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Abstract
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agents in a network and aimed at minimizing (maximizing) aggregate effort levels. Different
from the existing literature, we allow the equilibrium network to adapt after a network
intervention and consider targeting of multiple agents. A simple and tractable adjustment
process is introduced. We find that allowing the network to adapt may overturn optimal
targeting results for a fixed network and that congestion/competition effects are crucial to

understanding differences between the two settings.
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1 Introduction

Important policy considerations are related to optimal targeting and, more precisely, the elim-
ination and preservation of agents in a network. For the former, consider crime control. Law
enforcement agencies may wish to minimize aggregate crime levels by removing agents from a
crime network. For the latter, consider production choices of firms engaging in bilateral R&D
agreements. In times of crisis, governments may wish to keep aggregate production levels as
high as possible by saving a subset of firms in financial distress. We show in this paper that
optimal targeting in an adaptive network may be very different from optimal targeting in a
fixed network. Not taking changes in agents’ linking behavior into account may imply not only
suboptimal policies, but can have unintended and undesired consequences. In crime networks,
for example, following an optimal targeting policy under the assumption that the network is
fixed, when in fact it adapts, may lead to an increase in aggregate crime levels. We show that
at the heart of differences between optimal targeting in fixed vs. adaptive networks lie conges-
tion and competition effects. A more detailed discussion of targeting policies, including their
implementability in practice, is provided in a separate section toward the end of the paper.

To study targeting policies in an adaptive network, we assume the linear quadratic payoff
specification proposed in Ballester et al. (2006), which is also commonly used to study crime and
R&D networks. Agents are embedded in a network and can choose a continuous, non-negative
effort level. Locally, effort levels are strategic complements and induce positive externalities,
while globally effort levels are strategic substitutes and induce a negative externality.! A planner
may eliminate up to, but not necessarily equal to, a given number of agents from a network.?
Thereafter, a simple and tractable adaption process with the following properties ensues. Agents
are assumed to be myopic and, as in pairwise Nash equilibrium and pairwise stability, link
formation is separated from link deletion. In the link formation stage, any link is added that is
profitable for a pair of agents in isolation, given the current network and the corresponding vector
of Nash equilibrium effort levels. In the link deletion stage, agents best respond to the current
network by deleting any subset of links. In between link formation and link deletion stages, agents
adjust their effort levels to the Nash equilibrium effort level of the current network, i.e., after
links were added or deleted. We call this process pairwise best response dynamics. An optimal
targeting policy then prescribes eliminating sets of agents such that the sum of discounted effort
levels is minimal, where we allow for the option to not intervene at all.

The initial configuration is assumed to be a pairwise Nash equilibrium. These equilibria are

relevant for two reasons. First, pairwise best response dynamics only converge to a pairwise Nash

'We provide formal derivations of the payoff function for the two main applications in the appendix.

20Optimal elimination policies with multiple agents are known to be a particularly difficult problem for fixed
networks. Ballester et al. (2010) show that finding a “key group” is NP-hard. The authors provide a greedy
algorithm to find such a group.



equilibrium. Second, all pairwise Nash equilibria display nested split graphs (see Hiller, 2020).3
Nested split graphs are a particular type of core-periphery network in which agents with a higher
number of links are connected to all agents to which agents with fewer links are connected. These
networks are of interest in our context because they have empirical support for the applications
considered.* Note that we assume that agents do not anticipate being targeted. The planner’s
targeting decision therefore does not enter agents’ payoff functions. Although interesting, we
follow the literature in this respect and the latter considerations are outside the scope of the
present paper.®

We show that if the parameter governing global substitution effects is sufficiently small (and
the network is not empty), then optimal targeting boils down to the following simple policy:
Eliminate the maximum number of agents and target those agents that are most central. In a
nested split graph the most central agents are also the ones with the highest number of links
and display the highest effort levels. That is, in this case the optimal policy provides a sufficient
statistic that does not require knowledge of the whole network. The intuition for this result is
that with small substitution/congestion effects no pair of agents finds it profitable to create a link
in any time period after the elimination, while agents’ incentives to delete links are largest. The
network is (weakly) sparsest and consists of the minimal number of agents in any time period.
One can show that discounted aggregate effort levels are therefore also lowest. The optimal
targeting policy then coincides with the case when the network does not adapt. Note, however,
that this is due to the absence of targeting cost. Not taking subsequent link deletions into account
underestimates the effect of targeting on aggregate effort levels. Therefore, with costly targeting,
the optimal policy may differ from the fixed network case even in the absence of substitution
effects. We provide an example in the main part of the paper (Example 1). If, on the other hand,
the parameter governing global substitution effects is large, then agents may have incentives to
create new links in subsequent periods. In particular, it may now not be optimal to target the
most central agents. We first provide a sufficient condition such that, if the parameter governing
global substitution effects is sufficiently large, then there exists a pairwise Nash equilibrium for
which it is optimal to eliminate an agent that is the least central (displays the lowest number
of links). We then focus on the star network and provide a characterization for the case when
the parameter governing global substitution effects is equal to the parameter governing local
complementarities. For simplicity we assume that up to two agents may be eliminated and that
the discount factor is close to 1. We show that if only one agent can be eliminated, then it is

always optimal to eliminate the central agent. But when two agents can be eliminated, it may

3Hiller (2020) also shows that a pairwise Nash equilibrium always exists for the parameter values considered.

4For crime networks, see Canter (2004), Dorn and South (1990), Dorn, Murji and South (1992), Ruggiero
and South (1997) and Johnston (2000). For R&D networks see Tomasello et al. (2017), Kitsak et al. (2010),
Rosenkopf and Schilling (2007).

5See for example Ballester et al. (2006), Galeotti et al. (2020), Demange (2017).



be optimal to eliminate only one agent, rather than two. The intuition is that eliminating two
agents may lead to more link additions. A denser network of fewer agents may then yield higher
aggregate effort levels than a sparser network with more agents. For the same reason, applying
the optimal targeting policy for a fixed network, when in fact the network adapts, may lead to
worse outcomes than not intervening at all. Finally, we consider the case in which a planner aims
to maximize the discounted sum of aggregate effort levels and can preserve a subset of agents in
distress. We show that, if global substitution effects are sufficiently small, then, in analogy to
our previous results, it is optimal to save the distressed agents that are most central.

Next we briefly discuss our adaption process more generally. Note first that there exists
a strand of the literature that takes a dynamic and long-run approach to network formation
(for two-sided network formation, see Jackson and Watts, 2002a and 2002b).° These papers
assume an adjustment process with noise and characterize the limit invariant distribution. Note,
however, that the distribution is independent of initial conditions. That is, it is not possible
to address questions related to the targeting of different agents in a network. In contrast, the
simple adjustment process presented here allows us to provide analytical results and to easily
calculate numerical examples. Regarding convergence properties, recall that pairwise best re-
sponse dynamics only converge to pairwise Nash equilibria. If global strategic substitutes are
sufficiently small, then it follows directly that pairwise best response dynamics converge to a
pairwise Nash equilibrium. The reason is that no new links are created in any time period, while
agents may delete links. The process is therefore bounded below by the empty network, which
guarantees that the process converges. For the case when global substitution effects are large,
we show convergence when needed and do not provide general convergence results. However,
a one-sided link formation version of the model, for which the corresponding adaption process
always converges, is presented in the online appendix.” There, we also provide an example that
shows that intervening may be detrimental with large congestion effects. This is in the spirit of
Proposition 4 of the main part of the paper. The reason to not adopt the one-sided approach is
that the applications are generally thought to be two-sided. Moreover, introducing directed links
introduces additional complications, without adding any interesting insights for the applications
considered.

Our paper contributes to the literature on targeting, which is an active and growing area
of study, not only in economics, but also in computer science and sociology.® Ballester et al.
(2006) is an early contribution in economics and the authors characterize the optimal elimination

policy of a single agent on a fixed network.” Galeotti et al. (2020) present a model in which a

6For one-sided network formation, see Bala and Goyal (2000).

"More precisely, one can show that the game is a potential game and we can therefore rely on the convergence
results under fictitious play, as shown in Shapley and Monderer (1996).

8For introductions, see Borgatti (2006) and Valente (2012).

9For a good review of the literature on key players, see Zenou (2016).



budget constrained planner can alter the incentives of agents to exert effort at a cost on a fixed
network. Effort levels are either strategic complements or strategic substitutes. The authors then
characterize the set of agents to be targeted via a decomposition into principal components, which
are determined by the network.!® Belhaj and Deroian (2019) solve a principal agent problem in
which a planner contracts with agents on a fixed network. It is shown that the principal may
not contract with all agents and that the planner may refrain from contracting with agents that
are most central. Our analysis can be thought of as complementary to this body of work and, to
the best of our knowledge, the present paper is the first to provide analytic results for targeting
policies when the network may adapt and to highlight the role of competition/congestion effects.!!

The paper is organized as follows. Section 2 provides the model description. Section 3 presents
our main results. Section 4 provides a more detailed discussion of our main applications, including
the implementability of targeting policies. Section 5 concludes. A formal derivation of the payoff
function for crime and R&D networks is provided in the appendix. In the online appendix, we
relate our payoff function in detail to Ballester et al. (2006), present the one-sided link formation

model and provide the proof of Proposition 3. All remaining proofs are relegated to the appendix.

2 The Model

We assume that the initial configuration is a pairwise Nash equilibrium and start by defining
the corresponding network formation game. Note that the deviations considered are also the
relevant deviations for our pairwise best response dynamics. Moreover, effort levels at each time
period correspond to the Nash equilibrium effort levels given the prevailing network. We then

introduce pairwise best response dynamics and further useful concepts formally.

2.1 Payoffs, Pairwise Nash Equilibrium and Some Notation

Let N = {1,2,...,n} be the set of players with n > 3. Each agent ¢ chooses an effort level z; € X
and announces a set of agents to whom the agent wishes to be linked, which is represented by
a row vector g = (i1, - Gii—1, Gi,it1, - Gim), With g; ; € {0,1} for each j € N\{i}. An entry
gi; = 1 in g; is interpreted as agent 7 announcing a link to agent j, while an entry g;; =0 in g;
is taken to mean that agent ¢ does not announce a link to agent j. Assume X = [0, +o0) and
g, € G; = {0,1}" 1. The set of agent 4’s strategies is denoted by S; = X x G; and the set of
strategies of all players by S = 51 x Sy x ... X S,,. A strategy profile s = (x,g) € S then specifies

each player’s individual effort level, x = (21,2, ..., x,), and intended links, g = (g1, 82, ..., n)-

0For a model with targeting on a fixed network and strategic complementarities, also see Demange (2017).

HTargeting is also studied in models of optimal pricing with interdependent consumers. See, for example,
Bloch and Querou (2013) and Fainmesser and Galeotti (2017). A further strand of the literature is concerned
with seeding and diffusion in networks. See Galeotti and Goyal (2009) and Galeotti and Rogers (2013).



A link between agents ¢ and j, denoted by g;; = 1, is created if and only if both agents ¢ and
j announce the link. That is, g;; = 1 if and only if ¢;; = g;; = 1 (and g;; = 0 otherwise) and
therefore g; ; = g;;. The undirected graph g is defined as g = {{i,j} € N : g;; = 1}. That is, g
is a collection of links, which are listed as subsets of N of size 2. Denote the set of ¢’s neighbors
in g with N;(g) = {j € N : gi; = 1} and the corresponding cardinality with 7;(g) = |N;(g)|.**
Given a network g, g + g;; and g — g;; have the following interpretation. When g; ; = 0 in g,
then g + g, ; adds the link g;; = 1, while if g; ; = 1 in g, then g + g; ; = g. Similarly, if g; ; = 1
in g, then g — g, ; deletes the link g; ;, while if g; ; =0 in g, then § — g;; = 8.

In order to compare different networks we write g§ C g to indicate that {{i,j} € N : {i,j} €
g} c {{i,j} € N:{i,j} € g}. Similarly, we write g = g for {{i,7} € N : {i,j} € 8} = {{i,j} €
N:{i,j} €g},and g C g for {{i,j} € N:{i,j} €8} C {{i,j} € N:{i,j} € g}. The network
is called empty and denoted by g° if g;; = 0 Vi, 5 € N, while it is called complete and denoted
by g°if g;; = 1 Vi,j € N such that ¢ # j.

Payoffs to player ¢ under strategy profile s = (x,g) are given by

Ii(s) = m(x,g8) — n:(8)~,

where k denotes linking cost with x > 0. Gross payoffs, i.e. payoffs excluding linking cost,
7 (X,g), are given by the frequently employed linear-quadratic payoff function with local com-
plementarities and global substitutes (Ballester et al., 2006). That is,

Ti(x,8) = ax; — LB+ 7)2? + Az D jeNi(@ Ti — VTi Qe T Vi € N.

To guarantee existence and uniqueness of a Nash equilibrium in effort levels for any fixed
network g, we can resort to Ballester et al. (2006) and assume that 8 > (n — 1)A. The best

response and value function are defined as follows.

Best response function. The unique best response of player ¢ to the vector of effort levels x_;
in network g is given by

Ti(x-i,8) = Ti(vi(8), zi(8)) = ﬁ <04 A jenie) T — Y 2ojen(i) xj)-
Value function. The maximized gross payoff for x_; in network g is given by

%0 8) = (@), 5(8) = sy (04 A om0 — Y Sy 1) -

The aggregate effort level of agent i’s neighbors in g, which we sometimes call agent i’s effort

level “accessed”, is written as y;(g) = > jeN:(@) Li- The aggregate effort level of all agents other

12Note that agents are not linked to themselves and therefore not included in their own neighborhood.



than i is written as z;(g) = ZjeN\{i} xj. We sometimes write x;, y;, 2, m;, T; and v; to simplify
notation. Likewise, at times we drop the subscripts when it is clear from the context.

Next we define pairwise Nash equilibrium (PN E). When agents ¢ and j deviate to create a
link, then deviation effort levels are assumed to be mutual best responses (while the remaining
agent’s effort levels remain unchanged). The corresponding deviation effort levels are denoted by
vy = T(yi(8) + %, zi(g) + o — x;). We sometimes write 2j(g 4 g; ;) to denote agent i’s deviation

effort level when creating a link with agent j.

A strategy profile s = (x,g) is a pairwise Nash equilibrium iff
e for any ¢ € N and every s; € S;, I1;(s) > IL;(s;,s_;);

o forall g,; =0, if II;(«}, 2/, x_; _;, 8+ gij) > I;(s),

79 j7

then I1; (2}, 2, x i 5, 8 + gij) < (s).

A pairwise Nash equilibrium is both a Nash equilibrium and pairwise stable and therefore
refines Nash equilibrium. Pairwise Nash equilibrium allows for deviations where a pair of agents
creates a link (and deviating agents best respond to each other’s effort level). Furthermore, pair-
wise Nash equilibrium allows for deviations in which an agent deletes any subset of existing links
(and adjusts her effort level). However, deviations where a pair of agents creates a link and/or
adjusts effort levels and simultaneously deletes any subset of existing links are not considered.
We write (x(g), g) to denote a network g and the corresponding vector of Nash equilibrium effort
levels, x(g). The configuration (x(g),g) is a pairwise Nash equilibrium if and only if the above
conditions are satisfied for all agents/pairs of agents.

