dqg ohiw ghfuhdvlqj1

WKHRUHP 4= +Qhfhvvdu| frqglwlrqv iru lpsohphqwdelolw|, Dvvxph D41 Li { lv
dq lpsohphqwdeoh f�dgo�dj ghflvlrq/ wkhq

+l, li { lv uljkw +ohiw, lqfuhdvlqj dw a� dqg �{+�> a�, @ 3/ wkhq

y{+{+a�,> a�, � +�,y{+{+a�,> �,

dqg wkh lqhtxdolwlhv uhyhuw zkhq { lv uljkw +ohiw, ghfuhdvlqj1

+ll, li �{+�> a�, @ 3/ wkhq

y�+{+a�,> �, � y�+{+�,> �, dqg y�+{+a�,> �, � y�+{�+�,> �,
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dqg zlwk htxdolw| zkhq { lv frqwlqxrxv dw � A �1

+lll, Li { lv uljkw dqg ohiw lqfuhdvlqj dw a� dqg { @ {+�, @ {+a�,/ wkhq

y{+{> a�, @ y{+{> �,=

UHPDUN 4= Lwhp +ll, lv wkh gxdo frqglwlrq ri +l, zkhq zh lqwhufkdqjh � dqg {/
l1h1/ lqvwhdg ri orrnlqj dw wkh gluhfw ghflvlrq +{ dv d ixqfwlrq ri �,/ zh orrn dw wkh
lqyhuvh ixqfwlrq +� dv d ixqfwlrq ri {,/ zklfk fdq eh lqwhusuhwhg dv wkh pdujlqdo
uhqw htxdolw| ri d w|sh wkdw frqvlghuv klv ghvljqhg fkrlfh dqg dq lqgl�huhqw fkrlfh1

UHPDUN 5= Wkh hfrqrplf lqwhusuhwdwlrq iru Ohppd 4 dqg Wkhruhp 4= Lq
rughu wr surylgh wuxwk whoolqj/ wkh sulqflsdo r�huv d frqwudfw wkdw

� lv qrq0ghfuhdvlqj +uhvshfwlyho| qrq0lqfuhdvlqj, lq � li wkh pdujlqdo udwh ri vxe0
vwlwxwlrq lv ghfuhdvlqj +uhvshfwlyho| lqfuhdvlqj, lq �1

� li wzr djhqwv +� dqg a�, fkrrvh wkh vdph ghflvlrq dqg wkh djhqwv fdqqrw orfdoo|
plvuhsuhvhqw wkhlu w|shv/ wkhq wkh sulqflsdo pxvw htxdol}h wkh pdujlqdo udwh ri

vxevwlwxwlrq ri wkh wzr djhqwv +PUV� @ PUV
a�, 0 vhh �jxuh 5 ehorz1

� li d w|sh lv lqgl�huhqw ehwzhhq klv ghvljqhg fkrlfh dqg w|sh a� fkrlfh/ wkhq wkh
sulqflsdo pxvw htxdol}h wkh djhqw*v uhqw ri wkhvh fkrlfhv1

ILJXUH 51� Wkh X0vkdshg ghflvlrq1

Wkh VPF reoljdwhv wkh sulqflsdo rqo| wr fkhfn wkh xsvwuhdp ru grzqvwuhdp
w|shv lq wkh fdvh ri FV. ru FV�/ uhvshfwlyho| +l1h1/ wr fkhfn wkh vhfrqg rughu frqgl0
wlrq ru wkh prqrwrqlflw|,1 Krzhyhu/ wkh qr VPF fdvh reoljdwhv wkh sulqflsdo dovr
wr fkhfn wkh pdujlqdo udwh ri vxevwlwxwlrq lghqwlw| +wkh furvv0vwuhdp frqglwlrq,1
Wkhuhiruh/ wkh LF frqvwudlqw lv ohvv uhvwulfwlyh lq wkh iruphu fdvh wkdq lq odwwhu rqh
dqg/ wkxv/ wkh uhqw h{wudfwlrq lv ohvv srzhuixo zkhq wkhuh lv qr VPF1

Li { klwv wkh fxuyh {3/ wkhq lw vkrxog furvv {3 lq d frqvwdqw zd| ru suhvhuyh
wkh pdujlqdo xwlolw| iru w|shv wkdw fkrrvh wkh vdph ohyho ri { +li { zhuh lghqwlfdo
wr {3 lq dq lqwhuydo/ wkhq wkh LF frqvwudlqw zrxog qrw krog orfdoo|,1 Wklv odvw
frqglwlrq lv qhz/ dqg zkhq wkh VPF lv qrw ydolg/ lw fdq sod| dq lpsruwdqw uroh lq
rughu wr fkdudfwhul}h wkh rswlpdo vroxwlrq ri wkh dgyhuvh vhohfwlrq sureohp/ dv wkh
h{dpsohv ri Vhfwlrq 7 zloo vkrz1 Zh zloo fdoo wklv frqglwlrq wkh pdujlqdo udwh ri
vxevwlwxwlrq dqg uhqw lghqwlwlhv1:

Revhuyh wkdw li +{> w, lv ihdvleoh dqg {+�, @ {+a�,/ wkhq w+�, @ w+a�,1 Wkxv/
li wzr w|shv duh srrolqj lq d ihdvleoh frqwudfw/ wkhq wkh| vkrxog kdyh wkh vdph
pdujlqdo udwh ri vxevwlwxwlrq ru d frqwlqxxp ri w|shv ehwzhhq wkhp vkrxog dovr
srro1

.Revhuyh wkdw wkh pdujlqdo udwh ri vxevwlwxwlrq lghqwlw| lv htxlydohqw wr �% ehlqj frqvwdqw rq

hyhu| ohyho vhw ri d ihdvleoh ghflvlrq %1
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Lw lv lpsruwdqw wr qrwh wkdw zh duh ghdolqj zlwk d qrq0frqfdyh sureohp eh0
fdxvh wkh vhw ri ihdvleoh ghflvlrqv iru wkh djhqw lv qrw frqyh{ zkhq wkh djhqw*v
xwlolw| ixqfwlrq grhv qrw vdwlvi| wkh VPF1

6141 Wkh Qhfhvvdu| Frqglwlrqv iru Rswlpdolw|

Iurp wkh orfdo vhfrqg rughu frqglwlrq ri wkh LF frqvwudlqw zh nqrz wkdw dq
lpsohphqwdeoh ghflvlrq wkdw furvvhv frqwlqxrxvo| iurp rqh uhjlrq wr wkh rwkhu kdv
wr kdyh d X 0vkdshg irup ru suhvhqw frqwlqxrxv srrolqj1 Wklv zloo jlyh xv d odujh
vfdoh srrolqj htxloleulxp +hyhq xqghu prqrwrqh kd}dug0udwh surshuw|,;1 Zh zloo
vwxg| wzr fdvhv= wkh frqwlqxrxv dqg wkh glvfrqwlqxrxv furvvlqj1

Zh zloo vwxg| wkh qhfhvvdu| frqglwlrqv iru rswlpdolw|1 Iluvw/ zh zloo fkdudfwhu0
l}h wkh uhod{hg vroxwlrq1 Ohw {4 eh wkh uhod{hg vroxwlrq iru +S,1 E| wkh Pd{lpxp
Wkhruhp/ {4 lv d frqwlqxrxv ixqfwlrq ri �1

GHILQLWLRQ 5= Wkh kd}dug udwh lv e| gh�qlwlrq= P+�, @ S +�,�4
s+�, 1

Hyhq xqghu d prqrwrqh kd}dug udwh frqglwlrq +PKUF,/ l1h1/ P+�, lv lqfuhdv0
lqj/ wkh uhod{hg vroxwlrq lv qrw prqrwrqh1

SURSRVLWLRQ 4= +Jhrphwu| ri wkh fxuyhv, Dvvxph wkdw D4 dqg PKUF krog/
x lv frqfdyh dqg grhv qrw ghshqg rq �/ dqg y+�> �, lv frqfdyh1 Li {4 furvvhv {3/
wkhq {4 lv X0vkdshg dqg lv deryh +ehorz, wkh �uvw ehvw vroxwlrq zkhq lw lv deryh
+ehorz, {31

Wkh surri ri wklv sursrvlwlrq lv vwudljkwiruzdug dqg lw lv qrw suhvhqwhg khuh1

ILJXUH 61� Wkh srvvleoh fdvhv iru {3 dqg {41

Wkh wzr wrs fdvhv fruuhvsrqg wr wkh VPF vlwxdwlrq1 Lq wklv sdshu zh duh
jrlqj wr wuhdw wkh wklug fdvh1 Wkh rwkhu wkuhh fdvhv uhsuhvhqw wkh srvvlelolwlhv zklfk
dowkrxjk qrw frqvlghuhg vshfl�fdoo| lq wklv sdshu fdq eh jlyhq vlplodu wuhdwphqw1

DVVXPSWLRQ D5= {4 lv X0vkdshg/ furvvhv {3 lq d ghfuhdvlqj zd|/ {4+�, �

{4+�, dqg { V {4+�, / i{+{> �, W 3/ iru doo � 5 �1

D vx�flhqw frqglwlrq iru wkh vhfrqg sduw ri D5 lv wkh frqfdylw| ri i+�> �,/ iru
hdfk � 5 �1 Li {4+�, ehorqjv wr wkh lqwhulru ri L/ wkhq i{+{4+�,> �, @ 31 Xqghu
D5/ wkh sulqflsoh ri rswlpdolw| iru wkh dgyhuvh vhohfwlrq sureohp lv wr �qg dq
lpsohphqwdeoh ghflvlrq _dv forvh dv srvvleoh% wr {41

Zh duh jrlqj wr glylgh wkh dqdo|vlv lqwr wzr fdvhv1 Wkh �uvw rqh lv wkh vsdfh
ri wkh olplw ri frqwlqxrxv lpsohphqwdeoh ghflvlrqv1 Lq wkh vhfrqg rqh wkh ghflvlrq

HFkdswhu < ri Od�rqw dqg Wluroh +4<<6, vwxglhv wkh uhshdwhg uhjxodwlrq jdph zlwkrxw frpplw0

phqw dqg wkh _udwfkhw h�hfw%1 Wkh| vkrz wkdw lq htxloleulxp wkhuh pd| h{lvw vxevwdqwldo srrolqj

lq hyhu| frqwlqxdwlrq htxloleulxp1 Lq sduwlfxodu/ wkhlu gh�qlwlrq ri srrolqj ryhu d odujh vfdoh iru d

frqwlqxdwlrq htxloleulxp lv htxlydohqw wr rxu glvfuhwh srrolqj qrwlrq1
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fdq kdyh dw prvw rqh glvfrqwlqxlw| +dqg wkh dvvrfldwhg fruuhvsrqghqfh lv qrw
qhfhvvdulo| lpsohphqwdeoh,1

Wkh iruphu vlwxdwlrq fruuhvsrqgv wr wkh fdvh zkhuh wkh vsdfh ri ihdvleoh frq0
wudfwv lv pruh uhvwulfwhg1 Wklv glplqlvkhv wkh vsdfh ri frqwudfw wkdw wkh sulqflsdo
fdq ghvljq dqg hqodujhv wkh vwudwhjlf vsdfh ri wkh djhqwv ehfdxvh wkh| kdyh pruh
rswlrqv wr plplf wkh djhqwv wkdw kdyh d vhw ri fkrlfhv1 Lq wkh odvw vlwxdwlrq wkh
sulqflsdo frqwurov wkh fkrlfh ri wkh djhqw pruh/ lqfuhdvlqj klv vxusoxv1 Lq sduwlf0
xodu/ zh zloo vhh wkdw wkh vhw ri uhdol}hg htxloleulxp fkrlfhv lv glvfrqqhfwhg/ l1h1/
wkhuh h{lvwv d udqjh ri ghflvlrq fkrlfhv ehwzhhq wzr htxloleulxp uhdol}dwlrqv wkdw
lv qrw dwwdlqdeoh1 Wkh lqwxlwlrq lv wkdw wkh sulqflsdo ghvljqv d jdph iru wkh djhqw
wr sod| dqg kh vwulfwo| suhihuv wr olplw wkh djhqw*v ghflvlrq fkrlfh vhw/ frpsdulqj
wkh �uvw vlwxdwlrq zlwk wkh vhfrqg rqh1

Li pruh glvfrqwlqxlwlhv duh srvvleoh/ wkh sulqflsdo*v zhoiduh lqfuhdvhv1 Krzhyhu/
dv zloo eh vkrzq lq H{dpsohv 5 dqg 7/ wkh vlqjoh0glvfrqwlqxlw| fdvh dssur{lpdwhv
wkh uhod{hg zhoiduh yhu| zhoo1

6151 Wkh Fdvh ri wkh Forvxuh ri Frqwlqxrxv Ghflvlrqv

Gh�qh d a e @ plqid> ej dqg d b e @ pd{ id> ej1 Ohw { eh d erxqghg lpsoh0
phqwdeoh f�dgo�dj ghflvlrq dqg gh�qh [+�, @ ^{�+�, a {+�,> {�+�, b {+�,`/ iru doo
� 5 �/ wkh dvvrfldwhg fruuhvsrqghqfh ri {1 Wkh fkdudfwhul}dwlrq ri wkh vhw ri wkh
forvxuh ri frqwlqxrxv lpsohphqwdeoh ghflvlrqv lv jlyhq e|=<

WKHRUHP 5= +Wkh forvxuh ri frqwlqxrxv ghflvlrqv, Ohw { eh d erxqghg lp0
sohphqwdeoh f�dgo�dj ghflvlrq dqg [ lv wkh dvvrfldwh fruuhvsrqghqfh1 Wkxv/ { lv lq
wkh forvxuh ri wkh vhw ri doo frqwlqxrxv lpsohphqwdeoh ghflvlrqv li dqg rqo| li [ lv

lpsohphqwdeoh/ l1h1/
U a�

�

� U |

{+��,
y{�+�{> ��,g�{

�
g�� � 3> ;| 5 [+a�, +ru �[+�> a�, � 3,1

Xqghu D4/ li [ lv lpsohphqwdeoh/ wkhq { furvvhv {3 lq d frqwlqxrxv zd| rqh
wlph dw prvw1 Lq wklv fdvh {pxvw eh qrq0lqfuhdvlqj ru qrq0ghfuhdvlqj ru X 0vkdshg1
Lq wklv vhfwlrq/ zh zloo frqvlghu rqo| wkh ghflvlrq { 5 F vxfk wkdw wkh dvvrfldwhg
[ lv lpsohphqwdeoh1 Revhuyh wkdw zkhq wkh VPF lv ydolg/ wklv vhw lv htxlydohqw
wr wkh frqwlqxrxv lpsohphqwdeoh ghflvlrqv1

Wkh qh{w wkhruhp jlyhv d vlwxdwlrq vxfk wkdw wkh qhfhvvdu| frqglwlrqv ri
Ohppd 4 dqg Wkhruhp 4 duh vx�flhqw iru wkh fkdudfwhul}dwlrq ri dq lpsohphqwdeoh
ghflvlrq +wkh surri lv dqdorjrxv wr wkh surri ri Ohppdv 6 dqg 7,1

WKHRUHP 6= +Vx�flhqw frqglwlrqv iru lpsohphqwdelolw|, Dvvxph D41 Ohw {
eh d erxqghg f�dgo�dj ghflvlrq wkdw vdwlv�hv wkh qhfhvvdu| frqglwlrq ri Ohppd 4 +ll,
dqg Wkhruhp 4 +lll,1 Li {+�, � {+�,/ wkhq { lv lpsohphqwdeoh1

b Lqghhg/ dv zh zloo vhh lq Wkhruhp 8/ wkh rswlpdo ghflvlrq fdq kdyh glvfrqwlqxlwlhv +h{fhsw lq

fdvhv olnh H{dpsohv 4 dqg 6,1 Exw zh duh dvvxplqj wkdw wkh glvfrqwlqxlw| lv sduw ri wkh ghflvlrq +l1h1/

wkh dvvrfldwhg fruuhvsrqghqfh lv lpsohphqwdeoh,1 Wkh vnhwfk ri wkh surri ri Wkhruhp 5 lv suhvhqwhg

lq Dsshqgl{ D1
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Wkh vx�flhqw frqglwlrqv iru lpsohphqwdelolw| ri d ghflvlrq { vxfk wkdw {+�, ?
{+�, lv pruh gl�fxow1 Krzhyhu/ Wkhruhp 6 fdq eh xvhg wr vroyh vrph sureohpv1

D qdwxudo txhvwlrq lv wkh h{lvwhqfh ri dq rswlpdo frqwudfw1 Sdjh +4<<4, sur0
ylghv d jhqhudo uhvxow iru wkh h{lvwhqfh ri dq rswlpdo frqwudfw lq wkh fdvh zkhuh wkh
frqwudfwv duh orwwhulhv1 Lq wkh fdvh ri ghwhuplqlvwlf frqwudfwv/ Dwkh| +4<<:, jlyhv
wkh h{lvwhqfh ri d sxuh vwudwhj| htxloleulxp iru jdphv zlwk lqfrpsohwh lqirupdwlrq
xqghu d jhqhudol}hg Vshqfh0Pluuohhv Frqglwlrq ru d olplwhg frpsoh{lw| frqglwlrq
+l1h1/ wkh vwudwhjlhv kdyh d �qlwh qxpehu ri shdnv dv d ixqfwlrq ri wkh sdudphwhu,1
Lq rxu fdvh/ zh kdyh wkh iroorzlqj=

OHPPD 5*= +H{lvwhqfh, Vxssrvh wkdw D4 dqg D5 krog1 Wkhq/ wkhuh h{lvwv {�

d vroxwlrq iru +S, lq wkh vhw ri wkh forvxuh ri frqwlqxrxv lpsohphqwdeoh ghflvlrqv1

Zh zloo suhvhqw dq dqdorjrxv yhuvlrq ri wklv ohppd +Ohppd 5, zkrvh surri
lv jlyhq lq wkh Dsshqgl{ D143 Wkh qh{w wkhruhp jlyhv wkh fkdudfwhul}dwlrq ri wkh
rswlpdo X0vkdshg sduw ri wkh ghflvlrq1

WKHRUHP 7*= +Qhfhvvdu| frqglwlrqv iru rswlpdolw|, Vxssrvh wkdw D4 dqg D5
krog1 Ohw �3 eh wkh frqwlqxrxv furvvlqj sdudphwhu iru {� dqg �4 ? �3 ? �5 vxfk
wkdw {�+�5, @ {�+�4,1 Wkhq=

+l, Li {� lv uljkw dqg ohiw ghfuhdvlqj dw a�/ wkhq

i{+{> �,

y{�+{> �,
@

i{+{> a�,

y{�+{> a�,

zkhuh �4 � a� � �3/ y{+{> a�, @ y{+{> �, dqg { @ {�+�, @ {�+a�,1

+ll, Li ^d> e` � ^�> �3` lv d pd{lpdo lqwhuydo zkhuh {� lv frqvwdqw/ wkhq

] e

d

i{+�{> �,g� .