Hiller (2020) shows that if A > v > 0 and A > 0, then any pairwise Nash equilibrium network
is a nested split graph and a pairwise Nash equilibrium always exists. These assumptions are
in line with the applications considered and we adopt them throughout the paper.!® A formal
definition of a nested split graph and the corresponding equilibrium characterization are presented

below.
Definition 1: A network g is a nested split graph if and only if
[gi0 = 1 and nk(8) > m(8)] = ik = 1.
Proposition 1 (Hiller, 2020). In any PNE, (x,g), the network g is a nested split graph such
that x; < xp < 1:(8) < Mk(8) < v(vi(8), 2:(8)) < v(yk(8), zx(g)) holds.

It is sometimes convenient to write equilibrium and deviation payoffs as a function of v and

we adopt the following notation. We write x(g,y) for the vector of Nash equilibrium effort levels

13For example, for the case of R&D networks, Konig et al. (2019) provide estimates for A and v and show that
A > 7 > 0. See Pattacchini and Zenou (2012) for peer effects in crime.



as a function of the network and v, while suppressing the remaining parameters. Likewise, we
denote agent i’s Nash equilibrium effort level by x;(g,~) and write agent i’s deviation effort
level when creating a new link with agent j as z}(g+g;;,7). With some abuse of notation we
write equilibrium gross payoffs as v;(g,7). We denote the (gross) marginal deviation payoffs
of agent ¢ when creating a link with agent j with Av;(g§ + gi;,7), where Av;(g8 + gij,7) =
vi(8 + Gij,Y) — vi(8,7)-

For our analysis it is useful to define paths and components. A path of length £ from i to
J is a sequence iy, ..., 7 of players such that iy = ¢ and i = j, i) # ip+1 and Gipyips: = 1 for all
0 < p < k—1. Components are maximal subsets of agents N* C N, such that for every 7,7 € N*
(with i # j), there exists a path between i and j.1* A component N? is called complete if a link
is present for every i,j € N*® (with ¢ # j). Note that the binary relationship of “being connected
by a network path” is an equivalence relationship and therefore components partition the set of
agents. We write k € N*(g) to denote that agent k lies in agent i’s component in network g (and
there therefore exists a path between agents i and k in g). A network is said to be connected if

there exists only one component.!?

2.2 Optimal Targeting Policies: Preliminaries

In the following we present a simple infinite horizon adjustment process, which we call pairwise
best response dynamics. Pairwise best response dynamics mirror pairwise stability and pairwise
Nash equilibrium in the following sense: pairs of agents can either create links, or delete links,
but the process does not allow for the simultaneous creation and deletion of links. We then
define optimal targeting policies formally and introduce a relabeling procedure, which allows us
to compare networks after different sets of agents were eliminated from the network. Finally, we
introduce minimal deletion best responses, which simplify the exposition but are not necessary
for our results.

Starting from a pairwise Nash equilibrium, (x(g), g), denote the network after a set of agents
E is eliminated from g by g;”. Agents adjust their efforts to the Nash equilibrium effort lev-
els of the new network g, %, which yields x(g,”). In time period one, given the configuration
(x(g,7), 8, ), all links are added to the network that constitute a profitable deviation in isola-
tion.'® That is, any link not already present, such that a pair of agents can profitably deviate
by creating a link, given x(g,”) and g, %, is added to the network g;”. This yields the network
g, Y. Agents again update their effort levels to Nash equilibrium effort levels, x(g; %), given the

network E;E . In time period two agents best respond by deleting links given the configuration

14Singleton agents are assumed to form trivial components of size one.

15For definitions of paths and components also see Jackson (2010) and Vega-Redondo (2007).

I6From the definition of pairwise Nash equilibrium, for a link between ¢ and j to be profitable, i and j’s
deviation payoff of creating a link among themselves in (x(g; E ), 8o EY is weakly positive for both agents and
strictly positive for at least one agent.



(x(g;%),g; "), which yields the network g,” and corresponding Nash equilibrium effort levels
x(g,%).'" The link creation and link deletion stages of time period one and two are then assumed

to alternate indefinitely. Below we provide a summary of our adjustment process.

Start with gy ¥ and x(gy”) and define g; ¥ and x(g; ¥) iteratively as follows.
Pairwise best response dynamics:
Step 1: Add all profitable links given g; ” and x(g; ”) = g,..
Step 2: Allow for link deletions given g, 5 and x(g,.5) = &,
Repeat Steps 1 and 2 ad infinitum, letting t — oo.

Finally, an optimal targeting policy identifies the set of agents for which the discounted sum
of aggregate effort levels is minimal.!® Denote the discount factor by § and denote by Z(N)
the power set of N. Denote the set of eliminated agents by E, with £ € & (N). The maximum
number of agents that can be eliminated from the network is given by e with 1 < e < n. Note

that this allows for the possibility that no agent is targeted.

Optimal targeting policy: Pick a set of agents F such that

minpen{d200' Y jenp %8 °) | E€ P(N)and | E|< e}

Relabeling Procedure

In order to be able to compare different networks after different sets of agents (with same car-
dinality) are eliminated from the network, we need to relabel agents so that the sets of the
remaining agents are the same. To illustrate this, consider first the case when only one agent is
eliminated and assume we want to compare g % and /. We can then relabel agent [ in g% as,
say, r, while we relabel agent k in g' as r. This yields the same set of agents in g% and g7/, i.e.
{N\ {k,(}} U {r}, which then allows us to directly compare the two networks. The relabeling
procedure is more complicated when considering the elimination of multiple agents. Assume that
different sets of agents, E; and Ej;, are eliminated from g and denote the resulting networks with
g ¥ and g~ Fi. We will be interested in the deletion of sets of equal size and therefore assume
that | F; |=| E; |. Note that an agent k € N such that k € E;N E; is eliminated in both g% and
g and we can therefore disregard any such agent in our relabeling procedure. Define E; and
E; as follows, E; = E; \ E; and, similarly, E; = E; \ E;. Denote é :\ﬁi |=| E; |. Next, choose

any ranking of agents in E; such that n,‘j’E")(g) < nl(Q’Ei)(g) <. < nﬁ,f’Ei)(g), where the subscript

"Note that we assume that agents best respond via minimal deletion best responses, which are defined formally
only later. While this assumption simplifies the analysis and notation, it should be noted that our results do not
depend on it.

18 Alternatively one could define the optimal targeting policy in terms of the overtaking criterion. Note that
our results go through for the overtaking criterion as well.



denotes the label of the agent in g, the first entry in the superscript denotes the agent’s position
in the chosen ranking and the second entry signifies that the agent is in the set E;. Similarly,
choose any ranking of agents in E; such that ngl’Ej )(E) < niQ’Ej )(g) <. < nq(f’Ej )(E). To simplify
notation, we sometimes drop the subscript. Note that E; N Ej = () by construction. Agents are
then relabeled in the following way. For a pair of agents k£ and s with the same superscript x,

n"F)(g) and i) (g), we relabel s as 1, in g & and k as r, in g 5. We write r,(g %) to

denote agent 7, in network g ¥ and write r, (g %7) for agent r, in network g /. Note also that
the agent relabeled in each instance is the agent that is not eliminated in the respective network:
s in the case of g% and k in the case of g /. Define the set of agents after elimination and
relabeling as N (E;) and N(E;) and note that N(E;) = N(E;) = {N\{E;UE,;}}U{r1,re, ..., 1}
This allows us to compare the networks g % and g= directly.

To show our results, it is useful to define the following preorder, denoted by 7.
Definition 2: E; = Ej if and only if n(‘”’Ei)(g) > n(m’Ej)(g) for all x € {1, ..., €}.

Note that 7~ does not depend on which particular ranking is chosen for E; and Ej. Define
E; ~ E'j as follows: E; ~ Ej if and only if E; = Ej and Ej = E;. Likewise, define E; > Ej
as F; = Ej if and only if E; = Ej and not Ej = E;. Finally, note that when E; € & (e) and
E; ¢ &(e), then E; = E;, while if E;, E; € &(e), then F; ~ Ej.

Minimal Deletion Best Responses

To simplify the exposition we assume that agents play minimal deletion best responses. More
precisely, if an agent’s current linking strategy g; in configuration (x(g),g) is (part of) a best
response, then we assume that the agent does not deviate and the minimal deletion best response
is simply g; (together with the corresponding best response effort level z;(g)). If, however, the
current linking strategy g; is not part of a best response and multiple profitable deletion deviation
best responses exist, then the strategy chosen is such that, loosely speaking, the number of links
remaining after an agent’s deviation strategy is minimal. Assuming that agents play minimal
best responses allows for a cleaner analysis and to calculate examples more easily. However, it
is important to note that our results do not depend on this assumption.!?

Consider a deletion best response by agent i, written as g, and z;(g}, g), where z;(g}, g) is
the best response effort level of agent i when deviating to linking strategy g! in (x(g),g). To
simplify notation, we often simply write g/ for a deletion best response and it is implicit that agent
i plays the corresponding best response effort level z;(g!, g). Denote the network after proposed

deviation by g;. Again we drop the subscript when it is clear from the context. Deviation payoffs

YThey also go through, for example, if we were to assume that agents choose randomly among their best
responses when deleting links and that the planner aims to minimize the expected discounted stream of aggregate
effort levels.

10



are defined by I1;(g}, g8) = m(7:(g}, 8),x_;(8),8) — n:(g')x. Write g} C g; if for all j € N\ {i}

with g; ; = 1 in g}, g;; = 1 also holds in g;. For configuration (x(g),g) we then define agent 7’s

minimal deletion best response, g™, as follows.

Definition 3: Minimal Deletion Best Responses.
If g; € argmarg. gcg,11i(g], §), then gi™ : g™ = g;.
If g; & argmazg. gcq 11;(g;, g), then gi™ : 1) gi™ € argmazg. gcq 11;(g;, §) and
ii) gi™ C g; Vg € argmarg g/cg,11i(g;, 8).

That is, if g; is (part of) a best response in configuration (x(g),g), then g.” = g;, while
if g; is not (part of) a best response, then g™ selects the deletion best response that can be
considered minimal. A minimal deletion best response always exists and is unique (Lemma 7).
Note that, due to strategic complementarities, Z;(g}, g) is then also minimal. We denote the
network after a minimal deletion best response by agent i in g with g.”. Again, we drop the
subscript when it is clear from the context. Finally, denote the set of agents to which 7 deletes
a link in g with D;(gl,g) ={j € N :j € N;(g) and j ¢ N;(g')}.

3 Optimal Targeting Policies

We consider the problem of a planner, who aims to minimize the discounted flow of aggregate
effort levels by eliminating agents from the network. We first present results for the case when

competition or congestion effects are small.

3.1 Small Competition/Congestion Effects

Proposition 2 shows that, if the parameter governing global substitution effects is sufficiently
small, then optimal targeting prescribes eliminating e agents with the highest number of links.
More precisely, the optimal targeting policy is characterized in terms of a family of sets &'(e),
which consists of all sets of agents E;, such that any agent in E; displays a (weakly) higher

number of links than any agent not in the set. A formal definition is provided below.
Definition 4: &(e) ={E; C N : | E; |=e and n;(8) > ni(8) Vj,k:j € E;, k ¢ E;}.

For Proposition 2 we assume that the maximum number of agents that can be eliminated,
e, is such that it is not possible to obtain the empty network in ¢t = 0 via the elimination of
agents. The reason for this assumption is that when e is larger than this threshold, denoted by
t(g) (and derived in Lemma 1), then for v sufficiently small any set of agents E such that g%
is the empty network is an optimal targeting policy, including any E; € &(e). To simplify the
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exposition we therefore focus on the case when e < ¢(g). Moreover, we assume that the network
is not empty and only briefly comment on this case here. If g is empty, then one can show easily
that for v = 0 no new links will be formed in any time period and optimal targeting prescribes
eliminating any set of e agents. If, however, v > 0, then marginal benefits of creating links in
the empty network are larger, the smaller the number agents. That is, for any v > 0, there are
linking cost such that agents find it profitable to create new links after an elimination and it may

then be optimal to not intervene.

Proposition 2: Assume g ¢ {g°} and e < t(g). If v is sufficiently small, then an optimal

targeting policy prescribes eliminating a set of agents E; € &(e) for any value of 6.

We first provide intuition and a brief summary of the main arguments used to show Proposi-
tion 2. The following result, presented in Theorem 2 in Ballester et al. (2006), will be useful for
our analysis: if one network covers another, i.e. if g; C g, holds, then the sum of Nash equilib-
rium effort levels is strictly lower in g, than in g,. First we present the arguments allowing us to
show that, conditional on eliminating ¢’ agents (with €/ < e < ¢(g)), optimal targeting prescribes
eliminating a set of agents E; such that F; € &(¢’). Only later is the optimal number of targeted
agents discussed. We start by showing that for any pairwise Nash equilibrium network g and
for any €', if E; € &(¢') and E; ¢ &(€), then g, " C g, holds (Lemma 3). That is, in time
period zero, aggregate effort levels are strictly lower when eliminating a set of agents E; € &(¢€)
than when eliminating a set of agents E; ¢ &(e’). We next show that payoffs are continuous in
v (Lemma 4) and then, via simple best response dynamics, that for v = 0 effort levels always
decrease strictly for some agents and weakly for all agents when deleting links or eliminating
agents from a network (Lemma 5 and Lemma 6). The latter results, together with the continuity
of payoffs in v, can then be shown to be relevant for v sufficiently small as well. Moreover, for
~ sufficiently small, no new links are created in any time period, no matter which set of agents
is eliminated (Lemma 9 and Lemma 10). Regarding link deletions, we assume that agents select
minimal deletion best responses, as outlined above. We show that if g Ei g P , then in any
time period t, if a link is deleted in g, Ei , then it is also deleted in g, * (Lemma 8). That is,
g Ei g % holds for all time periods ¢ > 0 and the set inclusion is strict for ¢ = 0. Therefore,
the optimal targeting policy, conditional on ¢’ agents being eliminated, prescribes eliminating
a set of agents E; such that E; € &(¢’). To show that it is optimal to eliminate e agents, we
compare eliminating E; € &(e) with Ej € &(¢’) and assume that ¢/ < e. Note that the number
of agents eliminated in Fj; is strictly larger than in Ej;. One can then show that in any time
period t there exists an intermediary network that can be obtained from g, ™ by adding a set
of singletons. Moreover, the intermediary network is covered by g; “*. Finally, for ~ sufficiently
small, aggregate effort levels in g, Ei gre strictly smaller than in the corresponding intermediary

k

network and, since the intermediary network is covered by g, B optimal targeting prescribes
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eliminating a set of agents F; such that E; € &(e).

Note that, since the initial pairwise Nash equilibrium network g is a nested split graph,
the agents with the highest number of links are also those which display the highest Bonacich
centrality and the highest inter-centrality. That is, as long as « is sufficiently small and e = 1, the
optimal targeting policy in Proposition 2 coincides with the key player policy in Ballester et al.
(2006). The following example illustrates that if targeting is costly, then the optimal targeting
policies in a fixed vs. an adaptive network may differ even in the absence of global substitution
effects. The reason is that if the network adapts, then the initial elimination of agents may cause
subsequent link deletions, leading to a sparser network and lower aggregate effort levels. Note
that in evaluating the optimal targeting policy, we treat targeting cost ¢ the same as crime effort

in time period zero.

o o g,

Efforts: = 43.3 =38.1 =37.9

Example 1: Assumen =14, a =70, =24, A =0.2, v =0, k = 1.86, ¢ = 40, 6 = 0.9.
Then a complete core-periphery network with 4 agents in the core and 10 agents in the periphery,
as depicted in g above, is a pairwise Nash equilibrium. The discounted stream of effort levels is
432.5. If the network is fixed, then the discounted stream of effort levels is 396.3. With a targeting
cost of 40 it is therefore optimal to not intervene. If, however, the network adapts, then in ¢t = 2
core agents delete their links to all agents in the periphery, yielding a group dominant network.
Then, in ¢t = 4 core agents delete all their remaining links, yielding the empty network from then
onward. The discounted stream of efforts is 382.7. With a targeting cost of 40 it is therefore

optimal to eliminate a central agent.

We briefly provide general comments regarding Proposition 2. Note first that we propose
a particularly simple adjustment process, so as to obtain a tractable model and to be able to
calculate examples easily. However, one could in principle assume a different adjustment process,

where, for example, agents/pairs of agents are chosen at random to update their strategy. Since
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the initial network is minimal when eliminating a set of agents F; € & (e) and it is never profitable
to create links, in expectation the network and aggregate effort levels are minimal at each time
period as well. That is, the optimal targeting policy characterized in Proposition 2 also applies.
Moreover, our result does not depend on whether the process starts with a link creation or a link
deletion stage. To see this, note that no links are created in any time period and, if g, Ei gy Fi ,
then again in any time period (weakly) more links are deleted in g Ei than in g P, Finally, since
there can only be link deletions and there are no link additions, and since the number of links is
bounded below by zero, the adjustment process converges. In fact, it converges to a nested split
graph.?°

Having studied the elimination of multiple agents allows us to provide a corollary for Propo-
sition 2. Assume the planner is concerned with maximizing, rather than minimizing, the dis-
counted stream of aggregate effort levels. Moreover, assume that, rather than eliminating a set
of agents, the planner is now concerned with saving a set of firms S, with cardinality | S |< s,
which in turn is a subset of failing firms, F, with | F' |= f. That is, S € F C N and
1 < s < f. Assume further that failing firms close down if they are not saved. Define the set
S(s) ={Si CF:|Si |=sand nj(g) > n(8) Vi,k € F:jeS; k¢ S} Wecan then
write F; = F'\ S;, i.e. if agents in S; are saved, then the remaining agents, not saved in F, are
eliminated from the network. Similarly, define E; = F'\ S;. Note next that when S5; € S(s)
and S; ¢ S(s), then E; =~ E;. From the first part of Lemma 3 it follows directly that then
E_Ei D E_Eﬂ'. That is, if S; € S(s) and S; ¢ S(s), then g=F\% D g=\%. Assume that g is not
empty.?! We can then use the same arguments as the ones used in Proposition 2 to show that

S(s) is an optimal targeting policy.

Corollary to Proposition 2: Assume g ¢ {g°}. If v is sufficiently small, then saving a set of
failing agents S; € S(s) is an optimal targeting policy for any value of §.

3.2 Large Competition/Congestion Effects

We next analyze optimal targeting when competition or congestion effects may be considered
large. Prescriptions for a network that adapts may now differ from the case when the network
does not adapt (even in the absence of targeting cost). The reason is that the elimination of a
most central agent, who therefore also displays the highest effort level, decreases congestion by
the most. The remaining agents may create new links in subsequent time periods and a denser

network in later periods may outweigh the effect of an initially sparse network.

20T0o see this, assume to the contrary that the adjustment process converges to a network g that is not a nested
split graph. We know that no agent has an incentive to create a link (by the arguments provided above) and no
agent finds it profitable to delete any subset of links (since we assume that the adjustment process converged).
Then g is a pairwise Nash equilibrium network that is not a nested split graph, which contradicts Proposition 1.
2INote that we disregard g for similar reasons as in Proposition 2.
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The following example illustrates some of the intricacies involved with this case. We show
that for the same parameter values and two networks, which display the same type of network
structure, different targeting policies are optimal. More precisely, assume e = 1 and consider
two dominant group networks with different core sizes. In one case optimal targeting prescribes
eliminating an agent in the core, thereby coinciding with the key player policy when the network
is fixed. In the other case optimal targeting prescribes eliminating an agent in the periphery,

thereby differing from the optimal targeting policy when the network is fixed.??

Example 2: Assume that n = 8, a =1, § =1, A = 0.125, v = 0.124, k = 0.045 and ¢ is
sufficiently large. Consider two dominant group networks: g is such that the size of the core is
5 and g such that the size of the core is 6. One can show that both, g and g, are pairwise Nash
equilibrium networks. For g, the configuration after eliminating a peripheral agent, (x(g,%), g,"),
is also a pairwise Nash equilibrium, so that g, ” = g,” V¢ > 0. In contrast, in the configuration
after eliminating a core agent in g, (x(8;°),8,°), all agents not connected find it profitable to
create a link and the network stays complete thereafter. That is, g, = g vVt > 1. For ¢
sufficiently large, optimal targeting then prescribes eliminating an agent in the periphery for
g. In the case of g, however, both (x(g,7),g,") and (x(g;°), g,°) are pairwise Nash equilibria.

Since g~¢ C g7 holds by Lemma 3, it is optimal to target an agent in the core.

Below we provide sufficient conditions for a pairwise Nash equilibrium to exist such that
the optimal targeting policy with an adaptive network differs from the fixed network case. The
proof, together with a more detailed description, is provided in the online appendix. As in
Ballester et al. (2006) we assume that e = 1. Assume further that A — v > 0 is sufficiently
small and that ¢ is sufficiently large. There are then bounds on linking cost such that a pairwise
Nash equilibrium exists in which it is optimal to eliminate a least central agent (with the fewest
links and lowest inter-centrality). The intuition is again that eliminating a more central agent
diminishes congestion effects more. This leads to the creation of new links and denser networks

with higher aggregate effort levels in later time periods.

Proposition 3: Assume e = 1. If A —~ > 0 is sufficiently small, 6 is sufficiently large and
Ky < Kk < K}, then there exists a pairwise Nash equilibrium, such that the optimal targeting policy

prescribes eliminating an agent with the fewest links.

In the following we present the simplest case, a star network, that allows us to highlight the
issues that may arise when 7 is large. For simplicity we assume that A\ = v and that e = 1

or e = 2. However, from our analysis it is clear that analogous results can be obtained for

2ZA network g is a core-periphery network if the set of agents NV can be partitioned into two sets, C(g) (the
core) and P(g) (the periphery), such that g, ; = 1 Vi,j € C(g) and g;; = 0 Vi,j € P(g). A group dominant
network is a core-periphery network such that g, ; =0Vi,j: i € C(g), j € P(8).
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sufficiently close to A\. Moreover, conditions for e > 2 can easily be derived. We show that
optimal targeting policies differ from the fixed network case and, in particular, that it may be
optimal to not eliminate the maximum number of agents. Furthermore, following an optimal
targeting policy under the assumption that the network is fixed, when in fact it adapts, may lead
to a worse outcome than not intervening at all.

Denote by «¢_, the marginal payoffs of two agents creating a link in the empty network of

size n — x. Note that if k < k¢__, then any pair of agents finds it profitable to create a link

n—x?

€
n—x?

in the empty network of size n — x, while if kK > & then no pair of agents finds it profitable
to create a link in the empty network of size n — x. Denote by x; and &; the relevant bounds
on « such that for k € [k, 7] the star network of n agents is a pairwise Nash equilibrium. All
relevant linking cost are formally defined in the appendix (Definition 8). As it turns out, some

of the conditions are simpler for n > 8 and we adopt this assumption throughout Proposition 4.

Proposition 4: Assume g is a pairwise Nash equilibrium, § is sufficiently large and A = vy, then
the optimal targeting policy prescribes:
i) if e =1, eliminate the central agent;
it) if e =2 and Kk € [KS_,, K], eliminate the center and a peripheral agent;
ife=2, Kk €[k, kS ) and A < B/(n* — 4n + 3), eliminate the central and a
peripheral agent;

ife=2, k€ [,k o) and X > B/(n? —4n + 3), eliminate the central agent.

We briefly describe the results provided in Proposition 4. Assume first that e = 1. One can
then show that x¢_; = k) and therefore no new links are created after eliminating the central
agent. The network is then empty and remains empty for all future time periods (Lemma 13).
In contrast, the network is a star of size n — 1 in time period zero when eliminating a peripheral
agent. Note that the empty network of n—1 agents is the network with the lowest aggregate effort
levels for n — 1 agents and that aggregate effort levels are also lower than in a star of n agents. It
is therefore optimal to eliminate the central agent. If e = 2 and x € [k{_,, R}, then the network
stays empty after eliminating the central and a peripheral agent. The optimal targeting policy

therefore prescribes eliminating the central and a peripheral agent by the arguments described

e
n—2

above. Assume next that e = 2 and k € [k5, k_,). In this case, when eliminating the central
and a peripheral agent, there are n — 2 agents and the network is empty in t = 0 and complete for
t > 1. When eliminating the central agent only, there are n — 1 agents and the network is empty
for t > 0. The aggregate effort level of the complete network of n—2 agents is strictly smaller than
the aggregate effort level of the empty network of n — 1 agents if and only if A < 3/(n*—4n +3).
Therefore, if A < 8/(n? —4n + 3) and 4 is sufficiently large, it is optimal to eliminate the central
and a peripheral agent. If A\ > 3/(n? — 4n + 3), then optimal targeting prescribes eliminating

the central agent only.
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Note that in the last case of Proposition 4, although two agents can be eliminated, it is
optimal to target only one agent. This stands in contrast with the optimal targeting policy when
the network is fixed, which prescribes eliminating the central and a peripheral agent, yielding
an empty network of n — 2 agents. Moreover, following the optimal targeting policy for a fixed
network, when in fact the network adapts, may then be worse than not intervening at all. A
general condition can be derived.?> We provide an example below. Note that these results are not

only relevant when 7 is equal to A and one can construct corresponding examples for A > v > 0.2

& ﬁo L& ﬁo @ C\ﬁo Discounted

(/g\og (/é > o/é\gtfortzl sum:

Efforts: =4 =4 =4 =80
o O o O
® ® @) L @]
O o O O
g 9o ©) g, fort>1
Efforts: =4 =33 =3.3 = 66
o O
O
O O
g & 9o g, fort21
Efforts: =4 =3 =47 =92.3

Example 3: Assume that e = 2, n =8 a =7, =8 A=1,v =1, Kk = 0.25 and ¢ is
sufficiently large. From the conditions in Proposition 4 it follows that the optimal targeting
policy prescribes eliminating the central agent only, which yields the empty network of n — 1
agents. The aggregate effort level for this network is approximately 3.3. The optimal targeting
policy when the network is fixed is to eliminate the central and a peripheral agent. This policy
leads to an initially empty network of n — 2 agents and an aggregate effort level of 3. However,
when the network adapts, then the network is complete from time period ¢t = 1 onward, yielding
an aggregate effort level of approximately 4.7. In comparison, the aggregate effort level in a star
of n agents displays an aggregate effort level of approximately 4. That is, for ¢ sufficiently large,
applying the optimal targeting policy of a fixed network when in fact the network adapts, may

lead to worse outcomes than no intervention.

ZFor n > 8 we need, in addition to the above conditions, that 3 < (9 + Zi?id i)\ holds.

24For an example analogous to the one above, assume that e = 2, n = 8, a = %7 B = %9 ,A=1, 7 = % ,
K = % and 9§ is sufficiently large. One can show that the star of n agents is a pairwise Nash equilibrium and
linking behavior coincides with the last case of Proposition 4. The (rounded) aggregate effort levels are given by,
the empty network of n — 1 agents: 2.5; the empty network of n — 2 agents: 2.3; the complete network of n — 2

agents: 3.9; and the star of n agents: 3.2.
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4 Discussion

In the following we briefly comment on targeting policies for the applications that are best
captured by our model: crime networks and R&D collaborations of firms.?> The need for targeting
in the context of crime arises from the high cost of crime control and incarceration, as well as large
prison populations. For example, in the U.S. yearly expenditure on crime control amounts to
approximately $270 billion, of which more than $80 billion is spent on incarceration alone, with
currently 2.2 million imprisoned individuals nationwide.?® Empirical studies have shown that
targeting policies can be fruitfully applied to crime networks, providing more effective means to
combat crime and that, in particular, these policies outperform traditional approaches.?” At this
point it is worthwhile to briefly discuss the implementability of targeting policies in the context
of crime. One requirement is knowledge of the network and it may appear that this is difficult to
obtain in the case of crime networks. However, such data exists or can often be retrieved.?® Once
a criminal network is mapped, there are different approaches to implementing a targeting policy
in practice. While criminals are not to be imprisoned unless proven guilty of a crime, targeted
criminals may be offered incentives to leave the network. This can be accomplished through
heightened monitoring, providing job opportunities, employment and educational training, or
even organizing geographic relocation. Policies of this sort have already been implemented for
some time in the U.S. and Canada (see Tremblay et al., 1996).

Targeting is also relevant when deciding which subset of failing agents to save. A prominent
example is the decision to save General Motors by the U.S. government in 2008. More generally,
consider firms that engage in bilateral R&D partnerships, so as to benefit from cost-reducing
technology spillovers, and compete in product markets.?? These type of R&D partnerships are
a common feature in many industries, particularly in those with rapid technological change.

Examples include the pharmaceutical, chemical, computer and automotive industry.>* Data

25Note that trade, as well as interbank lending networks, are typically thought of as directed and weighted
and therefore a model featuring directed and weighted links is better suited for these applications. However, the
adjustment process and more generally the approach presented here will be useful when studying these applications
as well.

26See https://obamawhitehouse.archives.gov /sites/default /files/page/files /20160423 cea incarceration

criminal _justice.pdf

27See Lindquist and Zenou (2014).

28For example, Sarnecki (2001) constructs a criminal network in Sweden by using police records, which register
each time two (or more) individuals are suspected of a crime. Similar data is available in many countries. Tayebi
et al. (2011) use a data set provided by the Royal Canadian Mounted Police (RCMP), which comprises five years
of arrest-data and is available for research purposes. Coplink (Hauck et al., 2002) is a large scale research project
in crime data mining in the United States. It uses information from various sources, such as habits of criminals
and close associations in crime to capture network connections. Mastrobuoni and Patacchini (2012) use a data set
from the Federal Bureau of Narcotics on U.S. mafia members, which allows the authors to construct a criminal
network.

298ee D’Aspremont and Jacquemin (1988) and Goyal and Moraga-Gonzalez (2001).

30See, for example Ahuja (2000), Hagedoorn (2002), Powell et al. (2005), Riccaboni and Pammolli (2002),
Roijakkers and Hagedoorn (2006), Konig et al. (2014).
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for R&D collaborations is, of course, readily available (e.g., via CATI and Compustat). An
interesting study regarding the chemical and pharmaceutical sector is Hsie et al. (2018). The
authors present a structural model and run counterfactual simulations regarding the exit of a
single firm. They find that the most relevant firm, Pfizer Inc., displays the highest number of

links.