] ada�

ae

i{+�{> �,g� @ 3

zkhuh �4 � d � �3/ {
�m^d>e` � �{ dqg/ lq wkh lqwhjudo/ ad dqg ae duh gh�qhg e| wkh

htxdolw| y{+{> �, @ y{+{> �,/ zkhuh � @ d ru e/ uhvshfwlyho|1

Dv zh zloo vhh odwhu/ Wkhruhp 7* lv jhqhudol}hg e| Wkhruhp 71

UHPDUN 4= y{�+{>a�,
y{�+{>�,

lv wkh Odjudqjh pxowlsolhu ri pdujlqdo udwh ri vxevwlwxwlrq

lghqwlw| dqg zh fdq uhzulwh wkh frqglwlrq ri Wkhruhp 7* +l, dv

i{+{> �,

i{+{> a�,
@

y{�+{> �,

y{�+{> a�,

�fZh rqo| kdyh wr revhuyh wkdw li d vhtxhqfh ri lpsohphqwdeoh fruuhvsrqghqfh Ef?� frqyhujhv

wr f/ wkhq f lv dovr lpsohphqwdeoh1
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zlwk wkh iroorzlqj phdqlqj= wkh udwh ri wkh yluwxdo vxusoxv ehwzhhq w|sh � dqg a�
lv htxdo wr wkh udwh ri wkh pdujlqdo uhqw ehwzhhq wkhp1

Iru dq looxvwudwlrq ri wkh glvwruwlrq h�hfw lq wkh fdvh ri qr VPF/ vxssrvh wkdw
wkh sulqflsdo*v xwlolw| ixqfwlrq grhv qrw ghshqg rq wkh djhqw*v w|sh1 Rplwwlqj
wkh dujxphqw ri wkh ixqfwlrqv dqg sxwwlqj d kdw ryhu wkh ixqfwlrq zkhq lw lv
hydoxdwhg dw a� dqg qr kdw zkhq lw lv hydoxdwhg dw �/ wkh �uvw rughu frqglwlrq jlyhq
e| Wkhruhp 7* zkhq glvfuhwh srrolqj rffxuv lv

x{ . y{
y{�

.P @
x{ . ay{
ay{�

. aP=

UHPDUN 5= Wkh sduw +ll, lv wkh dqdorjrxv wr wkh lurqlqj sulqflsoh +vhh Pxvvd
dqg Urvhq +4<:;,,1 Krzhyhu/ lq rxu fdvh wkh lurqlqj sulqflsoh pd| eh glvfrqqhfwhg1

UHPDUN 6= +Uhqw h{wudfwlrq yhuvxv glvwruwlrq, Dv zh revhuyhg lq Vhfwlrq 5/
li y� fkdqjhv lwv vljq/ wkhq zh kdyh wr frqvlghu d Odjudqjh pxowlsolhu iru wkh LU
frqvwudlqw1 Dq dowhuqdwlyh zd| wr ghdo zlwk wklv sureohp lv wr gh�qh �y+{> �, @
y+{> �, . N� zkhuh N A 3 lv vxfk wkdw �y� A 3 dqg uhsodfh y e| �y1 Krzhyhu/ lq
rughu wr kdyh dq htxlydohqw sureohp/ zh kdyh wr dvvxph qrz wkdw wkh uhvhuydwlrq
xwlolw| ri w|sh � lv N� 1 Wklv nlqg ri vlwxdwlrq kdv ehhq vwxglhg lq wkh olwhudwxuh
+vhh Pdjjl dqg Urgu��jxh}0Foduh +4<<8, ru Mxoolhq +4<<:, iru d frpsohwh wuhdwphqw,
dqg rqh frxog dsso| wkh vdph phwkrg wr wuhdw wklv sureohp khuh1

Iru lqvwdqfh/ vxssrvh wkdw y�� ? 3 dqg wkdw wkh fxuyh lq wkh sodqh +�> {,
gh�qhg e| y� @ 3 lv lq wkh uhjlrq zkhuh y{� A 31 Wkxv/ wklv fxuyh lv lqfuhdvlqj/
vhsdudwlqj wkh sodqh lqwr wzr uhjlrqv= deryh wklv fxuyh/ y� A 3/ dqg ehorz lw/
y� ? 31 Pruhryhu/ dvvxph wkdw wkh rswlpdo ghflvlrq furvvhv wklv fxuyh mxvw rqfh dw
�3 5 �1 Il{lqj �3 dqg surfhhglqj lq d vlplodu zd|/ zh zloo hqg xs zlwk wkh vdph
wkhruhpv h{fhsw wkdw wkh remhfwlyh ixqfwlrqdo zloo fkdqjh wr

i+{> �, @ x+{> �, . y+{> �, .P+�,y�+{> �,

zkhuh

P+�, @

+ S +�,�4
s+�, li � 5 ^�3> �`

S +�,
s+�, li � 5 ^�> �3`=

Lq wklv fdvh/ wkh w|sh �3 lv wkh rqo| rqh wr kdyh }hur uhqw1 Wkh hfrqrplf
lqwxlwlrq lv wkh vdph ri _frxqwhuydlolqj lqfhqwlyhv% lq Ohzlv dqg Vdsslqjwrq +4<;<,
+vhh dovr Pdjjl dqg Urgu��jxh}0Foduh +4<<8,,1 Wkh gl�huhqfh lv wkdw lq rxu fdvh lw
frphv iurp wkh qr VPF dqg lq wkhlu fdvh lw lv edvhg rq wkh w|sh ghshqghqfh ri
wkh djhqw*v rxwvlgh rssruwxqlw|1

Ilqdoo|/ li wkh rswlpdo ghflvlrq furvvhv wkh fxuyh y� @ 3 rq dq lqwhuydo +�3> �4,/
wkhq dorqj wklv lqwhuydo i+{> �, @ x+{> �, . y+{> �, dqg wkh LU frqvwudlqwv duh
elqglqj rq +�3> �4,1

UHPDUN 7= Vxssrvh wkdw {� furvvhv {3 lq d frqwlqxrxvo| gl�huhqwldeoh zd|1
Iru lqvwdqfh/ wklv zloo eh wkh fdvh zkhq wkh kd}dug udwh lv frqwlqxrxv dw wkh furvvlqj
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srlqw1 Krzhyhu/ dv lw lv vkrzq lq H{dpsohv 4 dqg 6/ wklv frqglwlrq pd| qrw eh
wuxh1 Lq wklv fdvh/ wkh fulwlfdo ghflvlrq fkdudfwhul}hg e| Wkhruhp 7*/ {3 dqg {4
furvv dw wkh vdph srlqw dqg wklv fulwlfdo ghflvlrq lv vwulfwo| ehwzhhq {3 dqg {41

Wkh qhz ihdwxuh ri wkh vroxwlrq wkdw dsshduv lq Wkhruhp 7* lv wkh srvvlelolw| ri
glvfuhwh srrolqj ru odujh vfdoh srrolqj/ l1h1/ lq wkh rswlpdo vroxwlrq vrph lvrodwhg
w|shv fdq fkrrvh wkh vdph ohyho ri wkh frqwudfw1 Lq wkh olwhudwxuh wkhuh h{lvw
mxvw wzr w|shv ri htxloleuld= vhsdudwlqj ru frqwlqxrxv srrolqj htxloleulxp1 Lq wkh
iruphu wkh djhqw*v w|sh lv nqrzq h{0srvw e| wkh sulqflsdo dqg lq wkh odwwhu wkh
sulqflsdo nqrzv d udqjh ri w|shv zkhuh wkh djhqw lv1 Zkhq wkh VPF grhv qrw
krog/ rqh fdq kdyh glvfuhwh srrolqj htxloleuld ehvlghv vhsdudwlqj dqg frqwlqxrxv
srrolqj1 Lq wklv fdvh wkh sulqflsdo grhv qrw nqrz wkh wuxh w|sh ehwzhhq wzr w|shv
ru ehwzhhq wzr udqjhv ri w|shv1 Wkhuhiruh/ wkh rswlpdo vroxwlrq fdq kdyh wkhvh
wkuhh fkdudfwhulvwlfv= vhsdudwlqj/ frqwlqxrxv srrolqj ru glvfuhwh srrolqj1

Xqghu VPF/ wkh srrolqj lqwhuydo ri wkh rswlpdo frqwudfw lv fkdudfwhul}hg e|
wkh pdujlqdo zhoiduh ri wkh sulqflsdo ehlqj }hur dorqj wklv lqwhuydo1 Wkhruhp 7*
vkrzv wkdw wklv surshuw| lv qr orqjhu ydolg zkhq wkhuh h{lvwv glvfuhwh srrolqj1

Xqghu wkh dvvxpswlrq wkdw iroorzv zh fdq fkdudfwhul}h wkh rswlpdo ghflvlrq1
Iru hdfk � � 3/ ohw {�4 +�, eh wkh lpsolflw vroxwlrq ri i{+�> �, . �y{�+�> �, @ 3/ iru
hdfk � 5 �1 Revhuyh wkdw {34 � {41

DVVXPSWLRQ D6= Iru hdfk a� dqg � � 3/ wkh htxdwlrqv y{+{
�
4 +�,> �, @

y{+{
�
4 +�,>

a�, dqg y�+{
�
4 +�,> �, @ y�+{

�
4 +

a�,> �, kdyh dw prvw rqh vroxwlrq lq wkh lq0
fuhdvlqj sduw ri {�4 rq FV.1

Wklv dvvxpswlrq phdqv wkdw wkh fxuyh {�4 furvvhv wkh lpsolflw vroxwlrqv ri
y{+�> d,� y{+�> �, @ 3 dqg y�+�> �,� y�+�{> �, @ 3/ dw prvw rqfh iru hdfk d 5 � dqg
�{ 5 L1 Iru h{dpsohv/ vhh 5 dqg 71

WKHRUHP 8= +Rswlpdo ghflvlrq, Dvvxph D4/ D5 dqg wkh �uvw sduw ri D6 iru
� @ 31 Wkhq wkh rswlpdo vroxwlrq iru +S, lv=

{�+�, @

�
�{> li � ? �4

{4+�,> li � � �4

zkhuh �{ @ {4+�4,/
U �4
� i{+�{> �,g� @ 3 ru

{�+�, @

�
{4+�,> li � ? �4

{x+�,> li � � �4

zkhuh {x lv fkdudfwhul}hg e| Wkhruhp 7* +l, dqg �4 lv vxfk wkdw {x+�4, @ {x+�,1

Wkh lqwxlwlrq ri Wkhruhp 8 lv vwudljkwiruzdug= hyhu| prqrwrqh lpsohphqwdeoh
ghflvlrq lv grplqdwhg e| d X0vkdshg ghflvlrq ru d frqwlqxrxv ghflvlrq wkdw lv



�.

frqvwdqw soxv wkh uhod{hg vroxwlrq +vhh wkh surri lq wkh Dsshqgl{ D,1 Wkhruhp 8
glvsod|v wkh rswlpdo ghflvlrq lq hdfk fdvh1

Revhuyh wkdw wkh rswlpdo ghflvlrq jlyhq lq wkh Wkhruhp 8 fdq eh glvfrqwlqxrxv
dw �4/ ehfdxvh {x lv vwulfwo| ehwzhhq {3 dqg {4 +vhh uhpdun 7 diwhu Wkhruhp 7*,1

6161 Wkh Fdvh ri Rqh Mxps Ghflvlrqv

Zh duh qrw jrlqj wr fkdudfwhul}h wkh vsdfh ri lpsohphqwdeoh ghflvlrqv ehfdxvh
lw lv yhu| odujh1 Iru lqvwdqfh/ wkhuh duh lpsohphqwdeoh ghflvlrqv wkdw furvv wkh fxuyh
{3 pdq| wlphv1 Rxu vwudwhj| lqvwhdg lv wr ghulyh wkh qhfhvvdu| rswlpdo frqglwlrqv1
Lq rughu wr gr wklv/ zh ghdo zlwk d uhod{hg surjudp dqg jlyh frqglwlrqv xqghu zklfk
wklv uhod{hg vroxwlrq lv wkh rswlpdo vhfrqg ehvw ghflvlrq1 Zh duh jrlqj wr frqvlghu
frqwudfwv ri olplwhg frpsoh{lw|= zh uhvwulfw wkh qxpehu ri furvvlqj wr dw prvw rqh1
Wkh iroorzlqj ohppd jxdudqwhhv wkdw wkhuh lv d vroxwlrq lq wklv vsdfh dqg lw lv
dqdorjrxv wr Ohppd 5*1

OHPPD 5= Dvvxph wkdw D4 dqg D5 krog dqg wkdw L lv erxqghg1 Wkhuh lv d
vroxwlrq ri +S, lq wkh vhw ri doo ghflvlrqv { 5 F wkdw furvvhv {3 rqh wlph dw prvw1

Lq zkdw iroorzv zh duh jrlqj wr jlyh wkh qhfhvvdu| rswlpdo frqglwlrqv zkhq
wkhuh lv mxvw rqh glvfrqwlqxlw|1 Iluvw zh surylgh d jhqhudol}dwlrq ri Wkhruhp 7*
wkdw fdq eh xvhixo lq wkh fdvh zkhuh wkh uhod{hg vroxwlrq lv lqfuhdvlqj lq FV. +wkh
fdvh wkdw lv qrw wuhdwhg khuh,1 Wklv wkhruhp ghulyhv wkh �uvw rughu frqglwlrq ri
d vwulfwo| lqfuhdvlqj +ru ghfuhdvlqj, sduw ri d ghflvlrq wkdw vdwlv�hv wkh qhfhvvdu|
frqglwlrqv ri Wkhruhp 41 Irupdoo|=

WKHRUHP 7= +Qhfhvvdu| frqglwlrqv iru rswlpdolw|, Vxssrvh wkdw D4 dqg D5
krog1 Ohw {� eh dq rswlpdo ghflvlrq dqg ^�4> �5` dq lqwhuydo lq � rq zklfk {�

lv frqwlqxrxv dqg vwulfwo| prqrwrqh +lq sduwlfxodu/ wkh qhfhvvdu| frqglwlrqv ri
Wkhruhp 4 duh vdwlv�hg xqghu htxdolw|,1 Li iru hdfk � 5 ^�4> �5` wkhuh h{lvw d

xqltxh a� 9@ � vxfk wkdw �{�+�> a�, @ 31 Wkhq/

i{+{> �,

y{�+{> �,
@

i{+a{> a�,

y{�+a{> a�,

zkhuh � 5 ^�4> �5`/ y{+a{> a�, @ y{+a{> �,/ y�+{> �, @ y�+a{> �, dqg { @ {�+�,/ a{ @

{�+a�,1

Wkh lqwhusuhwdwlrq ri Wkhruhp 7 iroorzv wkh vdph lqwxlwlrqv ri Wkhruhp 7*
+vhh wkh uhpdunv diwhu wkdw wkhruhp, h{fhsw wkdw ehvlghv wkh pdujlqdo udwh ri
vxevwlwxwlrq lghqwlw|/ wkh sulqflsdo pxvw htxdol}h wkh pdujlqdo uhqw lghqwlw| lq
rughu wr rewdlq wuxwk whoolqj1 Revhuyh wkdw Wkhruhp 7* lv d sduwlfxodu fdvh ri
Wkhruhp 7 zkhq { @ a{1



�H

FRQWLQXRXV FURVVLQJ= +exw qrw frqvwdqw,44 Il{ �3 5 � dv d sdudphwhu
zkhuh {� kdv d glvfrqwlqxlw| dqg �4 � �3 lv wkh plqlpdo sdudphwhu wkdw gh�qhv
wkh X0vkdshg sduw ri wkh rswlpdo ghflvlrq1 Frqvlghu wkh vsdfh ri f�dgo�dj ghflvlrqv
{ vxfk wkdw {+�4, @ {�+�4,/ { lv qrq0lqfuhdvlqj rq ^�> �4` dqg qrq0ghfuhdvlqj rq
^�5> �`/ zkhuh �5 @ *+�4> {

�+�4,,1
45

D uhod{hg surjudp46

pd{
{

H�^
i+{+�,> �,

s+�,
`

v1w1

b{+�, � 3> ;� 5 ^�> �4`

b{+�, � 3> ;� 5 ^�5> �`

{+�, @ {x+�,> ;� 5 ^�4> �5`

�{+�> �3�, @

] �

�3

] {+��,

{�+�3,

y{�+�{> ��,g�{g�� � 3

{�+�3, � {+�,

{+�l, @ {x+�l,> l @ 4> 5

zkhuh {x+�, lv wkh lpsolflw vroxwlrq ri wkh �uvw rughu frqglwlrq jlyhq lq wkh Wkhruhp
7* +revhuyh wkdw {x+�4, @ {x+�5,,1 Revhuyh wkdw li wkhuh h{lvwv � A �5 vxfk wkdw
{+�, A {�+�3,/ wklv zrxog lpso| wkdw wkhuh lv d X0vkdshg sduw rq ^�> �3,/ zklfk lv
qrw srvvleoh +ehfdxvh wklv zrxog jhqhudwh dqrwkhu glvfrqwlqxlw| 0 vhh wkh uhpdun
7 diwhu Wkhruhp 7*,1

Wkh Odjudqjldq zloo eh=

O+{> �> �4> �5>�, @

] �4

�

^i+{+�,> �,� �+�, b{+�,`g� .

] �

�5

^i+{+�,> �, . �+�, b{+�,`g�

. �

] �

�3

] {+��,

{�+�3,

y{�+�{> ��,g�{g�� . �3^{�+�3,� {+�,`

. �4^{
x+�4,� {+�4,` . �5^{

x+�5,� {+�5,`

zkhuh � � 3 lv wkh prqrwrqlflw| pxowlsolhu +zlwk b� @ �,/ � � 3 lv wkh Odjudqjh
pxowlsolhu ri wkh LF frqvwudlqw ri wkh sdlu +�> �3�,/ �3 � 3 dqg �l 5 ? +l @ 4> 5,
duh wkh Odjudqjh pxowlsolhuv dvvrfldwhg wr wkh rwkhu wkuhh frqvwudlqwv1

Wdnlqj wkh Jdwhdx{ ghulydwlyh zlwk uhvshfw wr wkh vsdfh ri dgplvvleoh gluhf0
wlrqv= K @ ik= � $ ?> F4 rq ^�> �4` _ ^�5> �` dqg km+�4>�5, � 3j/ wkh �uvw rughu

�� Wkh frqvwdqw furvvlqj zloo eh frqvlghuhg lq wkh qh{w fdvh1
�2 )Ewc %� lv gh�qhg lq wkh surri ri Wkhruhp 7 dqg wkh X0vkdshg sduw ri wkh rswlpdo ghflvlrq lv

fkdudfwhul}hg e| Wkhruhp 7*1
�� Wkh uhod{hg surjudp lv jlyhq e| d ohvv uhod{hg surjudp wkdq wkh ruljlqdo rqh dqg lw hvvhqwldoo|

frqvlvwv ri dgglqj wkh prqrwrqlflw| frqglwlrqv/ wkh LF frqvwudlqw ri wkh kljkhvw w|sh zlwk uhvshfw wr

wkh w|sh zkhuh wkh glvfrqwlqxlw| rffxuv/ dqg wkh X0vkdshg fkdudfwhul}dwlrq ri Wkhruhp 7*1



�b

frqglwlrq lv +� phdqv wkh Jdwhdx{ ghulydwlyh,=

�kO+{, @

] �4

�

^i{+{+�,> �, . �+�,`k+�,g� � ��+�3,k�+�3,� �+�4,k+�4,

.

] �

�5

^i{+{+�,> �,� �+�,`k+�,g� � �+�5,k+�5,

. �

] �

�3

^y{�+{+�,> �,k+�,� y{�+{�+�3,> �,k�+�3,`g�

. �3^k�+�3,� k+�,`� �4k+�4,� �5k+�5, @ 3

dqg wkh Nxkq dqg Wxfnhu vodfnqhvv frqglwlrqv duh=;AAA?AAA=
�+�, b{+�, @ 3

��{+�> �3�, @ 3

�3^{�+�3,� {+�,` @ 3

{+�l, @ {x+�l,> l @ 4> 5

Wkhq/;AAAAAAAA?AAAAAAAA=

i{+{> �, . �+�, @ 3> iru � ? �3

i{+{> �, . �+�, . �y{�+{> �, @ 3> iru �3 � � ? �4

i{+{> �,� �+�, . �y{�+{> �, @ 3> iru �5 ? �

���+�3, . �^y{+{�+�3,> �3,� y{+{�+�3,> �,` . �3 @ 3> iru � @ �3�

�l .�+�l, @ 3> iru � @ �l> l @ 4> 5

�+�,� �3 @ 3> iru � @ �

dqg

�+�, @

;AAAAA?AAAAA=

U a�3
�

i{+�{4> ��,g��> � 5 ^a�3> �3`

�+�4, .
U �4
� ^i{+�{5> ��, . �y{�+�{5> ��,`g��> � 5 ^�3> �4`

�+�5, .
U �

�5
^i{+�{5> ��, . �y{�+�{5> ��,`g��> � 5 ^�5> a�4`U �

a�5
^i{+�{4> ��, . �y{�+�{4> ��,`g��> � 5 ^a�5> �`

zkhuh � � 3 iru � 5 ^�> a�3` ru � 5 ^a�4> a�5` dqg �{l*v duh wkh frqvwdqw sduwv ri wkh
rswlpdo ghflvlrq147

Zh fdq fdofxodwh wkh vhfrqg rughu ghulydwlyh ri wkh Odjudqjldq=

�kkO+{, @

] �4

�

i{{+{+�,> �,k+�,
5g� .

] �

�5

i{{+{+�,> �,k+�,
5g�

. �

] �

�3

^y{5�+{+�,> �,k+�,
5 � y{5�+{�+�3,> �,k�+�3,

5`g�

�e Xvlqj wkh �uvw rughu frqglwlrq ri wkh Odjudqjldq/ rqh fdq hdvlo| yhuli| wkdw wkhuh h{lvwv qr

rwkhu frqvwdqw sduw lq wkh rswlpdo ghflvlrq1
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Vlqfh � � 3 dqg y{5� ? 3/ li i{{ � 3 dqg i{{+�> �3,.�+y{5+�> �3,�y{5+�> �,, � 3/ wkhq
wkh vhfrqg rughu ghulydwlyh lv dozd|v qhjdwlyh1 Wklv phdqv wkdw rxu Odjudqjldq lv
d frqfdyh ixqfwlrqdo dqg wkh �uvw rughu frqglwlrq lv qhfhvvdu| dqg vx�flhqw +iru
hdfk �3 dqg �4,1

Wkhuhiruh/ wkh fdqglgdwh ri vhfrqg ehvw vroxwlrq ri rxu surjudp lq wklv fdvh
lv

{+�, @

;AAAAAA?AAAAAA=

{4+�,> � ? a�3

�{4> a�3 � � ? �3 ru a�5 � � � �

{x+�, �4 � � � �5

�{5> �3 � � � �4 ru �5 � � � a�4

{�4 +�,>
a�4 � � � a�5

zkhuh {�4 lv wkh lpsolflw vroxwlrq ri i{+�> �, . �y{�+�> �, @ 31

ILJXUH 71� Wkh fulwlfdo ghflvlrq lq wkh fdvh ri frqwlqxrxv furvvlqj1

OHPPD 6= +Lpsohphqwdelolw| ri d fulwlfdo ghflvlrq, Xqghu D40D6/ iru hdfk �3
dqg �4/ wkh ghflvlrq gh�qhg deryh lv lpsohphqwdeoh1

Ilqdoo|/ rqh pxvw rswlpl}h zlwk uhvshfw wr �31 Wklv lv grqh lq wkh qxphulfdo
H{dpsohv 5 dqg 7 +revhuyh wkdw wklv surjudp lv qrw frqfdyh dq|pruh,1

GLVFRQWLQXRXV FURVVLQJ=48 Il{ �3 5 � dv d sdudphwhu zkhuh {� pd|
furvv {3 glvfrqwlqxrxvo|1 Zh duh jrlqj wr vroyh wkh iroorzlqj uhod{hg surjudp=

pd{
{

H�^
i+{+�,> �,

s+�,
`

v1w1

b{+�, � +�,3> ;� � +�,�3

�{+�> �3�, @

] �

�3

] {+��,

{�+�3,

y{�+�{> ��,g�{g�� � 3

{�+�3, � {+�,

Dvvxph wkdw wkh rswlpdo ghflvlrq lv slhfhzlvh frqwlqxrxvo| gl�huhqwldeoh zlwk
dw prvw rqh glvfrqwlqxlw|1 Pruh suhflvho|/ zh dvvxph wkdw glvfrqwlqxlw| rffxuv dw
�31 Wkh Odjudqjldq zloo eh

O+{> �> �>�, @

] �

�

^i+{+�,> �, . �+�, b{+�,`g�

. �

] �

�3

] {+��,

{�+�3,

y{�+�{> ��,g�{g��

. �^{�+�3,� {+�,`

�DZh fdq dgdsw wklv fdvh wr wkh frqwlqxrxv furvvlqj rqh1



2�

zkhuh � � 3 lv wkh Odjudqjh pxowlsolhu ri wkh LF frqvwudlqw ri wkh sdlu
+�> �3�,/�=� $ ? lv wkh Odjudqjldq pxowlsolhu ri wkh prqrwrqlflw| ri { zlwk
b� @ � +� � 3 iru � ? �3 dqg � � 3 iru � � �3, dqg � � 3 lv wkh pxowlsolhu ri wkh
wklug frqvwudlqw1

Wdnlqj wkh Jdwhdx{ ghulydwlyh zlwk uhvshfw wr wkh vsdfh ri dgplvvleoh gluhf0
wlrqv= K @ ik= � $ ?> F4j/ wkh �uvw rughu frqglwlrq lv=

�kO+{, @

] �

�

^i{+{+�,> �,� �+�,`k+�,g� . ��+�3,k�+�3,

. �

] �

�3

^y{�+{+�,> �,k+�,� y{�+{�+�3,> �,k�+�3,`g�

. �^k�+�3,� k+�,` @ 3

dqg wkh Nxkq dqg Wxfnhu vodfnqhvv frqglwlrqv duh=;A?A=
�+�, b{+�, @ 3

��{+�> �3�, @ 3

�^{�+�3,� {+�,` @ 3

Wkhq/;AAAAAA?AAAAAA=

i{+{> �, @ 3> iru � ? a�3

i{+{> �,� �+�, @ 3> iru a�3 � � ? �3

i{+{> �,� �+�, . �y{�+{> �, @ 3> iru �3 � � � �

��+�3, . �^y{+{�+�3,> �3,� y{+{�+�3,> �,` . � @ 3> iru � @ �3�

�+�,� � @ 3> iru � @ �

Revhuyh wkdw

�+�, @

;AA?AA=
U �
a�3
i{+�{4> ��,g��> � 5 ^a�3> �3`U �

�3
^i{+�{5> ��, . �y{�+�{5> ��,`g��> � 5 ^�3> a�4`U �

a�5
^i{+�{4> ��, . �y{�+�{4> ��,`g��> � 5 ^a�5> �`

zkhuh � � 3 iru � 5 ^a�4> a�5` ru � 5 ^�> a�3 dqg �{l*v duh wkh frqvwdqw sduwv ri wkh
rswlpdo ghflvlrq1

Zh fdq fdofxodwh wkh vhfrqg rughu ghulydwlyh ri wkh Odjudqjldq=

�kkO+{, @

] �

�

i{{+{+�,> �,k+�,
5g�.�

] �

�3

^y{5�+{+�,> �,k+�,
5�y{5�+{�+�3,> �,k�+�3,

5`g�

dqg djdlq wkh vdph uhpdun ri wkh frqwlqxrxv furvvlqj fdvh lv ydolg khuh1
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Wkhuhiruh/ wkh fdqglgdwh iru vhfrqg ehvw vroxwlrq ri rxu surjudp lv

{+�, @

;AAA?AAA=
{4+�,> � ? a�3

�{4> a�3 � � � �3 ru a�5 � �

�{5> �3 � � ? a�4

{�4 +�,>
a�4 � � � a�5

ILJXUH 81� Wkh fulwlfdo ghflvlrq lq wkh fdvh ri glvfrqwlqxrxv furvvlqj1

OHPPD 7= +Lpsohphqwdelolw| ri d fulwlfdo ghflvlrq, Xqghu D40D6/ wkh ghflvlrq
gh�qhg deryh lv lpsohphqwdeoh/ iru hdfk �31

Djdlq/ rqh fdq rswlpl}h zlwk uhvshfw wr �3 dqg rewdlq wkh rswlpdo ghflvlrq
lq wkh fodvv ri ghflvlrqv wkdw furvv {3 glvfrqwlqxrxvo|1

Rxu surfhgxuh lv wr xvh wkhvh �uvw rughu frqglwlrqv wr lpsohphqw wkh fulwlfdo
vroxwlrq lq qxphulfdo h{dpsohv +vhh H{dpsohv 5 dqg 7,1 Ohppdv 6 dqg 7 jxdudqwhh
wkdw wkh ghflvlrqv fkdudfwhul}hg deryh duh lpsohphqwdeoh xqghu dvvxpswlrq D61

71 H[DPSOHV

H[DPSOH 4= FRUSRUDWH ILQDQFH

Uhwxuqlqj wr wkh h{dpsoh lq wkh lqwurgxfwlrq/ gh�qh=

x+{> �, @ {

y+{> � m W , @

;AA?AA=
�{5

+4� �,5
> li W @ W4

�
{5

�5
> li W @ W5

Lq zkdw iroorzv zh fkdudfwhul}h wkh vhfrqg ehvw vroxwlrqv zlwk dqg zlwkrxw
wkh whfkqrorj| fkrlfh lqirupdwlrq=

4, Vhfrqg Ehvw zlwk lqirupdwlrq= Dv zh h{sodlqhg lq wkh lqwurgxfwlrq/ wkh
yhul�delolw| ri wkh whfkqrorj| fkrlfh doorzv wkh sulqflsdo wr h{wudfw pruh uhqw
iurp wkh djhqwv zlwk ohvv glvwruwlrq/ vxfk wkdw rqo| d plggoh w|sh zloo kdyh }hur
uhqw1 Wkh lqwxlwlrq lv vwudljkwiruzdug= d jhqhudolvw +edg w|sh, zloo kdyh }hur uhqw
dqg d vshfldolvw zloo kdyh srvlwlyh uhqw1

Pruh vwulnlqj/ li wkh sulqflsdo fdq frpplw wr xvh orwwhulhv rq wkh whfkqrorj|
fkrlfh/ kh fdq wkuhdwhq d jurxs ri plggoh ulvn dyhuvh djhqwv dqg h{wudfw doo wkh
uhqw iurp wkhp dqg lpsuryh klv sur�w hyhq pruh1 Vhh wkh ghwdlov lq Dsshqgl{ E1

Li s � 4 dqg udqgrpl}dwlrq lv qrw srvvleoh/ wkhq

{VE+�, @

;AA?AA=
+4� �,6

5+4 . �,
> li � 5 ^3> 4@5`

�6

5+5� �,
> rwkhuzlvh
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Li s+�, @ 5�/ iru doo � 5 �/ wkhq

{VE+�, @

;AA?AA=
+4� �,6

5
> li � 5 ^3> �3`

�7

5
> rwkhuzlvh

zkhuh �
7@6
3 . �3 @ 41

5, Vhfrqg Ehvw zlwkrxw lqirupdwlrq= +{WE > wWE,

Gh�qh qrz

�y+{> �, @

;AA?AA=
�{5

+4� �,5
> li � 5 ^3> 4@5`

�{5

�5
> rwkhuzlvh

Ehfdxvh wkh sulqflsdo fdq qrw prqlwru wkh whfkqrorj| fkrlfh/ kh zloo idfh dq
djhqw zlwk xwlolw| ixqfwlrq �y +dqg qrw y,1 Wkhuhiruh/ zh fdq xvh Wkhruhp 7* lq
rughu wr fkdudfwhul}h wkh vhfrqg ehvw vroxwlrq1 Khuh/ {3 lv gh�qhg e| � @ 4@51