5 Conclusion

This paper studies optimal targeting policies when agents may not only adjust effort levels, but
also linking decisions after a set of agents is eliminated. A simple and tractable adjustment
process is introduced and the following planner problem is defined: eliminate a set of up to e
agents from an equilibrium network, such that the discounted aggregate effort level is minimal.
We highlight the role of competition and congestion effects for targeting policies in settings where
the network may adapt after agents were targeted. More precisely, if the parameter governing
global strategic substitutes is sufficiently small, then the optimal targeting policy when the
network adapts coincides with the fixed network case. This translates into a particularly simple
policy for the equilibrium networks considered: remove the (sets of) agent(s) with the highest
number of links (i.e., the most central agents). However, if the parameter governing global
strategic substitutes is large, then allowing for an endogenous and adaptive network may overturn
optimal targeting results for fixed networks. We provide conditions such that it may be optimal
to target less central agents and such that it may be optimal to not eliminate the maximum
number of agents. Moreover, we show that applying the optimal targeting policy of a fixed
network to one that is, in fact, adaptive, may result in worse outcomes than not intervening at
all.
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6 Appendix

Derivation of payoff function: Crime

Before defining pairwise Nash equilibrium, the above payoff function is derived, based on Jackson
and Zenou (2014) in the context of crime. Assume that expected gains of crime to agent i are

given by

with

bi(x) = o/w; — 5(8 = V)7 — YT Y ey T
pi(X,8) = pozi(A — X ZjeNi(g) ).

Expected cost of criminal activity, p;(x, g) f, increases in own criminal activity, ;, since being
involved in more criminal activities increases the chance of being caught. Local strategic comple-
mentarities stem from a decrease in the apprehension probability in direct neighbors’ involvement
in crime, due to a direct know-how transfer. Note that A is assumed to be sufficiently large, so
that the apprehension probability is always positive for all criminals.®! Finally, global strategic
substitutes are due to congestion effects for crime opportunities, captured by yz; > jen Zj in the
expression for b;(x).%?

Direct substitution yields
Ti(x,8) = (&/ —pofA)w; — %51’12 + pof N ng]vi(g) Lj—YLi ZjeN\{i} Lj-

For a« = o’ — pgfA > 0 and A\ = pyfN these payoffs are equivalent to the specification used in
Ballester et al. (2006).

Derivation of payoff function: Research and Development

We present here the arguably simplest derivation of the payoff specification in Ballester et al.
(2006) in the context of R&D collaborations. For alternative derivations which include R&D
efforts and explicitly model consumers and multiple markets see, for example, Konig (2016).
Firms may enter into R&D collaborations, which cause knowledge spillovers due to learning-by-
doing effects. Cost reduction depends on a firm’s own production level and on the production

level of collaborating firms. Given production level g;, marginal cost of firm ¢, ¢;, are given by

31See Konig, Liu and Zenou (2014) for how to calculate an appropriate lower bound on A.

320ne way to argue for as to why congestion effects should affect agents with higher criminal activity more, as
reflected in the term ~vx; Y jeN Tjy 18 that when aggregate crime levels are higher, the public may become more
vigilant, which in turn has a higher impact on agents with high individual levels of criminal activity.
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Ci=C— 1 =AY jeny@) 4

Firm ¢’s profits are given by
Ty = Pidi — Cidi-

Assume inverse demand for the good ¢; is given by p; = a — bg; — v > ji G- Substituting into

firm ¢’s profits we obtain

Ti=(ai = b — 724 4)8% — (€ — 99 — A3 e ni(g) ) -

Collecting terms yields

Ti=(a—=2)q — (b= 9)G + i D jene G — V4 2 jzi -

Setting a, ¢, b and g such that (e —¢) = «, (b — g) = 5 + v then yields the specification used in
Ballester et al. (2006).

Definition 5: (Mahadev and Peled, 1995). Let g be a graph whose distinct positive degrees
are nm(g) < N2 (8) < ... < Nuw(g) and let do(g) = 0 (even if no agent with degree 0 exists
in g). Define D;(g) = {i € N : 1,(8) = ny)(g)} for j = 0,...,k. Then the set-valued vector
D(g) = (Do(g), Di1(g), ..., Dk(g)) is called the degree partition of g.

Definition 6: (Mahadev and Peled, 1995). Consider a nested split graph g and let D(g) =
(Do(g), D1(8), ---, Dr(g)) be its degree partition. Then the nodes N can be partitioned in in-
dependent sets D;, j = 1,...,|k/2] and a dominating set U;? (kj2) 1 Dj in the graph g Do 33

Moreover, the neighborhoods are nested. In particular, for each node i € D;, j =1, ..., k,

. JULDeaa(®) if j=1,..,|k/2
Ni(g) =4 T
Ui D@\ {i} if j=[k/2] +1,.., k.

To simplify notation we denote 1(g) = U]Li/lzj D; and D(g) = U?:Lk/2j+1pj' Note that when g is
empty, then in the graph g="° the set of agents N \ Dy is empty and therefore D(g) is empty.
Next we define a threshold, ¢(g), which depends on the degree partition as follows.

| D(g) | if kis even
| D(g) | =1 if k is odd

Definition 7: t(g) =

33 A dominating set for a graph is a subset D of N such that every node not in D is adjacent to at least one
node in D. An independent set for a graph is a subset I of N such that for every two nodes in I, there is no link
between the two.
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Lemma 1: Assume g is a nested split graph such that g ¢ {g¢,g°}. There exists a set E such
that g=F is the empty network if and only if e =| E |> t(g). Moreover,

i) if k is even, then g F is the empty network if and only if E is such that either
D(g) C E or
{{D(g) \m} UNn(g)} € E and m € D(g);

ii) if k is odd, then g=F is the empty network if and only if E is such that either
{D(g)\m} C E andm € DLEJH(@) or
{{D(®) \m} UNn(g)} € E and m € D(g) \ D|x,,(8)-

Proof. We first consider the case when k is even. If k = 0 then the dominating set D(g) is
the empty set and g is empty. Assume therefore that k& > 2. Assume first that D(g) C E. To see
that then g% is empty, note that each of the remaining agents in g% is either a singleton agent
in g or in some independent set D; with j = 1, ..., [k/2] in g. From Definition 6 it follows directly
that there are no links among any of these agents in g and therefore g*E is empty. Next we show
that if & is even, {{D(g) \ m} U N,,(g)} C E and m € D(g), then g=F is the empty network.
If m € E, then D(g) C E also holds and g=F is empty by the previous argument. Assume next
that m ¢ E. Since N,,(g) C E, m is a singleton in g=¥. Note also that, since {D(g)\m} C E, all
agents in g% other than m are in some independent set D; for j =1, ..., |k/2] in g, or singletons
in g. From Definition 6 it follows that there are then no links among any of these agents in g
and therefore g% is empty. We next show by contraposition that, if g =¥ is empty, then F must
satisfy one of the two (or both) conditions in i). Assume therefore that g=% is not empty. Note
that from Definition 6 we know that there are only two types of links. Those between agents
i,7 with 7,7 € D(g), and links between 7, j such that i € D(g) and j € I(g). Note that from
Definition 6 we also know that, since k£ > 2 and k is even, that each agent in D(g) is linked to
some agent in I(g) and, since we assume in i) that m € D(g), we know that N,,(g) \ D(g) # 0.
Therefore, for g7% to not be empty, there either exists a pair of agents 4,7 € D(g) such that
i,7 ¢ E, or there exists a pair of agents m € D(g) and ¢ € N,,,(g) \ D(g) such that m,i ¢ F.
But then either D(g) C E, or {{D(g) \ m} U N (g)} € E and m € D(g) does not hold. Next
we show that there exists a set £ such that g=% is empty if and only if e > #(g). Recall that if &
is even and k > 2, then by Definition 6 each agent in D(g) is connected to at least one agent not
in D(g). Therefore, | {{D(g) \ m} UN,,(g)} |>| D(g) |- That is, if e < t(g) =| D(g) | neither
D(g) C E, nor {{D(g) \ m} UN,,(g)} C E and m € D(g) can hold. If, however, e > t(g),
then | E |>| D(g) | and for any set F such that D(g) C E, the resulting network g is empty.
That is, there exits a set F such that g~ is empty if and only if e > #(g). We consider next the
case when k is odd. Assume first that {D(g) \ m} C E and m € Dixs 1(8). To see that then

g~F is empty, note that if k is odd, then from Definition 6 we know that agents in Dg | 41(8)
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only sustain links to agents in D(g). Therefore, if m € Dy 1+1(8) and {D(g) \ m} C E, then
m is a singleton agent in g . Each of the remaining agents in g is either a singleton agent
in g or is in some independent set D, for j = 1,...,|k/2]| in g. From Definition 6 it follows

that there are no links among any of these agents in g and therefore g%

is empty. The case
for {{D(g) \ m} U N,,(g)} € E and m € D(g) \DL 1+1(8) is analogous to the case when £ is
even and F is such that {{D(g) \ m} U N,,(g)} C E and m € D(g) and is omitted. Next we
show by contraposition that if g~ is empty, then E must satisfy one of the two conditions (or
both) in ii). Assume therefore that g~ is not empty. Note that from Definition 6 we know that
there are only two types of links. Those between agents i, j with ¢, 7 € D(g), and links between
i,7 such that i € D(g) and j € I(g). Note further that from Definition 6 we also know that
each agent in D(g) is linked to some agent in I(g), with the exception of agents in DLgm(g),
who are only linked to agents in D(g). Therefore, for g7 to not be empty, there either exist
two agents i,j € D(g) such that i,j ¢ E, or there exists a pair of agents m € D(g) \ DL J+1(g)
and ¢ € N,,(g) \ D(g) such that m,i ¢ E. (Note that for an agent m € Dyx |+1(8), the set
N, (g) \ D(g) is the empty set). But then either {D(g) \ m} C F and m € Dyxjy ,(8), or
{{D(g) \ m} UN,,(g)} € E and m € D(g) \DL |+1(8) does not hold. Next we show for k
odd that there exists a set E such that g=% is empty if and only if e > #(g). Since each agent
in D(g) \ Dyx |(g) is connected to at least one agent not in D(g), while agents in Dy (g) are
only connected to agents in D(g), we know that | {{D(g) \ m} U N,(g)} |>]| D(g) | —1 holds.
Therefore, if e < t(g) =| D(g) | —1, then neither {D(g) \ m} C F and m € Dyx |+1(8) nor
{{D(g) \m} U N,,(g)} C F and m € D(g )\DL 1+1(8) can hold. If, however, e > #(g), then
there exists a set £ (with | E |> ¢(g)) such that {D(g) \ m} C E and m € Dk |(g) and g ¥

empty. That is, there exists a set E such that g~ is empty if and only if e > t(g). Q.E.D.

Lemma 2: Assume g is a nested split graph. If & is even, then | Dyx (g) |> 2 and if k is odd,
then | D s .. () [ 2

Proof. Assume first that k is even. If k¥ = 0, then g is the empty network and Dng(g) =
Dy(g) = N. Since n > 3, | Dng(g) |> 2 holds. Assume next that k is even and k£ > 2. From
Definition 6 we know that all agents in DL% | (g) are connected to all agents in the dominating
set D(g), while agents in Dy +1(g) are connected to all agents in the dominating set D(g) and
to all agents in D x /(8). Assume that | Dyx /(&) |= 1. Then n;(g) = n;(g) for i € Dyx 1+1(8)
and j € DL |(8) and we have reached a contradiction. Assume next that k is odd. Assume first
that £ = 1 and, contrary to the above, that | Dy 1+1(8) [= 1. But then | D;(g) |= 1 and agent
i €| D1(g) | is therefore a singleton. That is, all agents are singletons, so that £ = 0 and we have
reached a contradiction. Assume next that k& is odd and k& > 3. Note that from Definition 6 we
know that agents in the independent set D (g) are linked to all agents in D(g )\DL 1+1(8), but
not to any agents in DL§J+1(g)’ while agents in Dtgm(g) are linked to all agents in D(g) (and
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not to any agents in /(g)). But then, if | DL%JH(Q) |=1, then n;(g) = n,(g) for i € DL%JH@)
and j € DL% /(8) and we have again reached a contradiction. Q.E.D.

Lemma 3: Assume g is a nested split graph, g ¢ {g°} and e < t(g). If E; € &(e) and
E; & &(e), theng i c g i

Proof. Note first that if £, € &(e) and E; ¢ & (e), then it follows directly from the definition of
&(e) that E; = E; holds (and therefore E; 2, E;). We first show that if E; € &(e) and E; ¢ &(e),
then any link that is present in g ¥ is also present in g %7. Since any agents in F; N E; are
eliminated in both E; and F;, we can disregard any links involving an agent in this set. Note next
that, since linking behavior between pairs of agents k,! ¢ E; U E; remains unchanged and is the
same in both g% and g %, we can disregard links between these pairs of agents as well. Next
consider the link between an agent that is neither eliminated nor relabeled in g% and g%, and
a relabeled agent in g % and g %7, respectively. That is, consider the link between an agent k gé
E;UE; and agent r,(g %) in g ¥, and the link between k ¢ E;UFE; and agent r,(g %) in g *
Recall that £y N E, = () and, since E; ?;Ej, that 5@ (g) > n@F)(g) holds Vz € {1, ...,é}. Fix
x, so that we can write nl(x’Ei)(E) > nﬁ,f’Ej)(g). Note that then 7, (g~ E) = m, while r, (g %) = L.
Since g is a nested split graph and nl(gg’Ei)(E) > nﬁf{q’Ej)(g) holds, we know that if g ,, = 1, then
Gy = 1 Vk & {l,m} in g. Therefore, if §;if’(§_Ei) = 1in g ¥, then g;ij(g_Ej)
Next, consider links between relabeled agents in g% and g %/, respectively. That is, assume
)

= 1ing %

x # 2’ and consider the link between a pair of agents rx (g— and 7,/ (g %) in g % and the link
E; ) and (8 %) in g % . Fixing « and 2’, we know from E; = E;

~Y

between a pair of agents r,(g~

that 'r](‘rE)(g) > i 7)( ) and " i)(g) > nt( ’E'j)( ). From E) N Ey = () we know that I,m, s, t
are distinct. Note that r,(g %) = m and r.(g %) E) =/ and r /(g Ej) = s.
Again, since g is a nested split graph and 771(96 Ei )(g) > n(x’Ej)(g) and nl" ‘)(g) nt( “E3) (g) holds,

= t, while r, (E

we know that if g~ N =1ing ¥, theng g, (é_ B = 1in g %. Therefore, all links

(&), (8 i)y (8 E
that are present m(gg) f are also present in g % and é (Zgg é_Eﬂ'. To show that g% c g%
holds, it is sufficient to show that the number of links that are deleted when eliminating FE; is
strictly higher than when eliminating E; from g. Note first that since e < #(g) and E; € & (e),
we know that E; C D(g). We distinguish two cases. Assume first that E; C D(g). Note that all
pairs of agents in D(g) are connected, and if there exists a pair of agents [, m € D(g) such that
m(g) > Nm(g), then there must exist at least one agent in 7(g) to which [ is connected, while m
is not. Moreover, since g is a nested split graph, N;(g) \ {k} € Ni(g) \ {{} holds. From E; = E,
we know that n®F)(g) > 7@F)(g) Vz and there exists a 2’ such that nl(x Ei)(g) > nﬁ,f/’Ej)(g).
Therefore, for any such 2, eliminating | € E; deletes the same number of links to agents in D(g)
as m € E;. Moreover, [ € £ deletes all links to agents to which m € E; is connected and at
least one link to an agent to which m € E; is not connected in I(g). By the same argument all

links that are deleted in E; are also deleted in E; (and possibly more) for all =z € {1,2,...,€}.