Vlqfh �y�+{> �, V 3 li dqg rqo| li � W 4@5/ wkh LU frqvwudlqw zloo eh elqglqj dw

4@5 rq wkh rswlpdo frqwudfw1 Wkxv/ gh�qh

i+{> �, @ x+{> �, . �y+{> �, .P+�,�y�+{> �,

zkhuh

P+�, @

�
P4+�, li � 5 ^3> 4@5`

P5+�, li � 5 ^4@5> 4`=

Revhuyh wkdw �y{+{> �, @ �y{+{> a�, li dqg rqo| li a� @ 4 � � dqg �y{�+{> �, @
��y{�+{> 4� �,1 Wkxv/ Wkhruhp 7* jlyhv

i{+{
WE+�,> �, . i{+{

WE+�,> 4� �, @ 3> � 5 ^3> 4@5`=

Wkh LF frqvwudlqw gh�qhv d frqyh{ vhw dqg wkh remhfwlyh ixqfwlrq lv frqfdyh1
Wkhuhiruh/ wkh xvh ri orwwhulhv rq surgxfwlrq grhv qrw lpsuryh wkh sulqflsdo*v
zhoiduh +zklfk ghshqgv vwurqjo| rq wkh v|pphwu| ri wklv h{dpsoh,1

Li wkh glvwulexwlrq lv v|pphwulf zlwk uhvshfw wr 4@5/ wkhq lw lv vwudljkwiruzdug
wr fkhfn wkdw wkh vhfrqg ehvw sureohp zlwkrxw lqirupdwlrq lv htxlydohqw wr wkh
vhfrqg ehvw rqh zlwk lqirupdwlrq zkhq udqgrpl}dwlrq lv iruelgghq1 Wkxv/ wkh orvv
ri sur�w fdxvhg e| qrq yhul�delolw| ri lqirupdwlrq lv htxdo wr wkdw fdxvhg e| wkh
odfn ri frpplwphqw lq xvlqj orwwhulhv zkhq lqirupdwlrq lv dydlodeoh +vhh Dsshqgl{
E,1

Lq sduwlfxodu/ li s � 4/ +{VE > wVE, lv wkh vhfrqg ehvw vroxwlrq zlwkrxw lqiru0
pdwlrq +{VE lv v|pphwulf zlwk uhvshfw wr 4@5,1
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Li s+�, @ 5�/ iru doo � 5 �/ wkhq wkh vhfrqg ehvw zlwkrxw lqirupdwlrq lv

{WE+�, @

;AA?AA=
+4� �,7

5� �
> li � 5 ^3> 4@5`

�7

4 . �
> rwkhuzlvh

Wkh edvlf lqwxlwlrqv ehklqg wklv h{dpsoh duh wkh iroorzlqj1 Iluvw/ zkhq zh
pryhg iurp wkh vhfrqg ehvw sureohp zlwk lqirupdwlrq wr wkh rqh zlwkrxw/ zh
pryhg iurp d elglphqvlrqdo sureohp lq +W> �, wr d rqh0glphqvlrqdo sureohp lq
� pdnlqj W d ixqfwlrq ri �1 Ilqdoo|/ wkh lqfdsdflw| wr frpplw wr dqqrxqfhphqw
ri wkh whfkqrorj| pdnhv wkh sulqflsdo htxdol}h wkh pdujlqdo xwlolwlhv ri wkh srro0
lqj w|shv lq rughu wr jxdudqwhh wuxwk whoolqj1 Wklv lv h{dfwo| zkdw h{sodlqv wkh
_frxqwhuydlolqj% lqfhqwlyhv lq wklv h{dpsoh1

Rqh pd| fodlp wkdw wklv h{dpsoh lv yhu| sduwlfxodu lq wkh vhqvh wkdw lw lv
v|pphwulf1 Krzhyhu/ zh fdq pdnh d shuwxuedwlrq ri wklv prgho dqg rewdlq wkh
vdph txdolwdwlyh uhvxowv1 Rqh zd| wr gr wklv lv wr frqvlghu +gl�huhqw, vxqn frvwv
iru hdfk whfkqrorj|1

Wkh vhfrqg ehvw sureohp zlwkrxw lqirupdwlrq zdv lqvsluhg e| Fkdvvdjqrq
dqg Fkldssrul +4<<8,1 Krzhyhu/ lq wkdw sdshu +li zh frqvlghu wkh frqwlqxrxv
yhuvlrq ri wkhlu prgho,/ wkh furvv ghulydwlyh ri wkh djhqw*v xwlolw| ixqfwlrq grhv
qrw fkdqjh wkh vljq/ lw rqo| fkdqjhv lwv pdjqlwxgh/ l1h1/ lqgl�huhqfh fxuyhv ri wkh
djhqw kdyh d nlqn1 Wklv lv hqrxjk wr surgxfh pxowlsoh furvvlqj ri wkh lqgl�huhqfh
fxuyhv ri wzr glvwlqfw w|shv/ exw qrw wr ghvwur| wkh vhfrqg rughu dssurdfk1

ILJXUH 91� Wkh frusrudwh �qdqfh h{dpsoh iru s+�, @ 5�1

Wkh wrs �jxuh suhvhqwv wkh vhfrqg ehvw zlwk +{ve, dqg zlwkrxw +{we, whfk0
qrorj| fkrlfh lqirupdwlrq1 Wkh rwkhu wzr �jxuhv suhvhqw wkh LF frqvwudlqwv ri {we
dqg {ve +l1h1/ wkh judskv ri �{we dqg �{ve,/ uhvshfwlyho|1 Wkh plqlpdo ydoxh lq
uljkw erwwrp �jxuh lv �3=6<831

H[DPSOH 5= QRQOLQHDU SULFLQJ

Wklv h{dpsoh iroorzv wkh vdph vhwxs ri Pdvnlq dqg Uloh| +4<;7, +vhh dovr
Pxvvd dqg Urvhq +4<:;,,1 D prqrsrolvw surgxfhv d vlqjoh surgxfw dw d frvw ri
f
5{

5 iru { xqlwv1 D ex|hu ri w|sh � 5 ^d> d.4` +d � 3, kdv suhihuhqfhv uhsuhvhqwhg
e| wkh xwlolw| ixqfwlrq

Y +{> w> �, @

] {

3

�+�{> �, g�{� w

zkhuh { lv wkh qxpehu ri xqlwv sxufkdvhg iurp wkh vhoohu dqg w lv wkh sulfh sdlg iru
{1 Wkh ixqfwlrq �+ � > �, lv wkh lqyhuvh ghpdqg ixqfwlrq ri wkh jurxs ri frqvxphuv
zlwk wdvwh fkdudfwhul}hg e| �1 Wkh prqrsrolvw grhv qrw revhuyh wkh w|sh/ exw
nqrzv S + � ,/ wkh glvwulexwlrq ri w|sh/ zlwk ghqvlw| ixqfwlrq s+ � ,1
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Zh dvvxph wkdw wkh lqyhuvh ghpdqg kdv wkh iroorzlqj irup= �+{> �, @ � �
5�+�,{ zkhuh/ � lv wkuhh wlphv frqwlqxrxvo| gl�huhqwldeoh/ �+3, @ 3/ b� A 3/ �� A 31

Wkh dvvxpswlrq �� A 3 lpsolhv wkdw
�+�,

�
lv lqfuhdvlqj lq �/ vlqfh g

g�

�
�+�,
�

�
@

b�+�,���+�,
�5 A 3 li dqg rqo| li b�+�, A �+�,@� > ; � 5 +d> d . 4` dqg wklv odvw

lqhtxdolw| lv wuxh ehfdxvh � lv frqyh{1 Vlqfh �@5�+�, lv wkh pdunhw vl}h ri wkh w|sh
� ghpdqg +l1h1/ wkh qxpehu ri xqlwv erxjkw dw sulfh }hur,/ zkdw zh duh dvvxplqj lv
wkdw wkh pdunhw vl}h ghfuhdvhv zlwk � dqg � lv wkh vxsuhph ri sulfhv iru zklfk wkhuh
h{lvwv d srvlwlyh ghpdqg1 Wklv dvvxpswlrq fdq lpso| qr VPF/ dqg lw lv lq frqwudvw
zlwk wkh prqrwrqlflw| dvvxpswlrq ri �+{> � , lq Pdvnlq dqg Uloh| +4<;7,149

Gh�qh

y+{> �, @

] {

3

�+��> �, g�{ @ +� � �+�,{,{

x+{> �, @ �
f

5
{5

P+�, @
S +�,� 4

s+�,
> � 5 ^d> d. 4`

i+{> �, @ x+{> �, . y+{> �, .P+�,y�+{> �,=

Wkhuhiruh/

y{�+{> �, @ 4� 5 b�+�,{ V 3 li dqg rqo| li { W {3+�, @
4

5 b�+�,
>

iru doo � 5 ^d> d. 4`1
Vlqfh �� A 3/ {3 lv ghfuhdvlqj dqg 4

5 b�+�, ? �
5�+�, ? �

�+�, > ; � 5 ^d> d . 4`/

zklfk lpsolhv wkdw wkh VPF idlov wr krog khuh1 +Revhuyh wkdw y{+{> �, � 3 li

dqg rqo| li { � �
�+�, ,1 Pruhryhu/ revhuyh wkdw y{+{> �, @ y{+{> a�, li dqg rqo| li

�+{> �, @ �+{> a�,/ l1h1/ wzr w|shv duh srrolqj lq wkh vdph frqwudfw li wkh| kdyh wkh
vdph pdujlqdo ydoxdwlrq iru wkh jrrg1

Wkh uhod{hg vroxwlrq lv jlyhq e|

{4+�, @
4

5

�
� .P+�,

f. �+�, . b�+�,P+�,

�.
zkhuh ^{`. @ pd{i{> 3j1

Dvvxph wkdw=

d4= bP+�, A 3/ iru doo � 5 ^d> d. 4`1

d5= f. b�+�,P+�, . �+�, A 3/ iru doo � 5 ^d> d. 4`1

�S Wklv lv htxlydohqw wr dvvxplqj wkdw wkh pdujlqdo xwlolw| ri frqvxpswlrq lqfuhdvhv iru orz w|shv

dqg ghfuhdvhv iru kljk w|shv1
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Dvvxpswlrq d4 lv wkh prqrwrqh kd}dug udwh frqglwlrq dqg dvvxpswlrq d5
krogv iru f odujh hqrxjk1 Dvvxpswlrq d5 lpsolhv wkdw i+ � > �, lv d frqfdyh ixqfwlrq/
iru doo � 5 ^d> d. 4`1

Li {4 grhv qrw furvv {3 / wkhq wkh vhfrqg ehvw vroxwlrq lv jrlqj wr eh {4 1
Revhuyh wkdw

{4+�, V
4

5 b�+�,
li dqg rqo| li f W � b�+�,� �+�,=

Khqfh/ zh jxdudqwhh wkdw {4 furvvhv {3 li zh dvvxph

d6= f ? b�+d. 4,� �+d. 4,

ehfdxvh � b�+�,� �+�, lv lqfuhdvlqj lq � +vlqfh �� A 3,1

Xqghu d4/ d5 dqg d6/ Ohppdv 6 dqg 7 fdq eh dssolhg lq rughu wr fkdudfwhul}h
wkh vhfrqg ehvw vroxwlrq1 Revhuyh wkdw {4 zloo eh ehoo0vkdshg dqg wkdw y�+{> �, @
^4� b�+�,{`{ � 3 li dqg rqo| li { � 4@ b�+�, +wkxv/ wkh orzhvw w|sh d kdv }hur uhqw,1

Frqvlghu wkh sduwlfxodu fdvh wkdw vdwlv�hv d40d6= s � 4> f @ 4 dqg �+�, @
e
5�

51

Iru lqvwdqfh/ li e @ 5/ wkhq y+{> �, @ �y+�{,/ zkhuh �y+|, @ | � |51

Wkhuhiruh/ wkh uhod{hg vroxwlrq lv

{4+�, @

�
5� � d� 4

f. e+6� � d� 5,�

�.
dqg

{3+�, @
4

5e�

Xvlqj Wkhruhp 7*/ wkh ehoo0vkdshg sduw ri wkh vroxwlrq lv jlyhq e|

{�+�, @
6� .

s
6�5 � 5f@e

5+6e�5 . f,
=

Zh suhvhqw wkh wzr fdqglgdwhv ri wkh vhfrqg ehvw ghflvlrq iru d @ 4/ e @ 4
dqg f @ 4=8=4:

ILJXUH :141� Wkh fxuyhv {rsw3 dqg {4 dqg wkhlu uhvshfwlyh LF frqvwudlqwv1

Wkh wrs �jxuh jlyhv wkh rswlpdo ghflvlrq +{rsw3, jlyhq lq Wkhruhp 8> lwv
h{shfwhg sur�w lv 3=4<<39> wkh uhod{hg dqg wkh �uvw ehvw sur�wv duh 3=53635 dqg
3=5<6;:/ uhvshfwlyho|1 Wkh erwwrp ohiw �jxuh lv wkh LF frqvwudlqw ri {rsw3 +wkh
judsk ri �{rsw3 zklfk plqlpdo ydoxh lv }hur/ l1h1/ {rsw3 lv lpsohphqwdeoh,1 Wkh
erwwrp uljkw �jxuh lv wkh LF frqvwudlqw ri wkh uhod{hg vroxwlrq +wkh judsk ri �{4

zklfk plqlpdo ydoxh lv �3=33<945</ l1h1/ lw lv qrw lpsohphqwdeoh,1

�. Wkh| duh fdofxodwhg xvlqj d urxwlqh lq PDWODE1
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ILJXUH :151� Wkh fxuyhv {rsw4 dqg {rsw5 dqg wkhlu uhvshfwlyh LF frqvwudlqwv1

Wkh wrs +erwwrp, ohiw �jxuh jlyhv wkh rswlpdo ghflvlrq 0 {rsw4 +{rsw5, 0
fkdudfwhul}hg e| Ohppd 6 +7,> lwv h{shfwhg sur�w lv 3=53635 +3=53598,1 Wkh wrs
+erwwrp, uljkw �jxuh lv wkh uhvshfwlyh LF frqvwudlqw 0 wkh judsk ri �{rsw4 +�{rsw5,
0 zklfk plqlpdo ydoxh lv }hur/ l1h1/ {rsw4 +{rsw5, lv lpsohphqwdeoh1

Zkhuh {3 lv wkh fxuyh wkdw vhsdudwhv FV� dqg FV./ {4 lv wkh uhod{hg vroxwlrq
dqg {IE lv wkh �uvw ehvw vroxwlrq1 Lq Dsshqgl{ F zh suhvhqw d wdeoh vkrzlqj d
frpsdudwlyh vwdwlf h{huflvh lq f +wkh frvw sdudphwhu,1 Dv zh fdq vhh lq wkh wdeoh
erwk wkh �uvw dqg vhfrqg ehvw sur�w ghfuhdvhv zlwk f1 Revhuyh dovr wkdw wkh ydoxh
f @ 7=58 fruuhvsrqgv wr wkh VPF fdvh +vhh wkh Wdeoh 4 lq Dsshqgl{ F,1

H[DPSOH 6= UHJXODWLRQ SUREOHP

Zh duh jrlqj wr suhvhqw d vlpsoh prgho ri uhjxodwlrq ri d �up olnh lq Od�rqw
dqg Wluroh +4<<6,/ Fkdswhu 41 Vxssrvh wkdw wkhuh lv d surmhfw zlwk vrfldo ydoxh V
wkdw fdq eh lpsohphqwhg e| d �up wkdw kdv wkh iroorzlqj frvw vwuxfwxuh=;A?A=

F @ F4 . F5

F4 @ �4 � h4

F5 @ �5 � h5

zkhuh wkh frvw F lv revhuydeoh +exw F4 dqg F5 duh qrw,/ �4 dqg �5 duh wkh frvw
sdudphwhuv nqrzq rqo| wr wkh �up/ dqg h4 dqg h5 duh xqrevhuydeoh dfwlrqv ri wkh
�up uhsuhvhqwlqj wkh h�ruwv wr uhgxfh wkh vxe0frvwv F4 dqg F5/ uhvshfwlyho|1

Wkh qrq0prqhwdu| glvxwlolw| ri h�ruw lv jlyhq e| #+h4> h5,1 Zh dvvxph wkdw
lw lv wkuhh wlphv gl�huhqwldeoh/ wkh �uvw dqg vhfrqg ghulydwlyhv ri # duh srvlwlyh/
l1h1/ G# @ +#4> #5, A 3 dqg

G5# @

�
#44 #45
#54 #55

�
lv d srvlwlyh gh�qlwh pdwul{ +zkhuh wkh vxelqgh{ uhsuhvhqwv wkh sduwldo ghulydwlyhv,1

Wkh �up*v sureohp zlwk fkdudfwhulvwlf yhfwru +�4> �5, dqg wrwdo frvw F lv wr
plqlpl}h wkh glvxwlolw| ri h�ruw=

plq
F4>F5�3

#+�4 � F4> �5 � F5,

v1w1 F4 . F5 @ F

Dvvxplqj dq lqwhulru vroxwlrq/ wkh �uvw rughu frqglwlrq lv

#4+�4 � F4> �5 � F5, @ #5+�4 � F4> �5 � F5,=

Iroorzlqj Ohzlv dqg Vdsslqjwrq +4<;<,/ zh fdq lqwurgxfh frxqwhuydlolqj lq0
fhqwlyhv lqwr wkh prgho e| doorzlqj wkh �up*v vxe0frvw sdudphwhu ri surgxfwlrq
�5 wr eh d ixqfwlrq ri wkh vxe0frvw sdudphwhu �4= �5 @ �+�4,/ wzlfh gl�huhqwldeoh1
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Wklv frxqwhuydlolqj lqfhqwlyh zloo eh dvvrfldwhg zlwk wkh qr VPF lq wzr fdvhv +lq
wkh rwkhu wzr fdvhv/ wkh VPF lv ydolg,1

+d, vxevwlwxwh h�ruwv dqg qhjdwlyh fruuhodwlrq ehwzhhq wkh vxe0frvwv= #45 A 3 dqg
b� ? 31

+e, frpsohphqwdu| h�ruwv dqg srvlwlyh fruuhodwlrq ehwzhhq wkh vxe0frvwv= #45 ? 3
dqg b� A 31

Ohw xv frqvlghu fdvh +d,1 Wklv phdqv wkdw wkhuh lv frxqwhuydlolqj lqfhqwlyh lq
wkh h�ruw doorfdwlrq iru vxe0frvw uhgxfwlrq/ vlqfh wkhvh dfwlylwlhv duh vxevwlwxwhv
dqg wkh frvw sdudphwhuv pryh lq rssrvlwh gluhfwlrqv1 Iru lqvwdqfh/ d idplo| ri
h{dpsohv lv jlyhq e| �/ d frqyh{ ghfuhdvlqj ixqfwlrq dqg

#+h, @ DW h. hWEh. �+h,

zkhuh h @ ^h4> h5`/ D A 3/ E lv d gh�qlwh srvlwlyh pdwul{ dqg �+h, @ �4h
6
4.�45h

5
4h5.

�54h
5
5h4 . �5h

6
5 duh wkh wklug rughu whupv zlwk �l � 3/ �lm � 3/ l> m @ 4> 51

Wkh frqvhtxhqfh lv wkdw wkh VPF fdq qrw krog1 Lqghhg/ gh�qh wkh �up*v
vxusoxv dv

Y @ w� #+�4 � F4> �5 � F5,

zkhuh w lv wkh qhw prqh| wudqvihu iurp wkh uhjxodwru wr wkh �up dqg iFl @
Fl+�4> F,j4>5 duh wkh rswlpdo ghflvlrqv ri wkh �up jlyhq lwv �uvw vxe0frvw sdudphwhu
dqg revhuydeoh djjuhjdwh frvw1 Li

y+F> �4, @ �#+�4 � F4> �5 � F5,

wkhq/ e| wkh Hqyhorsh Wkhruhp +wr vlpsoli| wkh qrwdwlrq zh zloo rplw wkh dujx0
phqwv ri wkh ixqfwlrqv,/ yF @ #4 dqg y�4 @ �+#4 . #5 b�, @ �#4+4 . b�,1 Wkxv/

y�4 W 3 / 4 . b� V 3

dqg/ frqvhtxhqwo|/ li � lv d frqfdyh ghfuhdvlqj ixqfwlrq/ wkh LU frqvwudlqw zloo eh
elqglqj dw wkh sdudphwhu �34 vxfk wkdw 4 . b� @ 31 Iurp qrz rq dvvxph wkdw wklv
lv wkh fdvh1

Ilqdoo|/ wkh furvv ghulydwlyh ri y lv jlyhq e|=

yF�4 @ #44 . #45 b� . +#44 � #45,
CF5

C�4

dqg/ vlqfh #45 b� ? 3/ wkh vljq ri yF�4 fdq dfwxdoo| fkdqjh +vhh wkh vshfl�f h{dpsoh
ehorz,1

Wkh vrfldo zhoiduh ixqfwlrq lv

Z @ V � +4 . �,+w.F, . Y @ V � +4 . �,+�y . F,� �Y

zkhuh

Y+�4, @

] �4

�3
4

y�+F+��,> ��,g��
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lv wkh �up*v uhqw ixqfwlrq dqg � A 3 lv wkh _vkdgrz sulfh ri sxeolf ixqgv% +vhh
Od�rqw dqg Wluroh +4<<6, iru wkh ghwdlov,1

Wkh uhod{hg ixqfwlrqdo lv

i @
�
V � +4 . �,+�y . F, . �Py�4

�
s

zkhuh P @

�
S@s li � � � � �34

+S � 4,@s li �34 ? � � �
lv wkh kd}dug udwh1

Wkh �uvw rughu frqglwlrq ri wkh uhod{hg sureohp lv

#4 @ 4 .
�

4 . �
PyF�4 =

E| Wkhruhp 7*/ li �4 dqg a�4 duh srrolqj rq wkh vdph djjuhjdwh frvw/ wkhq

iF
yF�4

@
aiF

ayF�4

dqg yF @ ayF

zkhuh wkh kdw phdqv wkdw wkh ixqfwlrqv duh fdofxodwhg dw wkh a�4 doorfdwlrq1 Dqg/

diwhu vrph wulyldo pdqlsxodwlrqv/ #4 @ 4 .
�

4 . �
+P � fP,

�
y�4F�4

� ey�4F�4

�
�4

dqg

#4 @ e#41
Frpsdulqj wkh �uvw rughu frqglwlrq ri wkh uhod{hg surjudp zlwk wkh vhfrqg

ehvw rqh/ zh vhh wkdw wkh lqfhqwlyh fruuhfwlrq whup ghshqgv rq wkh pdujlqdo uhqw
ri wkh w|sh +iru wkh iruphu, dqg ghshqgv rq dq _dyhudjh% ri wkh pdujlqdo uhqw ri
wkh w|shv wkdw duh srrolqj +iru wkh odwwhu,1

Ohw xv wdnh d sduwlfxodu h{dpsoh +wkh v|pphwulf fdvh,= Wkh w|sh vhw lv � @
^3> 4` zlwk wkh xqlirup glvwulexwlrq/ #+h4> h5, @ +h4.h5,

5 dqg �5 @ �+�4, @ 4��541
Wkxv wkh �up*v plqlpl}dwlrq h�ruw surjudp kdv wkh iroorzlqj vroxwlrq= F4 @ �4
dqg F5 @ F � �4 +vlqfh F5 � 4� �54 iru F � 4,1

Wkh fxuyh wkdw vhsdudwhv wkh uhjlrqv zkhuh wkh vljq ri yF�4 fkdqjhv lv �4 � 4@5

dqg yF @ eyF li dqg rqo| li e�4 @ 4 � �41 Dsso|lqj Wkhruhp 8 zh jhw wkh vhfrqg
ehvw frvw=

F�+�4, @

+
4
5 .

�
4� �

4.�

�
�4 �

�
4� 5�

4.�

�
�54 li 3 � �4 � 4@5

4
5 .

�
4� �

4.�

�
+4� �4,�

�
4� 5�

4.�

�
+4� �4,

5 li 4@5 � �4 � 4

Wklv lv dovr wkh uhjxodwru*v uhod{hg frvw zkhq kh fdq frqwudfw rq wkh vxe0
frvwv/ l1h1/ lq wklv fdvh wkh qrq0revhuydelolw| ri wkh vxe0frvwv grhv qrw glvwruw wkh
uhjxodwru| vroxwlrq1 Krzhyhu/ li wkh glvwulexwlrq lv qrw v|pphwulf/ wkhq glvwruwlrq
zloo rffxu1 Iru lqvwdqfh/ zkhq wkh glvwulexwlrq lv jlyhq e| s+�, @ 5�/ wkh uhod{hg
vroxwlrq lv=

F4+�4, @

+ 4
5 .

�
4� �

5+4.�,

�
�4 �

�
4� �

4.�

�
�54 li 3 � �4 � 4@5

4
5 .

�
4� �

5+4.�,

�
�4 �

�
4� �

4.�

�
�54 .

�
5+4.�,

4�5�4
�4

li 4@5 � �4 � 4



�f

dqg wkh vhfrqg ehvw vroxwlrq lv=

F�+�4, @
4

5
.
�
4�

�

5+4 . �,

�
�4 �

�
4�

�

4 . �

�
�54 .

�

5+4 . �,

�4
4� �4

>

iru �4 5 ^3> 4@5` dqg F�+�4, @ F�+4� �4,/ iru �4 5 ^4@5> 4`1

ILJXUH ;1� Wkh uhjxodwlrq sureohp iru � @ 3=381

Wkh wrs �jxuh suhvhqwv wkh uhod{hg +F4, dqg vhfrqg ehvw +F�, vroxwlrqv1 Wkh
rwkhu wzr �jxuhv suhvhqw wkh LF frqvwudlqwv ri F4 dqg F� +wkh judsk ri �F4 dqg
�F�

,/ uhvshfwlyho|1 Wkh plqlpdo ydoxh ri wkh erwwrp uljkw �jxuh lv �3=33451

Wkh hfrqrplf lqwhusuhwdwlrq lv lpphgldwh= wkh vxe0frvw uhgxfwlrqv duh vxe0
vwlwxwh dfwlylwlhv dqg wkh vxe0frvw vwuxfwxuh suhvhqwv d frxqwhuydlolqj surshuw|=
wkh h{wuhph w|shv fruuhvsrqg wr vshfldolvwv lq hdfk dfwlylw| dqg wkh plggoh w|sh
lv d +edg, jhqhudolvw lq erwk dfwlylwlhv1 Wkxv/ wkh rswlpdo frqwudfw lv vxfk wkdw
wzr gl�huhqw vshfldolvwv duh fkrrvlqj wkh vdph djjuhjdwh frvw lq htxloleulxp +dqg
hdfk rqh lv jrlqj wr fxw wkh vxe0frvw wkdw lv pruh lqh�flhqw,> wkh plggoh w|sh
+�4 @ 4@5 @ �5, lv wkh rqo| rqh wkdw kdv }hur uhqw +wklv lv dqdorjrxv wr H{dpsoh
4,1

H[DPSOH 7= ODERU FRQWUDFW
4;

Zh suhvhqw d yhu| vlpsoh prgho zkhuh zrunhuv kdyh d yhul�deoh vljqdo v
+vfkrrolqj, wkdw lv wkh djjuhjdwlrq ri wzr xqnqrzq shuvrqdolw| fkdudfwhulvwlfv= �
+_frjqlwlyh delolw|%, dqg � +_qrq0frjqlwlyh delolw|%,=

v @ � . �

zkhuh � 5 ^�> �` kdv fxpxodwlyh glvwulexwlrq S dqg ghqvlw| ixqfwlrq s1 Wkhuhiruh/
jlyhq wkh vfkrrolqj v/ zh fdq dovr ghwhuplqh wkh glvwulexwlrq ri �1

Li wkh �up kluhv wkh zrunhu zlwk d sur�oh ri fkdudfwhulvwlf +�> �,/ wkhq wklv
zrunhu zloo surgxfh dq rxwsxw { iroorzlqj wkh whfkqrorj|=

{ @ �h. ��

zkhuh h lv wkh zrunhu*v h�ruw +xqnqrzq wr wkh �up, dqg � lv wkh vkdgrz sulfh ri
wkh qrq0frjqlwlyh delolw| iru wkh �up1 Wkh �up pd{lpl}hv lwv sur�w

X @ �{� w

zkhuh w lv wkh vdodu| sdlg wr wkh zrunhu dqg � lv wkh sulfh ri {1 Wklv phdqv
wkdw wkh �up xvhv wkh frjqlwlyh dqg qrq0frjqlwlyh delolwlhv ri d zrunhu/ exw lq d

�H Wklv h{dpsoh lv prwlydwhg lq sduw e| Fdydoor/ Khfnpdq dqg Kvhh +4<<;, zkr suhvhqw hylghqfh

rq wkh JHG dv d pl{hg vljqdo ri frjqlwlyh dqg qrq0frjqlwlyh delolwlhv +JHG lv dq h{dp wdnhq e|

Dphulfdq kljk vfkrro gursrxwv wr fhuwli| wkhlu htxlydohqfh zlwk kljk vfkrro judgxdwhv,= frpsdulqj wkh

JHG uhflslhqwv dqg rwkhu gursrxwv/ wkhuh lv qr zdjh gl�huhqwldo ehwzhhq wkhp1



��

gl�huhqw pdqqhu wkh| duh suhvhqwhg lq wkh vljqdo= � lv surgxfwlyh zlwk h�ruw zkloh
� lv frqvwdqw1

Wkh �up zloo xvh wkh vljqdo/ vdodu| dqg rxwsxw dv d phfkdqlvp wr h{wudfw
wkh zrunhu*v uhqw1 Krzhyhu/ vlqfh h�ruw lv frvwo|/ iru d jlyhq vljqdo wkhuh h{lvwv d
frq�lfw ri lqwhuhvw ehwzhhq wkh �up dqg wkh zrunhu1 Pruhryhu/ wkh vfkrrolqj v lv
d pl{hg vljqdo ri � dqg � dqg wkh �up fdq qrw lqihu fruuhfwo| h{0dqwh wkh zrunhu*v
delolwlhv1

Wkh zrunhu*v glvxwlolw| ri h�ruw lv jlyhq e| #=?. $ ?1 Iru vlpsolflw|/ zh
dvvxph wkdw # lv txdgudwlf/ l1h1/ #+h, @ h51 Iru d jlyhq vfkrrolqj v/ wkh qhfhvvdu|
h�ruw iru d zrunhu zlwk fkdudfwhulvwlfv +�> v��, wr surgxfh { lv h @ ����4| zkhuh
| @ �v � {14< Wkxv/ zh fdq h{suhvv w|sh � zrunhu*v txdvl0olqhdu xwlolw| ixqfwlrq
lq whupv ri wkh yhul�deoh yduldeohv +{> w, dqg wkh fkdudfwhulvwlf �= Y @ w� y+{> �,/
zkhuh

y+{> �, @ �^�� ��4|`5=

Li zh wdnh wkh furvv ghulydwlyh ri y zlwk uhvshfw wr { dqg �/ zh jhw

y{�+{> �, @ 5��5^h� ��4|`=

Wklv phdqv wkdw wkh VPF fdq qrw krog= wkh fxuyh {3 lv jlyhq e|

{3+�, @ �v�
�

5
�=

Wkxv/ wkh glvfuhwh srrolqj htxloleulxp pd| kdsshq1 Wkh glvfuhwh srrolqj
frqglwlrq lv jlyhq e| y{+{> �, @ y{+{> a�,/ zkhuh y{+{> �, @ �5��4h1 Lq wklv fdvh

a� @ *+�> {, @ +�|�4 � ��4,�4=

Vlqfh y� @ �5��5h|/ wkh pdujlqdo uhqw ri wkh zrunhu lv qhjdwlyh li dqg rqo|
li { � �v +wkxv y� fkdqjhv lwv vljq 0 vhh uhpdun 6 diwhu Wkhruhp 7*,1 Wkhq/ vlqfh
y{5�+{> �, @ 7��6 lv srvlwlyh dqg y{�5+{> �, @ 5��6^9��4| � 5�` lv qhjdwlyh/ dq
lpsohphqwdeoh frqwudfw wkdw furvvhv wkh fxuyh {3 lv X 0vkdshg1

Ohw xv frqvlghu d sduwlfxodu h{dpsoh= � @ ^4> 5` zlwk wkh xqlirup glvwulexwlrq1
Lw lv hdv| wr vhh wkdw wkh uhod{hg vroxwlrq furvvhv {3 dw �� @ �@�1 Wkxv/ li

�@� 5 +4> 5,/ wkh uhod{hg vroxwlrq lv jlyhq e|=

{4+�, @ plq i�v> �v.
5�� ��5

5+� � 5,
�j=

Xvlqj Wkhruhp 7* zh fdq fdofxodwh wkh X 0vkdshg sduw ri wkh vhfrqg ehvw frq0
wudfw= lw lv jrlqj wr eh rqh ri wkh urrwv ri wkh iroorzlqj wklug ghjuhh sro|qrpldo=53

�
��5

7
. ���4

��
5
. ���4

�
| � ��5

��
5
. 5���4

�
|5 . ��7|6 @ 3=

�bRevhuyh wkdw e D f li dqg rqo| li % $ kr1
2f Wkh prqrwrqlflw| frqglwlrq holplqdwhv wkh rwkhu urrwv1
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Zh suhvhqw d sduwlfxodu h{dpsoh= � @ 4/ � @ 6=9/ v @ 4=8/ � @ 5/ � @ 4 dqg
� @ 51 Wkh fdqglgdwhv iru wkh vhfrqg ehvw ghflvlrq duh=54

ILJXUH <141� Wkh fxuyhv {rsw3 dqg {4 dqg wkhlu uhvshfwlyh LF frqvwudlqwv1

Wkh wrs �jxuh lv wkh rswlpdo ghflvlrq +{rsw3, jlyhq e| Wkhruhp 8> lwv h{0
shfwhg sur�w lv 7=4;67> wkh uhod{hg dqg wkh �uvw ehvw sur�wv duh 7=4<8: dqg 8=6666/
uhvshfwlyho|1 Wkh erwwrp ohiw �jxuh lv wkh LF frqvwudlqw ri {rsw3 +wkh judsk ri
�{rsw3 zklfk plqlpdo ydoxh lv }hur,1 Wkh erwwrp uljkw �jxuh lv wkh LF frqvwudlqw
ri wkh uhod{hg vroxwlrq +wkh judsk ri �{4 zklfk plqlpdo ydoxh lv �3=3<9338/ l1h1/
lw lv qrw lpsohphqwdeoh,1