24



Therefore, a strictly higher number of links is deleted when eliminating F; than when eliminating
E;. Next consider the case when E; C D(g) does not hold. Assume first that there is a single
agent | € E; such that [ € I(g). We distinguish two cases. Assume | € Dy(g) (ie., [ is a
singleton) and consider the set £, given by E} = {FE; \ [} Um with m : m € D(g) and m ¢ Ej.
Note that such an agent m exists, since e < t(g). B deletes a strictly higher number of links
than Ej;, since m is connected to all agents in D(g), while no links are deleted when eliminating
the singleton agent /. Note further that E; C D(g). If £ € &(e ) then the same number of links
are eliminated in £ as in E, s1nce then E; ~ E and g% =g % . To see the latter, note that
if E; ~ EJ, then 771( )(g) = 77,(71 ( ) for all z € {1,2,...,€}. Since g is a nested split graph,
Grm = 1 if and only if g, = 1 Vk ¢ {m, [} and therefore g% =g % If E} ¢ &(e), then E;
deletes a strictly higher number of agents than E7, as shown above. Therefore, a strictly higher
number of links are eliminated in F; than in F;. Assume next that there is a single agent [ € F;
such that [ € I(g), but | ¢ Dy(g). We distinguish two subcases. Assume first that & is odd.
From Definition 6 we know that D, k| +1(8) € D(g) and that there are no links between agents in
DL§J+1(g) and agents in /(g). From | DLng(g) |> 2 (Lemma 2) it therefore follows that each
agent in 1(g) is not linked to at least two agents in D(g), while all agents in D(g) are connected
among each other. Therefore, 7, given by E} = {E; \ [} Um with m: m € D(g) and m ¢ E
deletes a strictly higher number of links than E;. To see this, note that m € D(g) is connected to
all agents to which [ is connected. Moreover, m is connected to at least one agent in DL k| 1(8),
while [ is not connected to any agent in D, k| +1(8). Therefore, a strictly higher number of links
is deleted in E than in Ej;. Since £} C D(g) we know by the above argument that a strictly
higher number of links is deleted when eliminating F; than F;. Assume next that £ is even,
l € I(g), but I ¢ Dy(g). Note that from Definition 6 we know that the set Dy (g) € I(g), that
each agent in D(g) is linked to all agents in Dy |(g), and that | D« (g) |> 2 (by Lemma 2).
Again the set £, given by E} = {FE; \ [} Um with m : m € D(g) and m ¢ Ej;, deletes a strictly
higher number of links than E;. To see this, note that m € D(g) is connected to all agents that
are linked to [. Moreover, since | D (8) |> 2, m € D(g) is connected to all agents in D (8),
while [ is not connected to any agent in D, | (g). (Note that we allow for the possibility that
l e DL% J(g)). Therefore, a strictly higher number of links is deleted in E} than in Ej. Since
E; C D(g), we know from the above argument that a strictly higher number of links is deleted
when eliminating £; than F;. Assume next that there are is a set of at least two agents, denoted
by I(g), such that I(g) C F; and I(g) C I(g). Then the set B, given by E = {E} \I(g)}UD(g)
with D(g) € D(g) and D(g) N E; = (), deletes a strictly higher number of links than E;. Note
that such a set D(g) exists, since e < t(g). Note first that we can disregard any links between
pairs of agents &, such that in k& € D(g) and [ € I(g), as these links are deleted in E; and
E}. Moreover, any agent k € D(E) is connected to any third agent to which any agent [ € I (8)

is connected. However, while any pair of agents in [ (g) is not connected, any pair of agents
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in D(g) is connected. Therefore, a strictly higher number of links is deleted in E? than in Ej.
Since E; C D(g) we know again by the above argument that a strictly higher number of links is
deleted when eliminating F; than F;. Q.E.D.

Lemma 4: The vector of Nash equilibrium effort levels, x(g,7), agents’ equilibrium payoffs
vi(8,7) and deviation effort levels, Ti(8+7i;,7) and Ti(& — X ;cp, (g g Jis V) and corresponding
deviation payoffs Av,(g + Gi;,7v) and Av;(g — ZjeDi(g/_@ Gij,7Y) are continuous in .

Proof. From Ballester et al. (2006) we know that Nash equilibrium effort levels can be writ-
ten as z;(g,7) = ab;(g,\/B)/ (8 + vb(g, A\/B3)).3* That is, given our assumptions on parameters,
Nash equilibrium effort levels are continuous in v. For a given network g, we can then write the
relevant expressions in terms of the characterization of Ballester et al. (2006) as functions of ~.
In the following we show the case for v;(g, ), but the same arguments can be used to show that
zi(g — ZjeDi(gg,g) Gij,7y) is continuous as well. For each agent j write x;(vy) : [0, \] = R with
1,(8,7) = abj(8, A/8)/ (B + 1b(8, A/B)), define f(3) : [0,A] > Rwith f(7) = 7. Since the prod-
uct of two continuous functions is continuous, we know that vz ;(g, ) is continuous in . Since the
sum of two continuous functions is continuous, we know that a+A>",n o 2i(7) =7 22, 75(7)
is continuous. Define 2(7y) : [0,A] = Ras h(y) = a + A3y @ 25(V) — 7 22z (7). Finally,
define g(z) : R — R with g(x) = 2. We can then write v;(g,7) = (g o h)(y). Since the compo-

sition of two continuous functions is continuous, v;(g,) is continuous in 7. The expression for

T;(8+9i4,7) is given by
Ti(8+3ij,7) = a(b—czi(g,v) +d(vz;(8,7) — \y;(8,7)) +eyi(8,7)),

where a = 1/((B+7)(B+2y = N)(B+A), b= a(B+27)(B+7), c = (8 + 28 +7A), d =
—AB+7), e=(B*+28+ \y). Since we can again write 2;(g,7), 2;(&,7), vi(g,7) and y;(g,7)
in terms of the Bonacich centralities, it follows by the above arguments that z(g+g;;,7) is
continuous in 7. We can then use the same arguments as above to show that Av;(g + gi;,7) is

continuous in v. Q.E.D.

34Ballester et al. (2006) characterize the Nash equilibrium effort levels for fixed g in terms of agents’ Bonacich

centralities as follows. Denote by gl[kj]

Z,;“;O(%)’“gz[ﬂ. That is m; ;(g, %) counts the number of paths that start at ¢ and end at j and paths of length

> 0 the number of paths between ¢ and j of length k in g. Let m; ;(g, %) =

k are weighted by (%)k The Bonacich centrality of a node ¢ is then given by b;(g, %) = 2?21 m; (8, %) Note
that b;(g, %) = m,; (g, %) + 2254 (8, %) By definition m; ;(g, %) > 1 and therefore b;(g, %) > 1. Denote
the sum of Bonacich centralities by b(g, %) = Z?=1 b;(g, %) Given our assumptions on parameters, a Nash
equilibrium on a fixed network g always exists and the unique Nash equilibrium effort level of an agent 7 is given

by x;(g) = ab;(g, %)/ (ﬂ + (8, %)) (Ballester et al. (2006), Proposition 1).
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Lemma 5: If v =0, then 24(g,0) — z1(g7F,0) > 0 for all k € N \ E such that there exists an
agenti € E and k € N'(g), while zx(g,0) —z,(gF,0) = 0 for all k such that there does not exist
an agent i € E such that k € N(g). Furthermore, for v sufficiently small x4(g,7) — zx(87F,7)
is arbitrarily close to xy(g,0) — zx(g F,0) for allk € N\ E.

Proof. Assume first that v = 0. Note that then z;(0,z) = 7;(0,0) Vz; and effort levels
are bounded below by z;(0,0) = z(0,0). Moreover, 0z(y, z)/0y > 0, while 0z(y,z)/0z = 0
Yy, z. Note next that, since v = 0, we can treat different components in g in isolation. Assume
first that there exists an agent ¢ € F such that ¥ € N%(g). Then for any agent [ such that
l € N(g) and Gy, = 1 for some m € E, we have that yi(g~",0) = >,y ) 2i(8,0) <
> jeni(e) i(8:0) = ui(8,0). Iterating on best responses, effort levels of each agent k € Ni(g)
in g% are a weakly decreasing sequence of real numbers numbers, such that each agent strictly
decreases her effort level in some iteration. Since the sequence is bounded below by (0, 0), effort
levels converge to the unique Nash equilibrium effort levels in g=% with z, (g%, 0) < 24(g, 0) for
all k € N'(g). Note next that for any agent k such that there does not exist an agent i € E such
that k € N'(g), > jeni(g—F) Ti(8,0) = X i, (g ¥5(8,0) holds and no agent has an incentive to

adjust effort levels. That is, z(g™",0) = 24(g, 0) for all agents k such that there does not exist
an agent i € F such that k¥ € N%(g). Assume next that v is sufficiently small. From Lemma
4 we know that the vector of Nash equilibrium effort levels, x(g,~), changes continuously in

v for any g. The second statement then follows directly from lim,_ozx(8,7) = 2x(g,0) and
lim'y—)Otrk(giEa 7) = xk‘(giEa O) QED

Lemma 6: Ify =0 and g C g, then for any agent k such that there exists an agent i € N*(g)
with g;; = 1 and gi; = 0, z1(g,0) — 2x(g,0) > 0 holds, while for any agent k such that there
does mot exist an agent i € N¥(g) with g;; = 1 and g;; = 0, 4(g,0) — 24(g,0) = 0 holds.
Furthermore, for v sufficiently small zy(g,7v) — x1(g,7) is arbitrarily close to x1(g,0) — xx(g, 0)
for any agent k € N.

Proof. Assume first that v = 0. Note that then again z;(0, z;) = z;(0,0) Vz; and effort levels
are bounded below by z;(0,0) = z(0,0). Moreover, 0Z(y, z)/0y > 0, while 0z(y, 2)/0z = 0 Yy, 2.
Note also that, since g C g, g can be obtained from g by deleting any links such that gi; = 1 and
éi,j = 0. Moreover, since v = 0 and g C g, we can again analyze components in g in isolation.
If there does not exist an agent i € N*(g) with g;; = 1 while g;; = 0, then N¥(g) = N*(g)
and 74(g,0) = x4(g,0). To analyze effort levels of agents k such that there exists an agent
i € N*(g) with g;; = 1 and §;; = 0, we consider agents’ best responses to the Nash equilibrium
effort levels for g, x(g,0), when the network is g. There then exists an agent i € N¥(g) (where
we allow for i = k) such that >,y & 2;(8:0) < > .oy, g %i(8:0). Again iterating on best
responses, effort levels of each agent | € N*(g) in g are a weakly decreasing sequence of real

numbers numbers, where each agent strictly decreases her effort level in some iteration. Since the
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sequence is bounded below by Z(0, 0), effort levels converge to the unique Nash equilibrium effort
levels for g with x4(g,0) < xx(g,0) for all [ € N*(g) and therefore x4(g,0) < x4(g,0). Assume
next that v is sufficiently small. From Lemma 4 we know that the vector of Nash equilibrium

effort levels, x(g,7), changes continuously in ~ for any g, so that the second statement follows

directly from lim., oz, (8,~) = 7x(g,0) and lim,_o7x(g,v) = z1(g,0). Q.E.D.

Lemma 7: Assume agents play their Nash equilibrium effort levels, x(g), in network g. Then a
minimal deletion best response, gi™, always exists and is unique for every agent i € N. Further-
more, if g, is such that k € N;(g') and | € D;(g.,g), then xx(g) > x1(g). Moreover, if gi™ and
another deletion best response g are such that | N;(8'™) |=| Ni(g') |, then N;(g'™) = N;(g'),
while if | N;(g8'™) |<| N:i(g') | then N;(g'™) C Ni(g').

Proof. Recall that z;(g) = >y ) 5> so that in any deviation by agent i, z(g) = 2(g')
holds. We can therefore treat v(y;,z;) as a strictly convex function in y; when considering
deletion strategies. From g!™ C g; we know that N;(g') C N;(g) holds. We next show in
two steps that any deletion best response g; € argmarg. g g 11i(g],8) is such that for all j
and k£ with j € N;(g') and k € D;(g},g), x;(8) > xr(g) holds. Assume that g} is a deletion
best response, such that there exists a pair of agents j and k with x;(g) > z4(g) and j €
D;(g!,g) and k € N;(g’'). But then deletion strategy g/= g, + gi; — ¢i yields strictly higher
deviation payoffs, since y;(g") > v;(g'), while 2z;(g") = z(g') and Jv(y;, z;)/0y; > 0. Next
we show that for any deletion best response, if j € D;(g!,g), then for any k& € N;(g) such
that z4(8) = z,(g), k € D;(g},g) also holds. Assume that g/ is a deletion best response and,
contrary to the above, that j € D;(g},g), but k ¢ D;(g},g) and k € N;(g) with z4(g) = z;(g).
Since gl is a deletion best response and j € D;(g}, g), it must be the case that k > v(y;(g') +
z;(8),2(8)) — v(vi(8), zi(g) holds. However, since v is strictly convex in y; and xx(g) = z;(g),
v((@) + 25(8), 21(@)) — V@), 5(8) > v(i(@), () — v(5s(&) — 4(&), 5(E) also holds and
therefore k > v(y;(8'), 2i(8)) —v(vi(8') — xk(g), 2:(g) holds. That is, deviation payoffs are strictly
larger in the deviation g/= g — g; ; than in g}, and g/ is not a deletion best response. Therefore,
in any deletion best response g € argmazg. g g 1i(g;, ), if k € Di(g;,8) and j € Ny(g'), then
x;(g) > x,(g). Note that then in any deletion best response g; with agents j and k such that
J. k € N;i(g) and z4(g) = z;(g), either j,k € D;(g}, &) or j,k ¢ D;(g},g). The above then allows
us to characterize minimal deletion best responses as follows. Partition the set of agents in N;(g)
by their effort levels in g§. Assume that there are m distinct effort levels in V;(g). Denote by
N}(g) the set of agents with the lowest effort levels in N;(g), N?(g) is the set of agents with the
second lowest effort levels in N;(g), and so forth, until N;™*(g), the set of agent with the highest
effort levels in N;(g). From the above we know that any deletion best response, g}, is such that
either D;(g], &) = 0, or D;(g}, ) = U5, N/ (g) for some integer k with 1 < k < m. Finally, the
unique g;™ is then such that k is maximal, gi"" = 0 Vj ¢ N;(g'). Note that we then also know
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Finally, it follows directly from the

that, if £ € N;(g'™) and [ € D;(g!™, g), then zx(g) > z/(g).
;(g') |, then N;(g8'™) = N;(g'), while if

above that, if g/ and g/™ are such that | N;(g'™) |=| N
| Ni(8™™) [<| Ni(&') |, then Ni(g'™) C Ni(g'). Q-E.D.

Lemma 8: If v is sufficiently small, g C & and agents play their Nash equilibrium effort levels,
x(g) and x(g), then an agent i’s minimal deletion best response in g, g™, and agent i’s minimal

deletion best response in g, g.™, are such that Ni(él) C Ni(g).