ILJXUH <151� Wkh fxuyhv {rsw3 dqg {rsw4 dqg wkhlu uhvshfwlyh LF frqvwudlqwv1

Wkh wrs +erwwrp, ohiw �jxuh jlyhv wkh rswlpdo ghflvlrq 0 {rsw4 +{rsw5, 0
fkdudfwhul}hg e| Ohppd 6 +7,> lwv h{shfwhg sur�w lv 7=4;:9 +7=4<75,1 Wkh wrs
+erwwrp, uljkw �jxuh lv wkh uhvshfwlyh LF frqvwudlqw 0 wkh judsk ri �{rsw4 +�{rsw5,
0 zklfk plqlpdo lv }hur/ l1h1/ {rsw4 +{rsw5, lv lpsohphqwdeoh1

Lq Dsshqgl{ F zh gr d frpsdudwlyh vwdwlf h{huflvh zlwk � +wkh vkdgrz sulfh
ri wkh qrq0frjqlwlyh delolw|,1 Revhuyh wkdw wkh sdudphwhu � @ 5 fruuhvsrqgv wr
wkh qr VPF vlwxdwlrq +vhh wkh Wdeoh 5 lq Dsshqgl{ F,1

Zh vxppdul}h wklv h{dpsoh=

� Glvfuhwh srrolqj= wzr gl�huhqw zrunhuv zlwk gl�huhqw sur�ohv ri fkdudfwhulvwlfv
iru d jlyhq v fkrrvh wkh vdph frqwudfw1 Wklv surshuw| fdswxuhv wkh lghd wkdw
d zrunhu zlwk kljk frjqlwlyh delolw| dqg orz qrq0frjqlwlyh delolw| fdq qrw eh
glvwlqjxlvkhg iurp d zrunhu zlwk orz frjqlwlyh delolw| dqg kljk qrq0frjqlwlyh
delolw| lq htxloleulxp1

� Wkh �up r�huv wkh vdph frqwudfw iru dq lqwhuydo ri kljk w|sh zrunhuv wr h{wudfw
doo wkhlu uhqw1 Wkhvh w|shv surylgh wkh kljkhvw rxwsxw1

� Wkh zrunhu �3 +d plggoh w|sh, surylghv wkh orzhvw rxwsxw dqg kdv wkh kljkhvw
uhqw1

� Wkh uhqw h{wudfwlrq dqg glvwruwlrq wudgh0r� wdnh lqwr frqvlghudwlrq wkh qhz
frqglwlrqv iru lpsohphqwdelolw|1

81 FRQFOXVLRQV

Lq wklv sdshu zh vwxglhg d jhqhudol}dwlrq ri wkh VPF1 Dowkrxjk wklv ohdgv
wr d qrq0frqyh{ sureohp/ zh duh deoh wr jlyh hfrqrplfdoo| phdqlqjixo vroxwlrq1
Zh �uvw jlyh d qhfhvvdu| frqglwlrq iru lpsohphqwdelolw| zklfk frxog eh wudqvodwhg
lqwr wkh pdujlqdo udwh ri vxevwlwxwlrq dqg uhqw lghqwlwlhv1 Wkhvh frqglwlrqv duh
dovr vx�flhqw iru vrph fdvhv1 Qh{w zh ghulyh wkh Odjudqjldq iru wkh vhfrqg ehvw

2� Dv lq H{dpsoh 5/ zh xvhg d PDWODE surjudp wr fdofxodwh wkhvh fdqglgdwhv1



��

sureohp wdnlqj lqwr frqvlghudwlrq wkhvh qhfhvvdu| frqglwlrqv1 Wklv ohdgv wr wkh
htxdolw| ri wkh pdujlqdo yluwxdo vxusoxv udwh ehwzhhq wzr srrolqj w|shv dqg wkh
udwh ri wkh pdujlqdo uhqw ehwzhhq wkhp1

Irxu qxphulfdo h{dpsohv looxvwudwhg rxu phwkrg= d sulqflsdo0djhqw sureohp
zlwk vlpxowdqhrxv dgyhuvh vhohfwlrq dqg prudo kd}dug/ wkh qrqolqhdu sulflqj sure0
ohp/ vxe0frvw revhuydwlrq lq d uhjxodwlrq sureohp dqg pl{hg vljqdo lq d oderu
frqwudfw prgho1 Lq doo h{dpsohv pxowlglphqvlrqdo fkdudfwhulvwlfv dqg frxqwhuydlo0
lqj lqfhqwlyhv duh suhvhqwhg1

Lqvwlwxwr gh Pdwhp�dwlfd Sxud h Dsolfdgd/ Hvwudgd Grqd Fdvwrulqd/ 443/ Ulr
gh Mdqhlur/ 557930653/ Eudvlo> dorlvlrClpsd1eu

Ixqgd�f�dr Jhw�xolr Ydujdv/ Sudld gh Erwdirjr/ 4<3/ Ulr gh Mdqhlur/ 555860<33/
Eudvlo

dqg
Srqwli��fld Xqlyhuvlgdgh Fdw�rolfd gr Ulr gh Mdqhlur/ Uxd Pdutxahv gh V�dr

Ylfhqwh/ 558/ Ulr gh Mdqhlur/ 557860<33/ Eudvlo> kxpehuwrChfrq1sxf0ulr1eu

DSSHQGLFHV

DSSHQGL[ D
SURRIV

41 Surri ri Ohppd 4=

+l, Wkh LF frqvwudlqw lpsolhv wkdw iru � A a�

y+{+�,> �,� y+{+�,> a�,

� � a�
�

Y{+�,� Y{+a�,

� � a�
�

y+{+a�,> �,� y+{+a�,> a�,

� � a�

Vlqfh y lv F6
dqg { lv erxqghg/ wkh lqhtxdolw| deryh vkrzv wkdw Y{

lv d Olsvfklw} ixqfwlrq1

Pruhryhu/ li { lv frqwlqxrxv dw �/ wkhq

g

g�
Y{+�, @ y�+{+�,> �,=

E| wkh Ixqgdphqwdo Wkhruhp ri Fdofxoxv/ zh jhw +l,1

+ll, Iurp +l,/ w+�, @ Y{+�,� y+{+�,> �,/ iru doo � 5 �1 Wkxv/ lw lv hdv| wr vhh wkdw

Y +{+�,> w+�,> �,� Y +{+a�,> w+a�,> �, @

] �

a�

� ] {+��,

{+a�,

y{�+�{> ��,g�{

�
g��

iru doo �> a� 5 �1

Ohw a�3 5 ^�> �, vxfk wkdw y{�+{+a�3,> a�3, A 31 E| wkh uljkw frqwlqxlw|/ wkhuh h{lvwv �3 A a�3
vxfk wkdw wkh frqyh{ kxoo ri i+�5> {+�4,,> �4> �5 5 ^a�3> �3, dqg �4 � �5j lv lq wkh uhjlrq

y{� A 31 Ohw +d> e, eh d pd{lpdo lqwhuydo lq L vxfk wkdw {+a�3, A {+�,/ iru doo � 5 +d> e,1 Li



�e

d @ a�3/ wkhq wkh grxeoh lqwhjudo deryh zloo eh qhjdwlyh iru a� @ d dqg � @ e1 Li d A a�3/ wkhq wkh

ohiw olplw ri wkh grxeoh lqwhjudo zloo eh dovr qhjdwlyh iru a� @ d� dqg � @ e +vlqfh +d> e, lv pd{lpdo

dqg {�+d, � {+a�3,,1 Lq erwk fdvhv zh kdyh d frqwudglfwlrq zlwk wkh LF frqvwudlqw1 Wkhuhiruh/

{+a�, � {+�,/ iru doo � 5 L 1 T1H1G1

51 Surri ri Wkhruhp 4=

+l, Gh�qh d orfdo lqyhuvh iru { dw a�1 Dsso|lqj Ixelql*v Wkhruhp dqg wdnlqj wkh uljkw +ohiw, ghulydwlyh

dw {+a�, dqg revhuylqj wkdw {+a�, lv d plqlpxp srlqw iru �+�> �,/ zh jhw wkh uhvxow1

+ll, Revhuyh wkdw li zh �{ a�/ � lv d plqlpxp srlqw ri �{+�> a�,1 Wkxv/ wkh uhvxow lv d gluhfw frqvhtxhqfh
ri wkh �uvw rughu frqglwlrqv1

+lll, Revhuyh wkdw li | @ {+�, @ {+a�,/ zlwk �> a� 5 �/ wkhq

�{+a�> �, @

] �

a�

� ] |

{+��,

y{�+�{> ��,g�{

�
g��

@ �

] a�

�

� ] |

{+��,

y{�+�{> ��,g�{

�
g�� @ ��{+�> a�,=

Vlqfh { lv lpsohphqwdeoh/ �{+�> a�, @ 31

Li { lv uljkw dqg ohiw lqfuhdvlqj dw a�/ dsso|lqj +l,/ zh jhw wkh uhvxow1 T1H1G1

61 Surri ri Wkhruhp 5=

Ohw +{q, eh d vhtxhqfh ri frqwlqxrxv lpsohphqwdeoh ghflvlrqv vxfk wkdw {q $ { lq wkh zhdn

wrsrorj|1 Lq sduwlfxodu/ {q $ { doprvw vxuho|1 E| wkh grplqdwhg frqyhujhqfh wkhruhp +vhh Uxglq

+4<:7,,/

+-,

] �

a�

] |

{+��,

y{�+�{> ��,g�{g�� � 3

zkhq | @ {+a�, ru | @ {�+a�,1

Jlyhq | lq wkh lqwhulru ri [+a�,/ iru q vx�flhqwo| odujh/ ohw a�q 5 � vxfk wkdw {q+a�q, @ |

+vxfk a�q h{lvwv ehfdxvh {q dvvxph ydoxhv forvh wr {�+a�, dqg wr {+a�, iru odujh q,1 Wkhq/ e| wkh

prqrwrqlflw| ri {q/ zh fdq fkrrvh a�q vxfk wkdw a�q $ a�1 Djdlq/ e| wkh grplqdwhg frqyhujhqfh

wkhruhp/ +�, lv dovr wuxh iru vxfk |1
Frqyhuvho|/ li { lv vxfk wkdw wkh dvvrfldwhg fruuhvsrqghqfh [ lv lpsohphqwdeoh/ { fdq furvv

frqwlqxrxvo| iurp FV� wr FV. rqh wlph dw prvw1 Wkxv/ Ohppd 4 +ll, lpsolhv wkdw { lv qrq0lqfuhdvlqj

ru qrq0ghfuhdvlqj ru X 0vkdshg1 Ohw ^�4> �5` � �1 Li wkh LF frqvwudlqw lv qrw elqglqj rq wklv lqwhuydo/

zh fdq dssur{lpdwh wkh glvfrqwlqxlwlhv ri { e| d frqwlqxrxv prqrwrqh sduw1 Rwkhuzlvh/ zh fdq xvh

wkh pdujlqdo udwh ri vxevwlwxwlrq dqg uhqw lghqwlwlhv wr dssur{lpdwh { e| d prqrwrqh ghflvlrq rq wklv

lqwhuydo1 Wklv surfhgxuh lq erwk fdvhv ohdgv wr dq lpsohphqwdeoh frqwlqxrxv ghflvlrq dv forvh dv rqh

zdqwv wr { lq wkh zhdn wrsrorj| vhqvh1 T1H1G1

71 Surri ri Ohppd 5=



�D

Frqvlghu wkh wrsrorj| ri wkh srlqwzlvh frqyhujhqfh dw wkh frqwlqxrxv srlqwv ri wkh olplw/ l1h1/

{q frqyhujhv wr { li dqg rqo| li {q+�, $ {+�, iru hyhu| � 5 � zkhuh { lv frqwlqxrxv1 Lw lv zhoo

nqrzq wkdw hyhu| erxqghg dqg forvhg vhw lq F lv frpsdfw zlwk uhvshfw wr wklv wrsrorj| +vhh Eloolqjvoh|

+4<;9,,1

Lw lv hdv| wr vhh wkdw li {q lv d vhtxhqfh ri lpsohphqwdeoh xqlirupo| erxqghg f�dgo�dj ghflvlrqv

frqyhujlqj wr {/ wkhq { 5 F lv erxqghg1 Pruhryhu/ iru hdfk �> a� 5 � frqwlqxrxv sdudphwhuv iru {/

�{q+�> a�, $ �{+�> a�, ehfdxvh {q+�, $ {+�, dqg {q+a�, $ {+a�,1 Vlqfh { lv d f�dg�dj ghflvlrq/

wkh LF frqvwudlqw lv vdwlv�hg dw { iru hyhu| � dqg a�1 Li {q furvvhv {3 dw prvw rqh wlph/ iru hdfk

q/ wkhq lw lv hdv| wr vhh wkdw { kdv wkh vdph surshuw| +rwkhuzlvh/ wkhuh zxrog h{lvw q vxfk wkdw {q
furvvhv {3 pruh wkdq rqh wlph,1 Wkhuhiruh/ wkh vhw ri lpsohphqwdeoh ghflvlrqv lq F wkdw furvv {3 dw

prvw rqh wlph lv forvhg1

Ilqdoo|/ wkh remhfwlyh ixqfwlrq ri +S, lv frqwlqxrxv zlwk uhvshfw wr wkh frqvlghuhg wrsrorj|1 Wkxv/

e| wkh Zhlhuvwudvv Wkhruhp/ wkhuh h{lvwv dq rswlpdo ghflvlrq iru +S, lq wkh vhw ri xqlirupo| erxqghg

f�dgo�dj ghflvlrqv1 T1H1G1

81 Surri ri Wkhruhp 7=

Frqvlghu wkh iroorzlqj wudqvirupdwlrq= W iurp ?7
wr ?5

/ W @ +W4> W5,/ zkhuh+
W4+�> {> a�> a{, @ y{+a{> �,� ay{

W5+�> {> a�> a{, @ y� � y�+a{> �,

zkhuh kdw phdqv wkdw wkh ixqfwlrq lv fdofxodwhg dw +a{> a�, dqg zlwkrxw kdw phdqv wkdw lw lv fdofxodwhg

dw +{> �,1

Wkh Mdfreldq ri W zlwk uhvshfw wr wkh yduldeohv +a�> a{, lv=

M+a�>a{,W @

�
�ay{� y{{+a{> �,� ay{{
3 �y{�+a{> �,

�
zlwk ghwhuplqdqw mM+a�>a{,W m @ ay{�y{�+a{> �, ? 31 E| wkh Lpsolflw Ixqfwlrq Wkhruhp/ iru hdfk

+�> {> a�> a{, vxfk wkdw W +�> {> a�> a{, @ +3> 3,/ wkhuh h{lvwv d orfdo qhljkerukrrg ri +�> {, zkhuh zh

fdq sxw +a�> a{, dv d frqwlqxrxv gl�huhqwldeoh ixqfwlrq ri +�> {,= +a�> a{, @ *+�> {,/ * @ +*4> *5,1
Lq wklv fdvh=

�
M+a�>a{,W

�
�4

@
4

ay{�y{�+a{> �,

�
�y{�+a{> �, ay{{ � y{{+a{> �,

3 �ay{�

�
dqg

M+�>{,W @

�
ay{�+a{> �, 3

y�� � y��+a{> �, y{�

�
zklfk lpsolhv wkdw

M+�>{,* @
4

ay{�y{�+a{> �,

�
y{�+a{> �,

5 . ^ay{{ � y{{+a{> �,`^y�� � y��+a{> �,` y{�^ay{{ � y{{+a{> �,`
ay{�^y��+a{> �,� y��` �y{�ay{�

�
dqg mM+�>{,*m @ y{�@ay{� 1



�S

Lq rughu wr jhw wkh �uvw rughu frqglwlrqv/ zh kdyh wr wdnh wkh Jdwhdx{ ghulydwlyh ri wkh ixqfwlrqdo

gh�qhg iurp wkh pd{lpl}dwlrq sureohp deryh1 Dvvxph wkdw {m^�4>�5` lv lqfuhdvlqj dqg gh�qh wkh vsdfh

ri dgplvvleoh shuwxuedwlrqv=
55

K @ ik= ^�4> �5` $ ?> F4> k+�l, @ 3> l @ 4> 5> dqg {� . k lv lqfuhdvlqj j

dqg wkh remhfwlyh ixqfwlrqdo=

I +{, @

] �5

�4
i+{+�,> �,g� .

] *+�4>{�+�4,,

*+�5>{�+�5,,

i+{+�,> �,g�

@

] �5

�4
ii+{+�,> �,� ^C{*

4+�> {+�,, b{+�, . C�*
4+�> {+�,,`i+{+�,> *+�> {+�,,,jg�

zkhuh { @ {� . k
Wkh �uvw rughu frqglwlrq jlyhv +rplwwlqj wkh dujxphqwv ri wkh ixqfwlrq dqg sxwwlqj d kdw zkhq

wkh ixqfwlrq lv fdofxodwhg dw *,=

�kI +{�, @

] �5

�4
ii{k� ^+C{{*

4 b{� . C{�*
4,k. C{*

4 bk` ai

� ^C{*
4 b{� . C�*

4`+ ai{C{*
5 . ai�C{*

4,kjg� @ 3=

E| dq lqwhjudwlrq e| sduwv zh kdyh

�

] �5

�4
^ aiC{*

4` bkg� @

] �5

�4

b
+ aiC{*4,kg�

@

] �5

�4
i^ ai{+C{*

5 b{� . C�*
5, . ai�+C{*

4 b{� . C�*
4,`C{*

4

. ai+C{{*
4 b{� . C{�*

4,jkg�=

Soxjjlqj wklv odvw htxdwlrq lqwr wkh �uvw rughu frqglwlrq/ zh jhw] �5

�4
ii{ � ai{^C�*

4C{*
5 � C�*

5C{*
4`jkg� @ 3

ru ] �5

�4
^i{ � ai{mM*+�>{,m`kg� @ 3=

Wkxv/

D @ i{ �
y{�
ay{�

ai{ @ 3> zklfk lv htxlydohqw wr

i{
y{�

@
ai{
ay{�

= T1H1G1

22 E| wkh xqltxhqhvv ri 	w iru hdfk w M dw�c w2o vxfk wkdw x%
�

Ewc 	w� ' f/ li A  f dorqj % n �/

wkhq %W n � lv lpsohphqwdeoh iru � M M vx�flhqwo| vpdoo1



�.