Proof. Assume first that g = g and ~ is sufficiently small. By Lemma 7 the minimal deletion
best response is unique and therefore Ni(él) = N;(g'). Assume next that § C g holds and that
is sufficiently small. Note first that since g C g, n;(g) > n:(g) holds Vi € N. Note next that the
above statement holds trivially if either 7;(g) = 0, 7;(8) = 0, or 7:(&') = 0. We therefore assume
that 7;(g) > 1, m:(&) > 1 and 7;(&') > 1. Denote by & " the network that is obtained from
agent i’s minimal deletion best response, g/™, in g, while ™ is obtained from agent i’s minimal
deletion best response, g!™, in g. Pick a ranking of agents in the set of agent i’s neighbors after
proposed deviation in &, N;(& "), such that 21 (&™) > z,(§™) > ... > xm@/m)(élm), where
we use the subscript to refer to the position in the ranking rather than to an agent’s label in
the set N. Denote this ranking by r(N; (glm)). Similarly, pick a ranking of agents in the set of
agent i’s neighbors prior to proposed deviation in g, N;(g), such that x1(g) > x2(g) > ... >
Zy,(z)(8). Denote this ranking with 7(V;(g)). Note that since g§ C g holds and g'™ is a deletion
best response, N;(8 ™) C N;(g) holds. Pick an agent j € N;(g ™) such that z.(g) > z,(g)
Vk € N;(g™), i.e. pick an agent j in N;(8 ™), such that j’s effort level in the network g is
weakly smaller than the effort level of any other agent in N, -(:/m) in the network g. Out of all
agents in the ranking r(V;(g)) with effort level equal to z;(g), pick the agent with the largest
subscript in 7(V;(g)) and denote the corresponding subscript by ¢. Defined a truncated ranking
of r(N;(g)), denoted by r;(N;(g)), such that z1(g) > x2(g) > ... > x;_1(g) > x4(g). Note that,
since z;(g) was chosen such that all agents in NN, (8'™) display weakly higher effort levels in g,
and since t is the agent with the highest subscript in r(V;(g)) such that z,(g) = z;(g), all agents
in N;(g'™) are included in the ranking r,(N;(g)). We next show that z,(g) > xm@/m)(g/m).
Assume first that j € N;(8' ™) is an agent with the (weakly) lowest effort level in r(N;(g™)),
ie. a:j(élm) T (z)(8). Since g C g and j is in the same component as i in g, we know from
Lemma, 6 that effort levels for each agent are strictly lower in g than in g for v sufficiently small.
Therefore z;(g) > (&™) = 2y, (&). Assume next that j € N;(& ™) is not an agent with the
(weakly) lowest effort level in r(N;(g™)), ie. ;&™) > Ty, (8). But then by the previous
argument z;(g) > z;(& ") > Ty,(z)(8). Note next that, since g;™ is agent i’s minimal deletion
best response in g, agent i does not find it profitable to delete any further links in Ni(élm). From
Lemma 7 we know that we only need to consider deviations g, such that z,(g) > z;(g) holds

A

Vk,l : k € Ny(g) and | € D;(g},g) and we can therefore summarize the conditions, such that
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alm

agent i does not find it profitable to delete any links in N;(g ) as follows:

:/m)

alm alm i a/ k a/ 2~/
(&™), 2@™) — o (S V@) - X w, e, @) 2@ ™)

for all k € N: 0< k < n;(g'™) — 1. To see this, note first that if

i srm ~l'm ~l'm i &/m alm k a/m alm
p(3HE ™) ) —o(CE @ - g, gy @), 2 (E)

E+1

for some k € N: 0 < k < n;(g'™)—1, then agent i can increase deviation payoffs by deleting links

alm

to some subset of agents in N;(g ). Therefore, g™ is not optimal and hence not a minimum

deletion best response. If

alm alm i alm k alm alm
xj<g )7Zi(g ))_U( 37:(% ajj(g )_ijoxm(g’m)fj(g ),zi(g ))

al'm

for some k € N: 0 < k < n;(g

deviation payoffs as g.™, but g, C g™ holds and g.™ is therefore not a minimal deletion best

) — 1, then there exists a deviation, g/, that yields the same

response. Next we show that the conditions in (A) imply that a deviation by agent i in g, g,

such that agent 7 keeps his links with the first 7;(& ") agents in the ranking 7(N;(g)), but deletes
all other links, yields strictly higher payoffs than a deviation where any further links in N;(g)

are deleted. The appropriate conditions are given by

v(XCEE ) ai(g), 2i(8) — o (1S wi(g) — g, -, (8) 2(8))
(B) ) > K

for all k € N: 0< k < n,(g') — 1. To see that the conditions in (A) imply the conditions in (B),
recall that Ni@'m) C N;(g). Note further that, since g C g, 1; (@lm) >1Vj e Ni(ﬁlm) and, since

alm

~ sufficiently small, we know from Lemma 6 that all agents j € N;(g ) display strictly lower

effort levels in & than in g. Since N;(8 ™) C Ni(g) also holds, we know that the first 7;(§ ")
agents in the ranking r,(V;(g)) display strictly higher effort levels than agents with the same
rank (i.c. the same subscript) as agents in 7(N;(§ ™). Note next that v(y, z) is strictly convex
in y and, for v = 0, v(y, z) can be treated as a function of only the first argument. Since the
conditions hold strictly in (A), and since effort levels are strictly larger in (B), we know from the
convexity of the value function that they also hold strictly for (B). From Lemma 4 it then follows
that they also hold strictly for ~ sufficiently small. That is, a deviation strategy, in which all

alm

links, except for the first 7;(g ) agents in the ranking r,(N;(g)) yields strictly higher deviation

30



payoffs than deleting any further agents. Note that if ¢ = 7;(8™), then N;(&™) C N;(g'™).
Assume next that ¢ > 7;(g ™) holds. Consider the condition for k = 0 in (A), which reads

(8 alm alm (g™ alm alm alm
v 28T, @) (TS D (@) - 3, e @), 2(ET) > k.
Note that 237:(% zi(g rg) > Zm(g z;(8™) and, since z,(g) > x (~/m)(§/m) and z,(8"™")
is the weakly lowest effort level of agents in r;(NV;(g)), we know that z;(g) > « (~/m)(g ™) for
all agents j listed in the ranking r:(N;(g)). We can then use again the conditions in (A) and
the convexity of the value function to show that deleting links to agents from agent ¢ to the

m@f,/m)—th agent in 7,(V;(g)) decreases deviation payoffs. That is

o(3 7i(8), 2:(8)) — v wi(8) — S 1 j(8), 2(8))
k+1

>R

holds for all k € N : 0< k < t —n;(8™) — 1. Therefore, keeping all links in the ranking
r¢(NV;(g)) yields strictly higher payoffs than deleting (any subset) of links in 7,(N;(g)) and there-
fore N;(g™) C Ny(g'™). Q.E.D.

Lemma 9: Assume v is sufficiently small, (x,8) is a pairwise Nash equilibrium with g ¢ {g°}
and E € &(e). Then there does not exist a pair of agents j,k € N \ E in any configuration
(x(gF),g7F) with g% C g~ F, such that g;, =0 in g and j and k find it profitable to create a
link in configuration (x(g~F),g~¥).

Proof. Note that, since g is a pairwise Nash equilibrium network, we know from Proposition 1
that g is a nested split graph. Therefore, there is at most one non-trivial component (i.e., at most
one component that does not consist of only a singleton agent). Consider first the case such that
v = 0 and assume that j and k are in the non-trivial component in g. Since E € &(e) we know
that there exists an agent i € E such that j, k € N*(g). We show that if f]]’,f = 0, then an agent’s
marginal payoff of creating the link éj_,f " = 1 is strictly lower in g~¥ than when creating the link
gix = 1in g Note first that from Lemma 5 and Lemma 6 we know that 2,(g~",0) < x,(g,0)
for all agents [ € Ni(g) and therefore y,(g7%,0) < y,(g,0) for all agents | € N'(g). Note further
that 2/, ( E+x0) < 2':(g + gjr, 0) and 2 (87 + Gk, 0) < 24.(& + Gjx, 0) holds. To see this,

note that when v = 0, then we can derive the following expressions,

(8 + ik, 0) — (87" + ik, 0) = a (B(y;(8,0) — y; (87", 0)) + A(yi(8, 0) — yi(87,0))
and

3,8 + Gj, 0) — 23(87" + Gk, 0) = a (B(y(8,0) — yx(g™".0)) + A(y;(8,0) — y;(87",0)),

where we set a = \/(8%—\?). Note that a > 0 since 8 > (n—1)\. From y;(g*,0) < y;(g,0) and
yr(gF,0) < yk(g,0) it then follows that ) (8 F+Gx0) < 2%(8+gjr, 0) and 24 (87 P45, 0) <
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25, (8+7;jk, 0) also hold. Note next that for v = 0, we can write the marginal payoffs of agent j and

k when creating a link in g and g%, denoted by Av;(g+G;,0), Avk(g8+7jx,0), Av; (g F+7;x,0)
and Avg(g™F + g1, 0), as follows

Avi(g + G, 0) = 5355 (@ + Ay (8. 0) + Az (8 + 64, 0)))” — (@ + Ay, (8. 0))°),
_ _ _ _ _ 2 _
Av(g + G3:0) = 55y (0 A8, 0) + A2 (8 + 336, 0)))” = (0 + An(2,0))°).

AvEE + G 0) = sty (@ + Mgy (@75,0) + Aah (@5 + 3, 0))” = (o + A (&75.0))%),

A

2 _ A _ 2 N 2
Avy(EE + 550,0) = sy (0 Mn(&75,0) + M) (&2 + 530, 00))” = (o + A& 5,0))°).

Note that Avi(g + Gjx, 0) > Avj(g™F + §;x,0) since z}(g§ + G;jx,0) > 24.(8F + gjx,0) and
y;(8,0) > y;(8F,0). Likewise, Avg(g + Gjx,0) > Avg(g~F + gjx,0) since (8 + Gjx, 0) >
(8P + g5k, 0) and yx(g,0) > ye(g™*,0). Since g is a PN E network, either £ > Av;(g+ g, 0)
or £ > Avi(g + Gjx,0) holds. Therefore, k > Av;(gF + gj,0) or k > Avg(g™% + G, 0)
holds for any g~ C g=F. Assume next that v is sufficiently small. From Lemma 4 we know
that equilibrium payoffs and deviation payoffs change continuously in . Since marginal payoffs
from creating a link are strictly smaller in g=¥ than in g for v = 0, and creating the link is
not profitable in g (as g is assumed to be a pairwise Nash equilibrium network), the deviation
is also not profitable in g~ for ~ sufficiently small. Assume next that v = 0 and that j and
k are singletons in g, i.e. j and k are not in the non-trivial component in g. Recall that
g ¢ {g°} and therefore there exists an agent m such that ,,(g) > 1. We first show that creating
the link g;’k = 1 incurs strictly lower marginal payoffs than creating the link g}, = 1. Note
that, since g is a PNE network and g,,, = 0, either m does not find it profitable to create
a link with & in g, or k does not find it profitable to create a link with m in g (or both).
Assume first that agent m does not find it profitable to create the link with k£ in g. Next we
show that the marginal payoffs to m when linking to k are strictly higher than when agent j
links to k in g. Since 7,,(g) > 1 and 7;(g) = mx(g) = 0, we know from Proposition 1 that
Tm(8,0) > x;(g,0) and therefore y,,(g,0) > y;(g,0). We can derive the following expression,
T (& + Gk, 0) — 20(& + Gjk, 0) = N2/ (8% = A?)) (ym(8,0) — y;(g,0)) > 0, where the inequality
follows from 5 > (n — 1)\ and y,,(g,0) > y;(g,0). Marginal payoffs of agent m, when linking to
agent k in g, and of agent j when linking to k, denoted by Av,, (g + Gk, 0) and Av;(g + Gjx, 0),

respectively, are given by

D0 (& + Gk 0) = 57 (@ + Aym(&, 0) + A2} (& + Grns 0))” — (@ + Ay (g,0))7)

and

Avy (& + ik, 0) = 537 (@ + Ay;(8, 0) + Azi (& + 5, 0))” — (@ + Ay;(8,0))%).
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Note next that, since z,,(g,0) > z;(g,0) (by Proposition 1), we know from the best response
functions that o + Ay, (8,0) > o + Ay;(g,0) holds and since (8 + Gmk,0) > 2}.(8 + jx, 0),
AU (8 + Gk, 0) > Avi(8 + Gk, 0) holds. Since we assumed that m does not find it profitable
to create the link with k£ in g, k > Av,,,(8 + Gmk,0) holds and therefore k > Av;(g + g;x,0)
also holds. Note that, since j and k are singletons and v = 0, we know that Av;(g + gjx,0) =
Avj(g ¥ + g;x,0) and therefore £ > Av;(g™F + gj,0) holds for any g=# C g=F. From Lemma
4 it follows that, for ~ sufficiently small, Av;(gF + g;,7) is arbitrarily close to Av;(g + gjx, 0)
and therefore k > Av;(g7% + gjx,7) holds for any g% C g=F and any v sufficiently small.
Assume next that agent k does not find it profitable to create the link with m in g. One can
then use an argument analogous to the one above to show that 7, (g + Gmx,0) > 2%(g + gjx, 0)
and that Avg(g + gmi,0) > Avg(g + gjx, 0) holds. Since k does not find it profitable to create
the link with m, x > Avg(g + Gmr,0) and therefore K > Avg(g + Gjx,0). Since j and k
are singletons and v = 0, we know that Av(g + Gjx,0) = Avg(g™F + g;1,0) and therefore
k> Avi(g P + Gjx,0) holds for any g% C g F. From Lemma 4 it then again follows that,
for ~y sufficiently small, Av,(g~F + gjx,7) is arbitrarily close to Avy(g + gjx,0) and therefore

E

k> Avg(8™F + Gjx,7) for any g=% C g% and v sufficiently small. Finally, consider the last

case, in which j is in the non-trivial component in g, while k is a singleton and v = 0. From
Lemma 5 and Lemma 6 we know that z;(g=*,0) < z;(g,0), while zx(g%,0) = 2(g,0). One
can then show by the same arguments as above that Av; (g F+ Gjk,0) < Av;(8 + gjx,0) and
Avi(8F + gjx,0) < Avg(g + G;x,0) and, since g is a pairwise Nash equilibrium we know that
either k > Av;(g + gjx,0) or £ > Avi(g + Gjx, 0) holds and therefore k > Av; (g™ + g;,0) or
k> Avi(g8 % + gjx,0). That is, creating the link between j and k is not profitable for at least
one of the agents in any g=¥ C g=F. It then follows again from Lemma 4 that j and k& do not

find it profitable to create a link in any g=% C g=F for v sufficiently small. Q.E.D.

Lemma 10: If v is sufficiently small and | € D;(g}™,g) in configuration (x(g),g), then creating
the link g;; = 0 is not profitable for agent i in any configuration (x(g),g) with g C g.™.

Proof. Assume first that [ € D;(g;™,g) and | D;(g.™,g) |= 1. Then v(y(g), z:(g)) —v(y(g) —
x1(8), 2i(8)) < k must hold, as otherwise g/ is not a minimal deletion best response. To see this,
note that for any minimal best response other than g;, marginal deviation payoffs are strictly
positive by Definition 3. Assume first that v = 0. From Lemma 6 and g C g;™ it follows directly
that y(g) + 7;(g) < y(g). Next, define g = g — g;;. From strategic complementarities it follows
that z;(g) > z)(g + gi;) and from the arguments used in Lemma 9 that x}(g + ;1) > (g + i)
and therefore z;(g) > (g + gi;). Note that then y(g) + z}(g + g:;) < y(g) also holds. From
the convexity of the value function and v = 0 it then follows that v(y(g) + x}(g + gi1), zi(g)) —

A A

v(y(g), 2(8)) < v(y(g), 2(g)) — v(y(8) — 7:(8). zi(8)) < # holds for any g such that g C g;".