91 Surri ri Wkhruhp 8=56

Li { lv frqwdlqhg lq FV�/ wkhq lw lv qrq0lqfuhdvlqj dqg wkh ghflvlrq |+�, @ {4+�, b {3+�, lv

lpsohphqwdeoh dqg grplqdwhv { +| lv d ghjhqhudwh X0vkdshg ghflvlrq
57

1, Vxssrvh qrz wkdw { lv lq

FV.1 Wkxv/ { furvvhv ru grhv qrw furvv {41 Lq erwk fdvhv/ zh zloo frqvwuxfw dq lpsohphqwdeoh ghflvlrq

wkdw furvvhv {3 dqg grplqdwhv {1
Ohw �p eh wkh plqlpxp iru {41 Iru hdfk �4 5 ^�p> �` zh fdq gh�qh wkh iroorzlqj ghflvlrq=

|+�, @

;AAA?AAA=
{4+�, iru � � �4

{4+�4, iru *+�4> {4+�4,, b � ? � � �4

{4+*+�> {4+�,,, iru *+�> {4+�,, b � � � � *+�4> {4+�4,, b �

{4+�, iru � � � � *+�> {4+�,, b �

zkhuh * lv gh�qhg lq wkh surri ri Wkhruhp 7 deryh vxfk wkdw { @ a{1
Zh fodlp wkdw D6 lpsolhv wkdw | lv X0vkdshg zkhq *+�4> {4+�4,, A �1 Lqghhg/ gh�qh �+�, @

*+�> {4+�,,1 Zh kdyh wkdw b� @ *� . *{ b{4 +rplwwlqj wkh dujxphqwv ri wkh ixqfwlrqv, dqg/ lq

sduwlfxodu/

b�+�p, @ *�+�p> {4+�p,, @
y{�+{4+�p,> �p,

y{�+{4+�p,> *+�p> {4+�p,,,
? 3=

ehfdxvh b{4+�p, @ 31
Li wkhuh h{lvw �4> �5 5 �/ �4 9@ �5/ vxfk wkdw �+�4, @ �+�5, dqg b{+�l, � 3/ wkhq wkh

lpsolflw vroxwlrq ri y{+�> �+�,, � y{+�> �, @ 3 furvvhv {4 dw �l/ l @ 4> 5/ zklfk frqwudglfwv D61

Wkxv/ � lv prqrwrqh zkhuh {4 lv lqfuhdvlqj1 Vlqfh b�+�p, ? 3/ � lv qrq0lqfuhdvlqj ru/ htxlydohqwo|/

| lv qrq0lqfuhdvlqj rq ^�> *+�4> {4+�4,,`1
Dv lq wkh surri ri Ohppd 6/ | lv lpsohphqwdeoh1 Li { grhv qrw furvv {4/ ohw �4 @ �p/ dqg li

lw grhv furvv/ frqvlghu �4 dv wkh sdudphwhu zkhuh wkh furvvlqj rffxuv1 Lq erwk fdvhv/ lw lv hdv| wr vhh

wkdw | grplqdwhv {1
E| Ohppd 5*/ ohw {� eh wkh rswlpdo ghflvlrq dqg ^�4> �5` � � dqg lqwhuydo1 Zh kdyh wkh

iroorzlqj srvvlelolwlhv rq ^�4> �5`=
+l, wkh LF frqvwudlqw lv qrw elqglqj= pdnlqj wkh vwdqgdug yduldwlrqdo fdofxoxv dujxphqw/ {� � {4

rq ^�4> �5`>
+ll, wkh LF frqvwudlqw lv elqglqj= li {� lv sduw ri wkh _X% +l1h1/ zkhuh wkh pdujlqdo udwh ri

vxevwlwxwlrq lv elqglqj,/ xvlqj Wkhruhp 7*/ wkhq {� � {x> rwkhuzlvh/ {� lv frqvwdqw dqg lw lv qrw

sduw ri d _X% rq ^�4> �5`1 Wkhq/ frqvlghu wkh pd{lpdo lqwhuydo frqwdlqlqj ^�4> �5` zkhuh {� lv

frqvwdqw1 Wklv fdvh zloo ohdg wr {� � �{ rq wklv pd{lpdo lqwhuydo1

Wkxv/ wkh rswlpdo ghflvlrq kdv rqh ri wkh vkdshv suhvhqwhg lq wkh vwdwhphqw ri wklv wkhruhp +l1h1/

{4 soxv X0vkdshg sduw ru frqvwdqw sduw soxv {4,1
Revhuyh wkdw wkh �uvw fdvh lv htxlydohqw wr wkh vlqjoh furvvlqj vlwxdwlrq dqg lw lv rswlpdo lq wkh

vhw ri wkh ghflvlrq wkdw duh qrq0ghfuhdvlqj +dqg lw lv lpsohphqwdeoh zkhq *+�4> �{, � �,1 Wkh vhfrqg

2�Wkh edvlf lghd ri wkh surri lv grplqdwlrq= wkh gh�qlwlrq ri d vhw ri lpsohphqwdeoh ghflvlrqv

wkdw wkh sulqflsdo lv ehwwhu r�/ l1h1/ jlyhq dq| lpsohphqwdeoh ghflvlrq/ wkhuh h{lvw dq lpsohphqwdeoh

ghflvlrq lq wklv vhw wkdw lv pruh forvh wr %�1 Lq wklv surri/ wklv vhw lv jlyhq e| %� soxv d X0vkdshg sduw

ru frqvwdqw sduw soxv %�1
2e E| X0vkdshg sduw zh phdq dq lqwhuydo zkhuh wkh pdujlqdo udwh ri vxevwlwxwlrq dqg uhqw lghq0

wlwlhv duh _elqglqj% dqg d X0vkdshg ghflvlrq lv wkh rqh wkdw frqwdlqv d X0vkdshg sduw1



�H

fdvh lv wkh X0vkdshg rqh fkdudfwhul}hg e| Wkhruhp 7 +l, +dqg lwv lpsohphqwdelolw| e| Wkhruhp 6,1 Zh

dujxh wkdw lq wklv fdvh wkh ghflvlrq suhvhqwhg lv rswlpdo lq wkh vhw ri X0vkdshg ghflvlrq1 Lqghhg/ �{

� 5 �1 Revhuyh wkdw lq wkh fdvh ri Wkhruhp 7*/ e| dvvxpswlrqv D4 dqg D5/ li { lv vx�flhqwo| vpdoo/

wkh h{suhvvlrq D A 3 +gh�qhg lq wkh surri ri Wkhruhp 7, dqg li { lv vx�flhqwo| odujh/ D ? 3158

Wklv suryhv wkdw wkh �uvw rughu frqglwlrq ri wkh X0vkdshg sduw lv dovr vx�flhqw zkhq lw lv wkh xqltxh

fulwlfdo srlqw iru hdfk � wkdw gh�qhv dq lpsohphqwdeoh ghflvlrq1 T1H1G1

:1 Surri ri Ohppd 6=59

Zh kdyh wr vkrz wkdw �{+�> a�, � 3/ iru doo �> a� 5 �1 Ohw xv frqvlghu wkh iroorzlqj fdvhv=

31 a�> � 5 ^�4> �5`1 Zlwkrxw orvv ri jhqhudolw|/ dvvxph wkdw a� � �1 Wkhuh duh wzr fdvhv wr frqvlghu=

3141 � � *+a�> {+a�,,1 Xvlqj Ixelql*v Wkhruhp/

�{+�> a�, @

] {+a�,

{p

� ] *5+�{,

*4+�{,

y{�+�{> ��,g��

�
g�{

@

] {+a�,

{p

^y{+�{> *4+�{,,� y{+�{> *5+�{,,`g�{

zkhuh {p lv wkh plqlpxp ri { dqg*4> *5 duh wkh wzr lqyhuvhv ri { rq ^{p> {+�4,`/ zkhuh*5+{, @

�/ iru doo { 5 ^{+�,> {+a�,`1 Iurp Wkhruhp 4 +lll,/ y{+�{> *4+�{,, � y{+�{> *5+�{,,/ iru doo �{ 5

^{p> {+a�,` +zlwk htxdolw| rq ^{p> {+�,`,1 Wkxv/ �{+a�> *+a�> {+a�,,, � 31 +Revhuyh wkdw li � @

*+a�> {+a�,,/ wkhq �{+a�> *+a�> {+a�,,, @ 31,

3151 � � *+a�> {+a�,,1 Zh kdyh wkdw

�{+�> a�, @

] *+a�>{+a�,,

�

] {+a�,

{+��,

y{�+�{> ��,g�{g�� .

] a�

*+a�>{+a�,,

] {+a�,

{+��,

y{�+�{> ��,g�{g��

@

] *+a�>{+a�,,

�

] {+a�,

{+��,

y{�+�{> ��,g�{g�� � 3

ehfdxvh �{+a�> *+a�> {+a�,,, @ 3 dqg e| wkh prqrwrqlflw| rq ^*+a�> {+a�,,> �`1

41 a� � �3 zklfk jhqhudwhv wkh iroorzlqj vxe0fdvhv=

4141 � � a�1 Wkh prqrwrqlflw| lpsolhv wkdw/ iru hdfk �� 5 ^�> a�`/ {+��, � {+a�, dqg wkh ghulydwlyh ri

�{ zlwk uhvshfw wr � lv

C��
{+��> a�, @ y�+{+��,> ��,� y�+{+a�,> ��, � 3=

+ehfdxvh y{� ? 3 rq wklv uhjlrq,1 Vlqfh �{+�> �, @ 3/ �{+a�> �, � 31

2D Vlqfh �%w dqg 	�%w kdyh rssrvlwh vljqv dqg s% dqg 	s% kdyh srvlwlyh vljqv zkhq % lv vpdoo dqg

duh qhjdwlyh zkhq % lv odujh1
2SRevhuyh wkdw wkh pdlq gl�huhqfh ehwzhhq wklv fdvh dqg wkh rqh wuhdwhg lq Ohppd 7 lv rq wkh

lqwhuydo dw�c w2o= lq iruphu fdvh/ wkh ghflvlrq lv X0vkdshg dqg lq odvw rqh/ wkh ghflvlrq lv frqvwdqw1



�b

4151 a� ? �1 Iluvw/ dvvxph wkdw a� @ �3� +wkh ohiw kdqg vlgh olplw dw �3,1 Gh�qh |+�, �

pd{i{+�,> {+�4,j1 E| dvvxpswlrq D6/ wkh ghulydwlyh C��
|+�> a�, fkdqjhv lwv vljq dw prvw rqh

wlph= qrq0qhjdwlyh dqg wkhq qrq0srvlwlyh1 Iurp wkh fdvh 3/

�{+�> a�, � �|+�> a�,

dqg �{+a�> a�, @ 3 lpso| wklv fdvh1

Iru wkh jhqhudo fdvh/ revhuyh wkdw �{+�> a�, � �{+�> �3�,/ ehfdxvh wkh ghulydwlyh

Ca��
{+�> a�, @ ^y{+{+a�,> a�,� y{+{+a�,> �,` b{+a�,

lv qrq0srvlwlyh1

51 a� A �3

514 � � a�1 Wklv fdvh lv d frqvhtxhqfh ri prqrwrqlflw| dqg fdvh 31

5151 �3 � � ? a�1 Wdnlqj wkh ghulydwlyh ri �{ zlwk uhvshfw wr a�/ zh jhw

Ca��
{+�> a�, @ ^y{+{+a�,> a�,� y{+{+a�,> �,` b{+a�,=

E| dvvxpswlrq D6/ wklv ghulydwlyh fkdqjhv lwv vljqdo dw prvw rqh wlph= qrq0qhjdwlyh dqg wkhq

qrq0srvlwlyh1 Vlqfh �{+a�> a�, @ 3/ li �{+�> a�, � 3/ wkhq �{+�> a�, � 31 Wkxv/ lw lv hqrxjk wr

suryh wkdw ] �

�

] {�+�3,

{+��,

y{�+�{> ��,g�{g�� � 3 +�,=

Revhuyh wkdw ] �

�3

] {�+�3,

{+��,

y{�+�{> ��,g�{g�� � 3

dqg C��
{+�> a�, @ y�+{+�,> �,� y�+{+a�,> �, fkdqjhv lwv vljqdo dw prvw rqh wlph +e| dvvxpswlrq

D6,= qrq0qhjdwlyh dqg wkhq qrq0srvlwlyh1 Wkhvh wzr fodlpv lpso| +�,1

5161 � ? �31 Zh kdyh wkdw

�{+�> a�, @ �{+a�> �3, .

] �3

�

] {+a�,

{+��,

y{�+�{> ��,g�{g��=

E| prqrwrqlflw| dqg fdvh 3/ �{+�3> a�, � 3 dqg
U �3
�

U {+a�,
{+��,

y{�+�{> ��,g�{g�� � 3/ zh jhw wkh

uhvxow1 T1H1G1

;1 Surri ri Ohppd 7=

Wkh surri lv dqdorjrxv wr wkh Ohppd 6 surri/ exw wkh fdvh 516 zklfk kdv wkh iroorzlqj prgl�0

fdwlrq=

516*1 Zh kdyh wr suryh wkdw
U �3
�

U |
{+��,

y{�+�{> ��,g�{g�� � 3/ iru doo | 5 ^{+�3,> {�+�3,`1 Iluvw/

wklv lqhtxdolw| lv wuxh iru | @ {�+�3,1 Wdnlqj wkh ghulydwlyh ri wklv grxeoh lqwhjudo zlwk uhvshfw wr

|/ zh jhw y{+|> �3, � y{+|> �,/ zklfk fkdqjhv lwv vljqdo dw prvw rqh wlph1 Wkxv/ lw lv hqrxjk wr

fkhfn wkh lqhtxdolw| dw | @ {+�3,1 Wdnlqj wkh uljkw ghulydwlyh ri �{+�> �3�, � 3 zlwk uhvshfw wr

� dw � @ �3/ zh jhw
y�+{�+�3,> �3,� y�+{+�3,> �3, � 3=

Vlqfh �{+�3> �3, @ 3/ zh kdyh wkh ghvluhg uhvxow1 T1H1G1



ef

DSSHQGL[ E
VHFRQG EHVW ZLWK LQIRUPDWLRQ= Wkh Xvh ri Orwwhulhv

Gh�qh wkh h{shfwhg xwlolw| ixqfwlrq ri wkh djhqw zlwk w|sh � rq wkh exqgoh +�> {4> {5> w,=

�Y +�> {4> {5> w> �, @ w. �y+{4> � mW4, . +4� �,y+{5> � mW5,

zkhuh � 5 ^3> 4` lv wkh suredelolw| wkdw wkh sulqflsdo zloo uhfrpphqg wkh xvh ri W4 zlwk surgxfwlrq

{4 dqg wkh suredelolw| 4� � zlwk surgxfwlrq {51
Qrz d frqwudfw lv gh�qhg e| +�> {4> {5> w,= � $ ^3> 4`�U.