A

From Lemma 4 we know that v(y(g) + 2)(g + i), 2:(8)) — v(y(g), 2:(g)) < & also holds for v
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sufficiently small. Therefore, agent ¢ does not find it profitable to create a link with [ in any
configuration (x(g),g) with g C g/™. Assume next that [ € D;(g/™,g) and | D;(g/™, g) |> 1.
Then, for g/ to be a minimal deletion best response, v(y(g) — ZjeDi(g;m,g) zj(8)+x1(8), z:(8)) —
v(y(g) — ZjeDi(g;m,g) 2(8g), 2z:(8)) < ~ must hold. To see this, note that otherwise the deletion
strategy g.™ + gi; yields a strictly higher deviation payoff than g™ and g;™ is not a deletion
best response. Assume first that v = 0. Since [ € D;(g,™, &), agent i and [ are in a (non-
trivial) connected component in g. We therefore know from Lemma 6 and g C g™ that y(g) <
y(g) _ZjeDi(g;m,g) z;(g). Define g = g_ZjeDi(g;m,g) i ; and note that from the above arguments
it follows again that x;(g) > x)(g + gi;). From the convexity of the value function and v = 0 we
know that v(y(@)-+21(E+7:0), 5(8) —v(0(E), 5(8) < v(y(&)— e i mgy (&)1 8), 5(8) —
v(y(g) — ZjeDi(g;m,g) 7;(g), 2(g)) < k holds. Since the inequality in v(y(g) +x)(&+ i), z:(g)) —
v(y(g), z:(g)) < k is strict, it then follows again from Lemma 4 that the inequality also holds for
~ sufficiently small. Therefore, agent ¢ does not find it profitable to create a link with [ in any
configuration (x(g),g) with g C g™. Q.E.D.

Lemma 11: If g;™ is a minimal deletion best response in configuration (x(g,v),g) for v =0,

then g™ is a minimal deletion best response in configuration (x(g,7),8) for v sufficiently small.

Proof. Recall that from Lemma 7 we know that a minimal deletion best response is unique, but
there may be other deletion best responses. Note that, since any deletion deviation strategy that
is not a deletion best response yields strictly lower deviation payoffs, and since equilibrium and
deviation payoffs are continuous by Lemma 4, we only need to consider deletion best responses.
Assume first that the minimal deletion best response, g;™, is the only deletion best response in
(x(g,7),g) with v = 0. From Lemma 4 it then follows directly that g™ is also the minimal
deletion best response in (x(g,7),g) for v sufficiently small. Assume next that the minimal
deletion best response, g™, is not the only deletion best response in (x(g,7),g) for v = 0. We
distinguish two cases. Assume first that the number of links deleted in g;™ is the same as in any
other deletion best response gj. From Lemma 7 we know that then the set of neighbors after
proposed deviations must be the same, i.e. N;(g;™) = N,(g;) for any deletion best response g;.
Note that marginal payoffs of deletion best responses g;™ and g are equal by assumption and
can be written as follows. For g, they are given by

i (0 AT g 78— 72—ty (A e (@87~ va(E7))
+(n(g) — (™)) x,

while for g they are given by
2 2
) (a A jene) T (8 7) —val(g, 7)) B (a A jem@ (8 7) — va(8, v))
+ (@) —nlg)) w
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The second term is equal in both expressions, while the third term is independent of v, so
that we can focus on the first term. Since N;(g;") = Ni(g]), the marginal payoffs of g;™ and
g; are also equal for v > 0. That is, if g;™ is the minimal deletion best response in (x(g,7), &)
for v = 0, then g;™ is also the minimal deletion best response in (x(g,7),g) for v sufficiently
small. Assume next that there exists a deletion best response g; such that the number of links
deleted in g;™ differs from g; in (x(g,7), &) for v = 0. Note that by the above argument we can
disregard any deletion best responses, such that the number of links deleted in g™ is the same
as in g; in (x(g,7),g) for v = 0. We therefore consider deletion best responses g, such that
g™ C gy and | N,(g;™) |<| Ni(g)) | holds. From Lemma 7 we know that then N,(g;™) C N,(g))
also holds. We next show that for any such gj, the marginal payoffs of g, are larger than for
g) in (x(g,7),&) for v > 0 sufficiently small. Note first that marginal payoffs for g™ and g are
again given by the above expressions and equal for v = 0 by definition. Since the second term is
equal in both expressions, while the third term is independent of v, we can again focus on the
first term. Note next that Nash equilibrium effort levels are decreasing in v. To see this, we write
an agent’s effort level for a given network g as z;(g) = ab;(g, %)/ (6 + vb(g, %)) (by Theorem
1 in Ballester et al., 2006), where b;(g, %) is an agent’s Bonacich centrality, given g and 2, and
b(g, %) is the sum of agents’ Bonacich centralities. Since b;(g, %) and b(g, %) are independent
of 7, Nash equilibrium effort levels are strictly decreasing in . From N;(g;™) C N,(g)) it then
follows directly that marginal deviation payoffs are strictly larger in g;™ than in g; for v > 0.

Therefore, g;™ is the minimal deletion deletion best response in (x(g,7),g) for v sufficiently
small. Q.E.D.

Proposition 2: Assume g ¢ {g°} and e < t(g). If v is sufficiently small, then the optimal

targeting policy prescribes eliminating a set of agents E; € &(e) for any value of 6.

Proof. Recall that from Lemma 9 we know that after the elimination of a set of agents
E, any link g;, = 0 that is not present in the pairwise Nash equilibrium network g, is not
profitable, neither in the configuration (x(g=%),g ), nor in any configuration (x(g=%),g%)
with g=% C g=¥ for v sufficiently small. Similarly, from Lemma 10 we know that if an agent i
deletes a link to an agent [ in a minimal deletion best response g.™ in configuration (x(g), g),
then agent i does not find profitable to create a link with [ in any configuration (x(g),g) with
g C g™ for v sufficiently small. In time period ¢ = 0 no links are created in g;* by Lemma 9
and therefore g, ¥ = g; . In time period ¢ = 1 agents may delete links and therefore g; * C g .
In time period t = 2, the creation of a link that was not in place in t = 0 is not profitable by
Lemma 9, while the creation of any link that was deleted in ¢ = 1 is not profitable by Lemma
10. Therefore, g; % = g, *. Applying the argument iteratively implies that no links are created
in any time period ¢t and we can disregard the creation of links. We next show that for any

fixed number of eliminated agents e’ with ¢/ < e < #(g), it is optimal to eliminate a set of
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agents E; such that F; € &(¢’) and in a second step that it is optimal to target ¢’ = e agents,
i.e. to delete the maximum number of agents. Assume therefore that E; € &(¢), By ¢ &(€)
and | E; |=| Ey |= ¢ < e. From Lemma 3 we know that then g, < g;"* holds, while from
Theorem 2 in Ballester et al. (2006) we know that if g, C 8,, then >,y 2(8;) < >,y 2(8>)
holds. Therefore, ;v (g, (8,") < > jen(Ey) T (8, ™) holds in time period ¢ = 0. From the

Ey —FEy

=g,
, we know from Lemma 8 that the minimal best responses of an

above we know that no links are created in t = 0 and therefore g, % = g, % and g;
Note that, since g; C g
agent [ in g; 7 and g, ™, given by g; % /™ and g; ¥ /™, are such that N;(g; % /™) C N(g; " 1™).
Therefore, g5 B C g5 Er holds. Agaln, from the above we know that no links are created in
t = 2. Applying the argument iteratively then yields g, B c g Bk vt > 1. From Theorem 2
in Ballester et al. (2006) it follows that }_ .y g, xj(gt D)< XNy z;(& ™) vt > 1, and
therefore > 206" > i v(m,) T (& ") < 35,0 ZjeN(Ek) (g, ™) holds for any ¢ € (0,1). Next
we show that it is optimal to eliminate e agents and it is therefore optimal to target a set of agents
E; € &(e). Take any set £y, € &(¢') with €/ < e < t(g) and consider a corresponding second set
E; € &(e) such that E, C E;. From the definition of &(-) it is easy to see that such a set E;
always exists. Note that since the number of remaining agents are different when eliminating F;
and Ej, we cannot compare g, Ei and g Bk directly. Consider therefore an intermediary network
g,, which is obtained from adding a set S of | E; | —| Ej | singletons to g, . We allocate the
labels of agents in the set E; \ Fj to the agents in S. Note that then the set of agents in g,
and g, 7" is the same, i.e. N(g,) = N(g,"*). Moreover, g, C g,"* holds. Recall from the

¥ in any time period

above that for 4 sufficiently small no links are created in g, *, g, and g;
t. We next show that in any time period ¢, g, can be obtained from g; Ei by adding a set S of
| E; | —| E) | singletons. Assume first that v = 0. By Lemma 9 no links are created in ¢t = 0 and
therefore gl‘Ei =g Ei and g,—8,. Since v = 0, incentives to delete links are the same in gl‘Ei
andg, and minimal deletion best responses are such that §,,” =g Eirm " Vl,j € N\ E;, while
G =0Vlj:l€ N\ E;and j €S, and g7} =0Vl € S. That is, for an agent [ € N \ E; the
minimal deletion best response in g; can be obtained from the minimal deletion best response
in g;Ei by adding zero entries for any agent in S, while minimal deletion best responses for
agents in S in g, are zero vectors. Therefore, g, can be obtained from g5 Ei by adding a set
S of singleton agents. Since no links are created in any time period, we can use the previous
argument iteratively. Therefore, g, can be obtained from g; Ei by adding a set S of singletons
in any time period t. Note next that the sum of effort levels is always strictly smaller in g, *
than in g, To see this, note that, since v = 0, x;(g %) = z,(g) Vj € N\ E;, while from the
best response functions we know that for agents in S effort levels are strictly positive and given
by z;(g) = 04/6 > 0Vj € S. Therefore, > .° 5tZ]€N(E)xJ(gt D)< 200" Y jen ey z;(g,).
Since éo C EO we know by Lemma 8, 9, 10 that g C g_E’“ holds Vt. Together with the former

inequality it then follows that > 7, 0" > . n ) 75(8; By < 57 ot ZjeN(g;Ek){Ej(g;Ek). It is
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therefore optimal to eliminate a set of agents E; such that E; € &(e). Assume next that v > 0 is
sufficiently small. From Lemma 11 we know that if g, * ;™ is a minimal deletion best response
in (x(g,7), g, ") for v = 0, then it is also a minimal deletion best response in in (x(g; ), g, ")

™ is a minimal deletion best response in (x(g,),g;) for

for v sufficiently small. Likewise, if g/,
v = 0, then it is also a minimal deletion best response in in (x(g,),g,) for v sufficiently small.
That is, minimal deletion best responses are again the same in gl_Ei and g, for v > 0 sufficiently
small. We can then use the same iterative argument as above to show that g, can be obtained
from g, ¥ by adding a set S of singletons in any time period ¢. Since the sum of effort levels
is strictly smaller in g, © than in g, in any time period ¢ for v = 0, it follows from Lemma 4
that the sum of effort levels is also strictly smaller in g, than in g, in any time period ¢ for
v sufficiently small. Since g, C g, ™ Vt, >.5°, o > jen(E) T (& ") <352, 6 > jen(By) T (8, )
again holds for any 0 € (0, 1) for v > 0 sufficiently small. Q.E.D.

S

Definition 8: &, = (a®A(26 + (n — 1)A)) / (2(8 + N (B + (n — 1)A)?)
ky = (@2A(28 +3X)) / (2(8 + M) (B + (n — 1)A)?)
ko = A28 +3X)/ (2(8 + A)(B + (n — 2)A)?)

Lemma 12: If v = ), then the star network is a pairwise Nash equilibrium network if and only
ifk € [k5,k

S
—n? TL]

Proof. This follows directly from the relevant bounds derived in Definition 8. Q).E.D.

Lemma 13: Assume (x(g),8) is a pairwise Nash equilibrium, g is a star network, v = X and

e=1.1If gt?i is complete (empty) for some t > 0, then g, is complete (empty) for all g;" with

t>1.

Proof. We start by showing the statement for ggi complete. The average marginal benefit of
being linked to n — 2 agents in a complete network of n — 1 agents is given by o*\(28 — (n —
4)A)/ (2(8 + A)?). One can show by algebraic manipulation that this expression is strictly larger
than %, for v = \.35 Therefore, if (x(g),g) is a pairwise Nash equilibrium, g is a star network
and ggi is complete for some £ > 0, then g, is complete for all £ > . Note next that from
Definition 8 we know that for A = + the marginal benefits of creating a link the empty network
of n — 1 agents are equal to k). Since (x(g),g) is a pairwise Nash equilibrium such that g is a
star network, we know that k£ > k; must hold. Therefore, if gt?i is empty for some ¢ > 0, then

g, 'is empty for all t > 1. Q.E.D.

35These calculations were conducted in Mathematica and are available from the author.
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Proposition 4: Assume g is a pairwise Nash equilibrium, § is sufficiently large and \ = =y, then
the optimal targeting policy prescribes:
i) if e =1, eliminate the central agent;
ii) if e =2 and Kk € [KS_,, RS, eliminate the center and a peripheral agent;
ife=2, k € [K5,KkE_5) and X\ < 3/(n* —4n + 3), eliminate the central and a
peripheral agent;

ife=2, k€ [,k ) and X > B/(n® —4n + 3), eliminating the central agent.

Proof. Assume first that e = 1. Denote the central agent with ¢ and denote one peripheral
player with p. If the planner eliminates agent c, then g, is the empty network, while when the
planner eliminates p, then g,” is a star of n — 1 agents. Therefore, g, C g,” and, by Theorem
2 in Ballester et al. (2006), we know that then the sum of Nash equilibrium effort levels is
strictly lower in g, ¢ than in g,”. From Lemma 13 we know that g; ¢ is also empty for all ¢ > 1.
Therefore, g, “ C g, " for all t > 1 and 377,0" >0 n 10 T5(8°) < 227200 D jengpy T3 (807
Next we compare eliminating a central agent with not intervening. Note first that the sum of
effort levels in the empty network of n agents is given by na/(8 + ny) and the first derivative
with respect to n is given by a8/(8+nv)? > 0. Note next that g; © is the empty network of n —1

agents in, while g°

is the empty network of n agents, so that 3,y 2;(8 ) < >y 2;(8°)
holds. From >y 7;(8°) < >_;cy 7;(8) Vg it then follows that the optimal targeting policy
prescribes eliminating the central agent. Assume next that e =2 and x € [k§_,, ®;]. That is, in
an empty network of n — 2 agents no new links will be created. From an argument analogous to
the one above, one can show that the optimal targeting policy prescribes eliminating the central
and a peripheral agent. Assume next that e = 2 and x € [k, kS _,). Denote a second peripheral
player with p’. Note first that from the expressions for x¢_, and k?_, it follows directly that
kS 5 < K _o. That is, if k € [k, KE_,), then for E = {c,p} and E' = {p,p'} we have that the
network is complete for all ¢ > 1. Since in ¢t = 0 for E' = {¢, p} the network is empty, while for
E' = {p,p'} it is a star network, the planner prefers £ = {c,p} over E' = {p,p'}. That is, we
know that £ = {p,p’} is not an optimal targeting policy. From the above it follows that if e = 1,
then eliminating the central agent is optimal. We next compare eliminating £ = {c,p} and
E' = {c}. If E = {c,p}, then the network is the empty network of n — 2 agents in ¢ = 0 and the
complete network of n — 2 agents in ¢ = 1. One can show via algebraic manipulation (and using
B > (n—1)\) that the average marginal benefits of keeping n — 3 links in the complete network
of n —2 agents is strictly larger than %} and the network therefore remains complete for all ¢ > 1.
In contrast, if ' = {c}, then for all time periods, the network is the empty network of n — 1
agents. The sum of payoffs in the complete network of n — 2 agents is given by (n —2)a/(8+\),
while for the empty network of n — 1 agents it is given by (n — 1)a/(8 + (n — 1)A). The latter
is weakly larger than the former if and only if A < 8/(n? — 4n + 3) and ii) follows directly from
the assumption that ¢ is sufficiently large. Q.E.D.
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8 ONLINE APPENDIX: TARGETING WHEN THE NET-
WORK IS ENDOGENOUS

Timo Hiller

Abstract

We first formally relate the payoff function in Ballester et al. (2006) to the one presented
in the main part of the paper. Then we provide the proof of Proposition 3 and introduce

the one-sided network formation model.