5�U +w lv wkh h{shfwhg wudqvihu

ri wkh orwwhu|,1

Wr dyrlg h{wud gl�fxowlhv/ dvvxph wkh prqrwrqh kd}dug udwh frqglwlrq=

PKUF= P4+�, @
S +�,
s+�, dqg P5+�, @

S +�,�4
s+�, duh qrq0ghfuhdvlqj rq �1

Ohw xv lqwurgxfh vrph qrwdwlrq= �y+�> {4> {5> �, @ �^�+4� �,�5{4
5 . +4� �,��5{5

5`
lv wkh djhqw*v h{shfwhg frvw ixqfwlrq lq wkh orwwhu|/ dqg �x+�> {4> {5, @ �{4 . +4 � �,{5 lv wkh

sulqflsdo*v h{shfwhg uhyhqxh1 Wkxv/ �Y +�> {4> {5> w> �, @ w. �y+�> {4> {5> �,1

Surfhhglqj lq dq dqdorjrxv pdqqhu/ wkh uhod{hg ixqfwlrqdo lv

�i+�> {4> {5> �, @ �x+�> {4> {5, . �y+�> {4> {5> �, . Y+�>{4>{5,+�,

zkhuh Y+�>{4>{5,+�, @
U �
3 �y�+�+��,> {4+��,> {5+��,> ��,g�� . Y+�>{4>{5,+3, lv wkh w|sh � djhqw*v

uhqw ixqfwlrq1 Ilqdoo|/ frqvlghu wkh iroorzlqj vshfldo fdvhv ri wkh ghjhqhudwh orwwhulhv=
5:

i l+{l> �, @ �x+5� l> {4> {5, . �y+5� l> {4> {5> �, . Y+5�l>{4>{5,+�,

iru l @ 4> 51 Wkxv/ diwhu dq lqwhjudwlrq e| sduwv/

i l+{l> �, @ x+{l> �, . y+{l> � mWl, .Pl+�,y�+{l> � mWl,=

Iluvw/ ohw xv wuhdw wkh fdvh zkhuh wkh sulqflsdo lv surklelwhg iurp udqgrpl}lqj
5;
/ l1h1/ � lv htxdo

wr 3 ru 41 Wkh jdph zrunv dv iroorzv= wkh sulqflsdo ghvljqv d uhzdug vfkhgxoh edvhg rq wkh whfkqrorj|
fkrlfh= Wl $ +{l> wl,> l @ 4> 51 Wkh djhqw dffhswv ru uhmhfwv wklv vfkhgxoh1 Li kh dffhswv/ kh

dqqrxqfhv wkh yhul�deoh whfkqrorj| kh zloo xvh dqg wkh wuxwkixo w|sh1 Jlyhq wkh whfkqrorj| fkrlfh Wl/
wkh sulqflsdo*v remhfwlyh ixqfwlrq zloo eh i l+{l> �,1

Ghshqglqj rq wkh whfkqrorj| fkrlfh/ wkh sureohp lv d vwdqgdug dgyhuvh vhohfwlrq zlwk wkh VPF1

Wkhuhiruh/ {4 +uhvshfwlyho| {5, lv lpsohphqwdeoh li dqg rqo| li lw lv qrq0lqfuhdvlqj +uhvshfwlyho| qrq0

ghfuhdvlqj,1

Wkh sulqflsdo surylghv wzr frqwudfwv +rqh iru hdfk whfkqrorj| fkrlfh, dqg ghflghv zkhuh wr vkxw

grzq lq hdfk frqwudfw dqg wdnhv wklv lqwr frqvlghudwlrq wr ghwhuplqh klv remhfwlyh ixqfwlrq/ l1h1/ zkhq

2. D ghjhqhudwh orwwhu| lv wkh rqh lq zklfk k lv 3 ru 41
2H Li wkhuh lv qr frpplwphqw wr xvlqj orwwhulhv/ l1h1/ diwhu nqrzlqj wkh djhqw*v w|sh +h{0srvw, wkh

sulqflsdo fdq eldv wkh orwwhu| zkhq lw lv sur�wdeoh dqg wklv lv qrw yhul�deoh/ wkhq orwwhulhv gr qrw khos

h{0dqwh1
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wkh djhqw lv jrlqj wr fkrrvh W4 ru W51 Vlqfh y�+ � > � mWl, kdv frqvwdqw vljq/ wkh uhqw ixqfwlrq lv

prqrwrqh +jlyhq Wl,1 Wkhuhiruh/ wkhuh h{lvwv d xqltxh �l zkhuh wkh frqwudfw +{l> wl, lv vkxw grzq/

l1h1/ li l @ 4 +uhvshfwlyho| l @ 5,/ wkhq wkh uhqw ixqfwlrq iru doo w|shv � A �4 +uhvshfwlyho| � ? �5,
lv qhjdwlyh rq wkh frqwudfw +{l> wl,1 Zh kdyh wkh iroorzlqj fdvhv=

41 �4 ? �51 Wkh LU frqvwudlqw lv qrw vdwlv�hg rq wkh lqwhuydo +�4> �5, iru erwk frqwudfwv/ zklfk lv

qrw srvvleoh1

51 �4 A �51 Ghqrwh Yl
/ wkh uhqw ixqfwlrq rq wkh frqwudfw +{l> wl,1 Vlqfh Y4

lv ghfuhdvlqj/ Y5

lv ghfuhdvlqj/ Y4+�4, @ 3 ? Y5+�4, dqg Y5+�5, @ 3 ? Y4+�5,/ wkhq wkhuh h{lvwv d xqltxh

�3 5 +�5> �5, vxfk wkdw

Y4+�3, @

] �4

�3

y�+{4+�,> � mW4,g� @

] �3

�5

y�+{5+�,> � mW5,g� @ Y5+�3, A 3=

Wklv lpsolhv wkdw wkh sulqflsdo fdq h{wudfw wklv uhqw e| vxewudfwlqj lw iurp w4 dqg w5 dqg udlvh klv

sur�w1

Zkdw zh kdyh mxvw suryhq lv wkdw d sdlu ri frqwudfwv lv ihdvleoh li dqg rqo| li fdvh 5 lv wuxh dqg

wkh| duh zhdno| grplqdwhg e| rqh zkhuh �4 @ �51 Qrz/ lw lv yhu| hdv| wr fkdudfwhul}h wkh vhfrqg

ehvw frqwudfw +{VE4 > {VE5 > �,1 Wkh qhfhvvdu| +dqg vx�flhqw, �uvw rughu frqglwlrqv duh=

i4{+{
VE
4 +�,> �, @ 3 li � 5 ^3> �3`

i5{+{
VE
5 +�,> �, @ 3 li � 5 ^�3> 4`

dqg

� @

�
4 li � 5 ^3> �3`

3 li � 5 ^�3> 4`=

Wklv phdqv wkdw �3 lv ghwhuplqhg e| wkh lqwhuvhfwlrq ri wkh uhod{hg vroxwlrqv dqg lw lv wkh rqo|

w|sh wkdw kdv }hur uhqw dqg lw lv rswlpdo wr lqgxfh doo w|shv � ? �3 +uhvshfwlyho| � A �3, xvh
whfkqrorj| W4 +uhvshfwlyho| W5,1 Revhuyh wkdw PKUF lpsolhv wkdw {VE4 lv ghfuhdvlqj dqg {VE5 lv

lqfuhdvlqj1 Wkxv/ wklv sdlu ri frqwudfwv duh lpsohphqwdeoh iru wkh vhfrqg ehvw sureohp1 Li wklv zhuh

qrw wkh fdvh zh zrxog kdyh wr frqvlghu wkh _lurqlqj sulqflsoh%1

Ohw xv uhwxuq wr wkh fdvh lq zklfk wkh sulqflsdo fdq frpplw wr xvh orwwhulhv1 Wdnlqj wkh ghulydwlyh

ri �i zlwk uhvshfw wr {l/ lw lv hdv| wr vhh wkdw qrq ghjhqhudwh orwwhulhv zloo eh xvhg rq wkh lqwhuydov

zkhuh wkh LU frqvwudlqwv duh elqglqj/ l1h1/ zkhuh wkh uhqw ixqfwlrq lv qxoo1 Iru wkh uhvw ri wkh lqwhuydo

wkh rswlpdo frqwudfw lv fkdudfwhul}hg e|= i l{+{l> �, @ 3 zkhq � @ 5� l1
Wkhuhiruh/ zh kdyh wr fkdudfwhul}h wkh lqwhuydov zkhuh wkh uhqw ixqfwlrq lv qxoo1 Krzhyhu/ li wkh

uhqw ixqfwlrq lv frqvwdqw rq +�4> �5, dorqj dq lpsohphqwdeoh frqwudfw +�> {4> {5,/ wkhq

�y�+�+�,> {4+�,> {5+�,> �, @ 3> ;� 5 +�4> �5,=

Wklv lpsolhv wkdw +rplwwlqj wkh ghshqghqfh ri wkh frqwudfw rq �,=

� @
��6{55

+4� �,�6{54 . ��6{55
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rq wkh lqwhuydo +�4> �5,1
Soxjjlqj wklv odvw htxdwlrq lqwr wkh remhfwlyh ixqfwlrq ri wkh sulqflsdo/ rq wkh lqwhuydo +�4> �5,/

lw zloo eh

�+{4> {5> �, @
{4

�+�,6
�
{4
{5

�5
. 4

.
{5

�+�,�6
�
{5
{4

�5
. 4

�
+{4{5,

5

�6{54 . +4� �,6{55

zkhuh �+�, @ �
4�� 1

Lw lpphgldwho| iroorzv wkdw �+ � > � > �, lv d frqfdyh ixqfwlrqdo dqg wkdw �+{4> {5> �, @
�+{5> {4> 4 � �,/ iru doo +{4> {5> �,1 Wkhuhiruh/ li +{�4+�,> {

�

5+�,, lv wkh rswlpdo iru d jlyhq

�/ wkhq {�4+�, @ {�5+4� �,/ iru doo � 5 ^3> 4`1
Wkh �uvw rughu frqglwlrq jlyhv wkdw {�4 @ {�5 @ {� dqg/ frqvhtxhqwo|/

{�+�, @
4

5

� 4

�+�,6 . 4
.

4

�+�,�6 . 4

�
^�6 . +4� �,6`

dqg

��+�, @
4

�+�,6 . 4

iru doo � 5 +�4> �5,1
Wkh �uvw rughu frqglwlrq wkdw ghwhuplqhv �l +l @ 4> 5, lv

x+{l+�,> �l, . y+{l+�l,> �l, .Pl+�l,y�+{l+�l,> �l, @ �x+{�+�l,> �l, . �y+{�+�l,> �l,=

Wkhuhiruh/ �l lv ghwhuplqhg e| wkh frqwlqxlw| ri wkh sulqflsdo*v h{0srvw sur�w zkhq sdvvlqj iurp

udqgrpl}dwlrq wr qrq0udqgrpl}dwlrq1 Pruhryhu/ zkhq wr udqgrpl}h ru qrw ghshqgv rq zkhwkhu wkh

uljkw kdqg vlgh ri wkh odvw htxdwlrq lv juhdwhu wkdq wkh ohiw kdqg vlgh ru qrw/ uhvshfwlyho|1

Lq jhqhudo/ pdq| lqwhuydov fdq dsshdu lq wkh rswlpdo frqwudfw dqg lw lv qrw hdv| wr ghwhuplqh

wkhp1 Krzhyhu/ wkh v|pphwulf fdvh lv yhu| vlpsoh wr ghdo zlwk1 Li wkh glvwulexwlrq lv v|pphwulf zlwk

uhvshfw wr 4@5/ wkhq lw lv hdv| wr suryh wkdw wkrvh lqwhuydov duh ghwhuplqhg e| wkh lqwhuvhfwlrq ri {�

dqg {VE dqg udqgrpl}dwlrq rffxuv li dqg rqo| li {� lv deryh {VE 1

Zh kdyh wr fkhfn wkdw wklv udqgrpl}hg uhod{hg frqwudfw lv lqfhqwlyh frpsdwleoh lq rughu wr

frqfoxgh wkdw lw lv wkh vhfrqg ehvw vroxwlrq1 Ohw xv dqvzhu wklv txhvwlrq lq wkh v|pphwulf glvwulexwlrq

fdvh1 Iru vlpsolflw|/ dvvxph wkdw wkhuh lv mxvw rqh lqwhuydo zkhuh udqgrpl}dwlrq rffxuv= +�4> �5, +wkxv/
�5 @ 4� �4,1 Irupdoo|/ zh kdyh wr fkhfn wkdw

��{VE +�> a�, � 3> ;�> a� 5 ^3> 4`

rq wkh udqgrpl}hg uhod{hg vroxwlrq/ zkhuh ��{ fruuhvsrqgv wr wkh ixqfwlrq �y1 Wkhuh duh vhyhudo fdvhv
wr frqvlghu=

41 �> a� 5 ^3> �4` ru �> a� 5 ^�5> 4`= Wkh lqfhqwlyh frpsdwlelolw| lv dq lpphgldwh frqvhtxhqfh ri

prqrwrqlflw| ri {VE4 dqg {VE5 dqg wkh VPF1

51 �> a� 5 ^�4> �5`= Qrwh wkdw

�y�+{
�+a�,> �, @ �5^��+a�,+4� �,�6 � +4� ��+a�,,��6`{�+a�,5
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dqg/ e| wkh gh�qlwlrq ri �� dqg �y�+{
�+�,> �, @ 3/ zh kdyh wkdw � A a� li dqg rqo| li

�y�+{
�+a�,> �, ? 31 Wkxv

��{
VE

+�> a�, @

] a�

�

�y�+{+a�,> ��,g�� �

] a�

�

�y�+{+��,> ��,g��

@

] a�

�

�y�+{+a�,> ��,g�� � 3=

Wklv lpsolhv wkdw wkh LF frqvwudlqw lv vdwlv�hg1

Wkh uhpdlqlqj fdvhv uhgxfh wr wkhvh wzr1
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DD

WDEOH 4
QrqOlqhdu Sulflqj

414 d @ 4 e @ 4

f R=Y=3 R=Y=4 R=Y=5 U=Y= I=E=Y=
4=58 3=54<9; 3=55655 3=55847 3=5587: 3=647:;
4=8 3=4<<39 3=53469 3=53598 3=53635 3=5<6;:
4=:8 3=4;735 3=4;837 3=4;87: 3=4;8:; 3=5:89;
5=3 3=4:3<9 3=4:487 3=4:488 3=4:4:; 3=58<:
5=58 3=48<9; 3=48<;< 3=48<38 3=4933: 3=57886
5=8 3=47<;7 3=47<<4 3=47<<5 3=48337 3=565;:
5=:8 3=47454 3=47458 3=47456 3=47465 3=5548
6=3 3=4669 3=4669 3=4669 3=46698 3=5445
6=58 3=459:< 3=459:< 3=459:< 3=459;6 3=534;8
6=8 3=4539< 3=4539< 3=4539< 3=453:6 3=4<66
6=:8 3=4484; 3=4484; 3=4484; 3=44854 3=4;879
7=3 3=4434: 3=4434: 3=44354 3=44354 3=4:;58
7=58 3=43897 3=43897 3=43897 3=43897 3=4:48;

415 d @ 5 e @ 4

f R=Y=3 R=Y=4 R=Y=5 U=Y= I=E=Y=
7=8 3=567;73 3=568733 3> 568763 3=5687<3 3=5;;893
8=3 3=555535 3=555593 3> 555593 3=5556;3 3=5:8:;3
8=8 3=543853 3=543993 3=543983 3=543:83 3=597433
9=3 3=533593 3=533643 � 3=533693 3=5866<3
9=8 3=4<3<:3 3=4<3<;3 � 3=4<4343 3=576853
:=3 3=4;5853 3=4;5863 3=4;5863 3=4;5863 3=567733
:=8 3=4:7;43 3=4:7;43 3=4:7;43 3=4:7;43 3=558<73
;=3 3=49::83 3=49::83 3=49::83 3=49::83 3=54;3;3
;=8 3=494583 3=494583 3=494583 3=494593 3=543:83

zkhuh � phdqv wkdw wkhuh lv qr ihdvleoh vroxwlrq iru wkh rswlpl}dwlrq surjudp1



DS

WDEOH 5
Oderu Frqwudfw

514 v @ 5 � @ 5

� R=Y=3 R=Y=4 R=Y=5 U=Y= I=E=Y=
5=3 7=4866 7=4866 7=4866 7=4866 7=6666
5=5 7=5557 7=5557 7=5557 7=5557 7=8666
5=7 7=5868 7=5868 7=586: 7=586; 7=:666
5=9 7=5865 7=5867 7=5875 7=5879 7=<666
5=; 7=55:: 7=55<; 7=5649 7=5658 8=4666
6=3 7=4;67 7=4;:9 7=4<75 7=4<8: 8=6666
6=5 7=4599 7=4696 7=484: 7=486; 8=8666
6=7 7=3974 7=3<86 7=447< 7=44:8 8=:666
6=9 7=33;: 7=397 7=3<:5 7=4336 8=<666
6=; 6=<938 7=383; 7=4494 7=453: 9=4666

515 v @ 4=8 � @ 5

� R=Y=3 R=Y=4 R=Y=5 U=Y= I=E=Y=
5=3 5=4866 5=4866 5=4866 5=4866 5=6666
5=5 5=3557 5=3557 5=3557 5=3557 5=6666
5=7 4=;868 4=;869 4=;86: 4=;86; 5=6666
5=9 4=9865 4=9867 4=9875 4=9879 5=6666
5=; 4=75:: 4=75<; 4=7649 4=7658 5=6666
6=3 4=4;67 4=4;:9 4=4<75 4=4<8: 5=6666
6=5 3=<5996 3=<695: 3=<8499 3=<86:; 5=6666
6=7 3=9973< 3=9<86 3=:47<7 3=:4:7< 5=6666
6=9 3=73;:4 3=796<; 3=7<:55 3=83365 5=6666
6=; 3=4937; 3=583;7 3=64939 3=6539< 5=6666

zkhuh
R1Y1 3= Rswlpdo Ydoxh 3 0 wkh h{shfwhg yluwxdo vxusoxv dw {rsw3
R1Y1 4= Rswlpdo Ydoxh 4 0 wkh h{shfwhg yluwxdo vxusoxv dw {rsw4
R1Y1 5= Rswlpdo Ydoxh 5 0 wkh h{shfwhg yluwxdo vxusoxv dw {rsw5
U1 Y1= Uhod{hg Ydoxh 0 wkh h{shfwhg yluwxdo vxusoxv dw {4
I1E1 Y1= Iluvw Ehvw Ydoxh 0 wkh sulqflsdo*v �uvw0ehvw h{shfwhg xwlolw|