8.1 The relationship with Ballester et al. (2006)

Ballester et al. (2006) start by assuming the utility function below
Ui (L1, oy Tn) = Qs+ 5007 + Y 0T,

with a > 0 and ¢ < 0. By defining ¢ = min{o;; | i # j} and @ = maxz{o;; | i # j}, the utility

functions is rewritten as follows

wi(x) = aw; — 5(8 = 7)2f — 72 X jen T + A X jen i Tis,

where v = —min{c,0} > 0, A =@+ > 0. The authors assume A > 0 (and thereby rule out
the case when ¢ =) and interpret g;; = (0;; + )/ as a directed link from ¢ to j in network g.

Note that u;(x) can then be rearranged and rewritten as

wi(x) = aw; — 58+ 72 — 72 X jen iy T+ A X jen 9iTis-

When o;; € {g,7} for all i # j, then adjacency matrix corresponding to g is a symmetric
(0, 1)-matrix and g is undirected and unweighted. We further assume that A > ~, which yields
strategic complementarities in effort levels for connected agents. In the context of Ballester et
al. (2006) this corresponds to & > 0. Finally, note that when & = 0, then A =~ > 0.
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8.2 Proof of Proposition 3

In Proposition 3 we present a sufficient condition for a pairwise Nash equilibrium to exists, such
that the optimal targeting policy prescribes eliminating an agent with the lowest number of links
and lowest effort level. It is sufficient that A — « > 0 is sufficiently small (or put differently,
that ~ is sufficiently large, given our restrictions on parameters), d is sufficiently large and that
linking cost k is between two bounds, £’ and %', defined below. Note also that for the following
we assume that n > 5.

Below we define the bounds on linking cost used in Proposition 3.

Definition 9:
Ky = (a®BA(28% — (2n = 9)BA — 2(n — 3)N?) / (2(8 + A\)(B* + 2Ba — (n — 3)a)?)
Ky = (@?BA(28% — (2n — 11)BA — 2(n — 4)A?)) / (2(8 + \)B* + 48X — 3(n — 4)A?)?)

Proposition 3: Assume e = 1. If A —~ > 0 s sufficiently small, 6 is sufficiently large and
Ky < Kk < Kj, then there exists a pairwise Nash equilibrium, such that the optimal targeting policy

prescribes eliminating an agent with the fewest links.

Proof. For the following, take g to be a dominant group network with a core of size ¢ = n —2.
Denote by g; ¢ the network when a core agent is eliminated from g and denote by g,” the network
when a periphery agent is eliminated from g. The corresponding Nash equilibrium effort levels
of agents in the core are denoted by z.(g) and in the periphery by x,(g). Deviation effort levels
are written in the following way. For example, x.(g,” + g.,) is the deviation effort level of a
core agent in configuration (x(g,”),g,"), when creating a link to an agent in the periphery.
The remaining deviation effort levels are defined analogously. We start by assuming that A = ~.
Consider the following two conditions, (1) and (2), which ensure that (x(g), g) is a pairwise Nash

equilibrium.

(1) (v((c = Dae(g), (¢ = 1)ae(g) + 225(8)) — v(0, (¢ = 1)z(g) + 225(8))) / (¢ — 1) =

a?B2N(28+27+A—n))
2(84+7)(B(B+(ct+n)y)—(n—1)(B+cy

(2) v(@e(8 + Gep), (¢ = 1)2e(8) + 28 + Fep) + 7p(8)) — v(0; cx.(8) + 2,(8)) =

o? (B+NAB?+BA+ (n—1) (7=X) ) (26° — (n—1) (37 =X)\? — BA(4(n—2)y+ )+ (47 +(3—2n)\))

(n—
22— NP (ARG o) (D (FrenA)? <K

More precisely, the left hand side of condition (1) is given by the average marginal benefits per
link of an agent in the core deleting all links. Since the value function is convex, condition (1) is
sufficient for there to be no profitable deviation that involves deleting links in (x(g), g). The left
hand side of condition (2) is given by the marginal benefit of an agent in the periphery linking

to an agent in the core. Note that from the arguments used Lemma 9 it follows directly that,
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if an agent in the periphery does not find it profitable to an agent in the core, then two agents
in the periphery do not find it profitable to create a link. That is, condition (2) ensures that
there is not profitable deviation that involves creating a link. Therefore, if conditions (1) and (2)
hold, (x(g), g) is a pairwise Nash equilibrium. Conditions (3) and (4) for (x(g,"),g,") below are
analogous to condition (1) and (2). That is, if conditions (3) and (4) hold, then the configuration

after eliminating an agent in the periphery, (x(g,"),8,"), is a pairwise Nash equilibrium.

(3) (v((c = D)ze(g87), (¢ = Dae(87) + 2p(87")) — v(0, (¢ — )ze(8) + 7,(8))) / (¢ — 1) =

o a2 B2A(28427+2A—\n)
T 2(B+7)(B(B+(ctn—1)7)—=(n—2)(B+cy)N)

7 > K

(4) v(ze(87" + Gep), (¢ = D)ae(877) + 2(877 + Gep)) — v(0, cae(g)) =

_ BB A+ (n=2) (1= N) (28° — (n—=2) 3y =2)A> —BA(4(n—3)y+ )+ (47+(5—2n))))

2(B1 27— N2 (B+ N2 (BBt (nte—1)7)—(n—2)(B+e7)N)? <K

The left hand side of condition (5) yields the marginal payoffs of an agent in the periphery
creating a link with another agent in the periphery in (x(g=¢),g ¢). From the arguments in
Lemma 9 it again follows directly that then also all links between agents in the core and the
periphery in (x(g;¢), 8, ) are profitable and g;“ is therefore the complete network of n — 1
agents. Finally, the left hand side condition (6) is given by the average marginal payoff per link
of an agent in configuration (x(g;°),g; ) (where g; ¢ is the complete network of n — 1 agents).

That is, (x(g;°), g ) is a pairwise Nash equilibrium.

(5) v(2,(87° + Gpp), (¢ = Dwe(87°) + 7, (87 + Gpp)) — v(0, (¢ = )ze(87)) =

_ 22BN (B+(n=1)(y=N))A(28% ~ (n—1) (3y—N)+8(4y+A—-2nN))
2(B+27=2)2(B+(n+c—1)7) = (n—1)(B+(c—1)7)A)?

> K

v((n—2)z(g) ©),(n—2)z(g; ) —v(0,(n—2)z(g; °)) _
(6) . LB ) _

a2+ —(n—2)N)
20F+7) (B+ (n— 17— (n—2)A

One can show that the above conditions hold simultaneously with strict inequality for A =
v > 0 and K} < k < k53¢ That is, if the above conditions hold, then g is a pairwise Nash
equilibrium, and g, = g Vt > 0, while g;¢ = g “ and g, = g° vVt > 1. That is,
g,° C g, by Lemma 3, while g,” C g, Vt > 1. By Proposition 2 of Ballester et al. (2006)
ZjeN\pxj(gt_p) > ZjeN\cxj(gt_c) for t = 0 and ZjEN\pxj(glf_p> < ZjeN\cxj(gt_c) vt > L
Therefore, 370" >0 cn, i(8") < 22720 0" D jem ¢5(8: ) for ¢ sufficiently close to 1. Note
next that since the relevant conditions hold with strict inequality, we know from Lemma 4 that
the above statement also holds for A — v > 0 sufficiently small. Q).E.D.

36The calculations were executed in Mathematica and are available from the author upon request.
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8.3 One-sided Link Formation and Convergence

We assume that network formation is one-sided with two-sided flow. That is, it is sufficient for
only one agent to extend a link in order for both agents involved in the link to benefit from each
other’s effort level. This specification allows us to use Nash equilibrium as a solution concept.
Moreover, one can show that the payoff function admits a potential. We can therefore rely
on Monderer and Shapley (1996) to ensure convergence of best response dynamics. Note that
Nash equilibrium allows for deviations in which agents create multiple links unilaterally and may
simultaneously delete any subset of their existing links. However, only the deviating agent is
assumed to adjust effort levels.

Let N = {1,2,...,n} be the set of players with n > 3. As before, each player i chooses
a personal effort level x; € X and a set of links, which are represented as a row vector g; =
(Gi1,-> Gii—1 Gii+1,--» Gin), Where g;; € {0,1} for each j € N\{i}. Assume X = [0,+o00) and
g; € G; = {0,1}"1. The set of strategies of 7 is denoted by S; = X x G; and the set of strategies
of all players by S = 57 x Sy x ... X S,. A strategy profile s = (x,g) € S specifies the individual
effort level of each player, x = (z1 2s,..., z,), and a set of links g = (g,, 82, ..., 8»). Agent i is said
to sustain or extend a link to j, if g; ; = 1 and to receive a link from j, if g;;, = 1. The network of
relations g is a directed graph, i.e. it is possible that ¢, ; # ¢;;. Let Niy(g) ={j € N :¢;; = 1}
be the set of agents i has extended a link to and define 7;(g) = |N;(g)|. Call the closure of g
an undirected network, denoted by g =cl(g), where g; ; = max{g; ;,g;:} for each i and j in N.
Denote with N;(g) ={j € N : g;; = 1} the set of players that are directly connected to i. As
before, we write y; = > jeNi(g) L for the effort level of i’s direct neighbors. The aggregate effort
level of all agents other than i is written as z;(g) = > ey ;) @;- We will drop the subscript of
y; when it is clear from the context.

Payoffs of player ¢ under strategy profile s = (x,g) are given by
HZ(S) = Wi(X,g) - nl(g)ka

where k denotes the cost of extending a link. Gross payoffs, i.e. payoffs excluding linking cost,
mi(X,g), are again given by the linear-quadratic payoff function with local complementarities and
global substitutes (Ballester et al., 2006). That is,

Ti(X,8) = ax; — (B + )l + Az D jeNi(@) Ti = VTi D ey T Vi € N.
A Nash equilibrium is a strategy profile s=(x, g) such that

Hi(Si,S,Z’) > Hi(S;,S,i), VS; S Sz,\V/’l € N.

We again assume that 5 > (n — 1)\ to guarantee existence on a fixed network and, in order

to guarantee convergence, make the additional assumption that 2A\/(8 —v) < 1/(n — 1), as
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explained in more detailed below. The best response and value functions are as in the main part
of the manuscript. One can show that in any Nash equilibrium the undirected is a nested split
graph. Since z; is fixed in any deviation considered, we can use the same arguments as the ones

presented in the online appendix to Hiller (2017). Formal proofs are available from the author.
Proposition OA1: In any NE the undirected network g is a nested split graph.

As in the main part of the paper we assume that the planner aims to minimize the discounted
stream of aggregate effort levels and assume that the initial configuration is an equilibrium.
Different from the main part of the paper, we now assume the following best response dynamic.
At each time period an agent is chosen at random and updates her strategy to a best response to
the current configuration x;, g;. We next argue that such a process converges (to an ¢ equilibrium

in finite time). Note first that the function ®(x, g), given by

O(x,8) =ad cyTi— %(5 )T A en ZjeNi(g) Ti%i =Y D ien Zj;ﬁi Tty =D ien Mi(8)K

is a potential function for our payoff function. For a vector of parameters 0 = (a, 3, A,7),
we further assume that 2\/(5 — ) < 1/(n — 1). This implies that the potential function is
bounded. To see this, define 6(8) = (&(6), 5(0), A(6),7(0)) with &(h) = o, S(0) = B —~, A(6) =
2\, 4(0) = 2. From the first order conditions is then follows that the efficient effort levels,
denoted by x(g,#), for parameter vector 6 are equal to the vector of Nash equilibrium effort
levels, x(g, 0), for parameter vector §. Since then &/ < 1/(n— 1) holds, we know from Ballester
et al. (2006) that x(g,6) exists and is unique. Therefore, for each network g there exists a
corresponding maximal and finite value ®(x,g) and, since the number of networks g is finite,
®(x,g) is bounded. Note that at each time period ¢ an agent best responds and the potential
therefore weakly increases. That is, we obtain an infinite sequence of weakly increasing real
numbers that is bounded and therefore converges.

Next we present an example that mirrors the results obtained in Proposition 4 in the main
part of the paper. The star network in which peripheral players extend a link to the center is
a Nash equilibrium. As before, assume that e = 2 and v = A\. We compare a policy of not
intervening with eliminating the center of the star and eliminating the center of the star and
a periphery player. Denote the center with n and the periphery player to be eliminated with
n—1. We assume the same sequence of updating agents, given by 1,2,....n—1and 1,2,....,n—2,
respectively. Assume this sequence is repeated forever. The initial configuration is depicted on
the upper left in the figure below. Note that after eliminating only the central agent, no agent
has an incentive to update her strategy, depicted in the lower left of the figure below. Finally,
if the center and a peripheral agent is eliminated, then we obtain the sequence on the right.
Agents add links until the complete network is reached and the network converges to a Nash

equilibrium in ¢ = 5. Note that the sum of effort levels in the complete network with 4 agents
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is strictly larger than in the initial configuration. That is, again eliminating the center and a
peripheral player is not only worse than just eliminating the central agent, it is also worse than

not intervening at all.
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Example OAl: Assumen =6, a =1, =1, A=1,v=1,k=9/512, ¢ = 2 and 0 is
sufficiently large. Effort levels are depicted for each agent and the sum of effort levels below each
graph. For the sequence of best responses on the right, each agent chosen to best response is
colored white. The initial configuration yields a sum of effort levels of 0.75. After the elimination
of the central agent, the sum of effort levels is 0.5 and agents have no incentives to change their
current strategy (this follows from A = 7). That is, the configuration stays the same in all future
periods, as shown in the bottom left of the figure. If, however, the central and a peripheral agent
is eliminated, then agents create links, until the process converges to the complete network in
t = 5. The sum of effort levels is 0.8 from ¢ = 5. Therefore, for ¢ sufficiently large, eliminating
the central and a periphery agent is worse than eliminating the central agent or not intervening
at all.
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